Physics 1C - Spring 2022: Midterm 1 Solutions

Problem 1 (34/100)

A rectangular loop of wire is [ = 0.500 m long by w = 0.300 m wide and lies in the zy-plane, as shown in
the figure below. A uniform magnetic field B with magnitude 1.50 T is directed into the loop at an angle of
¢ = 40.0° with respect to the plane of the loop, with the magnetic field lines parallel to the yz-plane. The
loop carries a current of I = 0.900 A in the direction shown.

(a)
(b)

(d)

z

12 points) What are the magnitudes of the forces on the four wire segments of lengths w and 1?7
9 points) What is the magnitude and direction of magnetic moment g of the wire loop?

9 points) Find the magnitude of the torque 7 on the wire loop due to the magnetic field.
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4 points) About which axis will the wire loop rotate due to the torque?

Solution:

(a)

(b)

For the two wire segments of length w, the current is perpendicular to the magnetic field, and so the
force F,, for each of these segments is

F,, = IwB = (0.900 A)(0.300 m)(1.50 T) = 0.405 N,

with the forces being equal and opposite.
For the segments of length [, there is a component of B that is either parallel or antiparallel to the
current I. The magnitude of each force is

F, = IlBsin ¢ = (0.900 A)(0.500 m)(1.50 T) sin(40.0°) = 0.434 N,

again with both forces being equal and opposite.

The magnetic moment is defined as g = TA, where A is the area vector with magnitude A = lw
that points perpendicular to the plane of the current loop. The right hand rule tells us that since the
current runs in the clockwise direction in the xy-plane, the area vector A must point in the negative
z-direction, and so we have

p = Iw(—k) = —(0.900 A)(0.500 m)(0.300 m)k = —(0.135 A - m?) k.

The torque is defined by 7 = p x B, which has magnitude 7 = pB|sin |, where 6 is the angle between
p and B. Since p points in the — k direction, the angle 8 is 8 = ¢ + 90°. Therefore,

7= pB|sinfd| = (0.135 A - m?)(1.50 T)| sin(130°)| = 0.155 N - m.




(d) The torque is such that it causes the magnetic moment p to align with B, which means that the loop
will rotate about the z-axis. Alternatively, we could also compute the torque explicitly by using the
fact that B = B(cos¢j + sin ¢ k), from which we obtain

T=puxB= uB[cosqﬁ(flE xj) +Sin¢(7f( X R)] = uBcos ¢ 1,

which is in the positive z-direction.



Problem 2 (36/100)
Shown below is a cross sectional view of a coaxial cable consisting of a cylindrical core of radius r; = 0.75 mm
and an outer shell with inner radius ro = 1.50 mm and outer radius r3 = 2.00 mm. The inner conductor

carries a current of I; = 1.00 A out of the page, while the current in the outer conductor carries a current
of Iy = 3.00 A into the page. (Note: ug = 47 x 1077 T -m/A)

S

(a) Find the magnitude and direction (clockwise or counterclockwise) of the magnetic field at the following

distances:

e (8 points) A distance of r = 0.50 mm away from the center.
e (8 points) A distance of r = 1.25 mm away from the center.
e (8 points) A distance of » = 1.75 mm away from the center.
e (8 points) A distance of r = 2.50 mm away from the center.

(b) (4 points) Suppose we can tune the value of the current I5 in the outer shell. What must the value of
I5 be to ensure that there is no magnetic field when r > r3?

Solution:

(a) For each of the distances, we apply Ampére’s law to determine the magnitude of the magnetic field.
As for the direction of the magnetic field, we shall take the counterclockwise direction to be positive,
and the clockwise direction to be negative, so that the magnetic field contributions due to current I
are positive, and the contributions due to I> are negative.

e For the inner conductor of radius 71, the current density is
I

2
ry

Ji =
and for r = 0.50 mm, r < r;. Drawing an Ampérian loop of radius r centered about the cable, the

current enclosed is )

Tone = /J1 LA = Jy(mr?) = S 1.
1
Meanwhile, the line integral of B yields

fB-dl:del:B(%r).

