




Solutions

Problem 1

a) Bernoulli Equation: P + ⇢v
2

2 + ⇢gh = constant . To get the speed of the water coming out of the lower
hole (with heights h1 from the water surface): we choose one point at the water surface and one point near the
hole. We have:

P0 = P0 +
⇢v21
2
+ ⇢g (�h1)

Note that we choose h = 0 for water surface and therefore h = �h1 for the point near the hole. Then we have:

v1 =
p
2gh1

To get v2, we make a substitution 1 $ 2 for the equation above, we have:

v2 =
p
2gh2

Then �v = |v1 � v2 | =
p
2gh1 �

p
2gh2.

b) The direction of the force due to the water coming out of the lower hole is in right direction. Now let’s
work out the magnitude. Consider dt time after you open the hole, we have in general

dp
dt
= F

Now our work is to work out the change of momentum dp in dt time. Note that

dp = v1dm = ⇡r 2⇢v1dl = ⇡r 2⇢v21dt

Then we have F1 = ⇡r 2⇢v21
To get F2, we make a substitution 1 $ 2 for the equation above, we have:F2 = ⇡r 2⇢v22
Note the direction of F2 is in left direction, so finally we have:

Ftotal = F1 � F2 = ⇡r 2⇢(v21 � v22) = 2⇡r 2⇢g (h1 � h2)

The direction is in right direction.
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Final Solutions

1 Problem 4
a. By the principle of superposition, this problem can be treated as one completely solid sphere (radius a)

of charge density ⇢ combined with two smaller spheres (radius b) of charge density �⇢ placed at the
location of the holes. The electric field at the origin is then just the sum of the field contributions from
these three spheres. By symmetry, the solid sphere produces no field at its own center and by Gauss’ law
the two small spheres act like point charges. As such, the electric field is given by:

ÆE = kq
d 2
x̂ +

kq
d 2
ŷ (1)

where q is the total charge of each small sphere. We can then express the total charge in terms of the
charge density and the volume giving q = � 4⇡b3⇢

3

Finally, the magnitude of the field at the origin is:

| ÆE | =
q
E2
x + E2

y =

s
(�
k 4⇡b3⇢

3

d 2
)2 + (�

k 4⇡b3⇢
3

d 2
)2 =

p
2
k4⇡b3⇢
3d 2

(2)

b. As in part (a) we can find the potential V at the origin by treating the system as the superposition of
the three spheres. Since the observation point is outside of the small spheres, they again act like point
charges and contribute kq

d each to the potential. However, the observation point is inside the large sphere
so we cannot use the point charge formula. Instead, as derived in class, the potential at the center of a
solid sphere of charge with radius a and charge Q is 3kQ

2a . Since the potential is a scalar quantity the total
potential is just the scalar sum of all these contributions giving:

V =
kq
d
+
kq
d
+
3kQ
2a

(3)

Finally, since the total charge of each small sphere is q = � 4⇡b3⇢
3 and the total charge of the large sphere

is Q = 4⇡a3⇢
3 :

V = �k4⇡b
3⇢

3d
� k4⇡b

3⇢

3d
+ k2⇡a2⇢ (4)

1