.
B(2nr) = r—zuoh
1

Therefore, we obtain

polir
2773
(4m x 10~7 T -m/A)(1.00 A)(5.00 x 10~* m)
27(7.50 x 104 m)?2
=178 x 1074 T,

which is positive, and therefore points in the counterclockwise direction.



e At r =1.25 mm, we are in the region r1 < r < ry, so the enclosed current is simply I;. Therefore,

poly (4w x 1077 T -m/A)(1.00 A)
2rr 2m(1.25 x 1073 m)

B(2nr) =ply, — B= =1.60x107* T,

which also points in the counterclockwise direction.

e For r = 1.75 mm, we are now in the region ro < r < r3, so our Ampérian loop will enclose the
current 17, and some of I. Since I5 is pointing into the page, we shall take its current contribution
to be negative, which also takes into account the direction of its contribution to the magnetic field.

First, we must determine the current density Jy for the outer shell. The area of the shell is

7(r3 —r3), so the current density is

I
27}

Jy =
w(rs —r

Our Ampeérian loop of radius r encloses an area of 7(r? — r3) for the outer shell, so the current
enclosed by our Ampérian loop is

7"2_7"%

2 2

IenC:II_JQ(TrT _T2):Il_ 2 212'
r3— T3

The line integral of B is the same as before, so we have

T2—T2
B(2rr) = I - 27
)= o~ =51

2 .2
B_Mo<hr2r§b>
2rr ry — 15

(47 x 107 T -m/A)

" 27(1.75 x 102 m) [(1'00 A) -

=—-449x107° T,

(1.75 x 1073 m)2 — (1.50 x 1073 m)?
(2.00 x 103 m)2 — (1.50 x 10—3 m)?

(3.00 A)

which is negative and therefore points in the clockwise direction.
e At r = 2.50 mm, our Ampérian loop encloses the entirety of the cable, so the enclosed current is

Ienc = Il - 127
which corresponds to a magnetic field of

B(2rr) = po(h - Iy)

g Holli—1Iz)
2mr
(47 x 1077 T -m/A)[(1.00 A) — (3.00 A)]
27(2.50 x 10~3 m)

=-1.60x107% T,

which is in the clockwise direction.

(b) To ensure that there is no magnetic field when r > r3, we need I to cancel out I exactly. Therefore,
we require that o = I = 1.00 A.



Problem 3 (30/100)

A rectangular loop of wire with width w and length [ and a long, straight wire carrying a current I are
positioned next to each other and separated by a distance d, as indicated in the figure below. (Note:
po =47 x 1077 T -m/A)
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(a) (14 points) Determine the magnetic flux through the loop due to the magnetic field generated by the
wire with current I.

(b) (12 points) Suppose the current is changing with time, with the current given by
I(t) = a+ bt,
where a and b are constants. Determine the emf that is induced in the loop if a = 5.0 A, b = 10.0 A/s,

d=1.00 cm, w = 10.0 cm, and [ = 1.00 m.
(c¢) (4 points) What is the direction of the induced current in the rectangle?

Solution:
(a) The magnetic field due to the wire is given by
1
B = “L?
2y

and since B points into the page in the region bounded by the rectangular loop, we shall take the area
element dA = —dz dyl} of the loop to point into the page as well. Since the magnetic field passing
through the loop is not uniform, we must integrate over the area of the rectangle, with the limits of
integration going from 0 to [ in the z-direction, and from d to d 4+ w in the y-direction. Then the flux
through the loop due to the magnetic field is

w+d l I I wd I
@B:/B-dA:/ &dxdyzuo—l @:Mln w+td )
d 0 2my 2 Jq Y 2m d

(b) The emf through the rectangular loop is

g__d‘I)B__g ,uOIlln w+d __Loln w+d\ dI
A&t dt| 2w d o d dt’

where we have

dr d
Therefore
(47 x 1077 T-m/A)(1.00 m) . /1.10 x 10~! m i
= — 1 10.0 A = —4. 1 .
£ o 100 x 102 m ) (100 A/9) 80107V

(c) Since the emf is negative, and we have chosen dA to point into the page, the current must point in
the counterclockwise direction.



