
~~ ~, 

M1 W; t 
~ 

k ( Lo M2 
D ( 

I 
1 11111 ~11111' o 

X:O x1 frictionless surface 
X2 ( 

1) A pair of masses, M 1 and M2 are joined by a spring of constant k and natural (unstretched) length £ 0 . 

t G Ia) (5 point') Find the amount the sp,llig is eXtended o' oomp,essed ( Ax) as a function of the 
position of each mass (x1 and ±2 , respectively). Make sure ~x is positive when the spring is extended 
and negative when it's compressed. 
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k • lbJ (5 points) Use Newton 's laws to obtain differential equations (written in terms of x 1 and x 2 ) 

l that describe the motion of each mass. Note that these are 'coupled' equations - they will each depend 
on both Xt and x2 - but not to worry, we'll address that later. Make sure the derivative term in each 
equation has the correct sign when the spring is extended aJ;J.d compressed! 



• lc) (5 points) Algebraically relate the derivative term in XI to the derivative term in x2. Use this 
result, along with your answer to part a, to obtain relationships between a derivative of D.x and each 
of the derivatives of XI and X2 that appear in your answers to part b. 

• ld) (10 points) Now it 's time to put it all together- rewrite the differential equations from part bin 
terms of D.x. The results should look familiar. Find the solution for D.x as a function of time (make 
sure you evaluate, in terms of given information, any constants that are determined by the construction 
of the system). 

• le) (5 points) Suppose we were to tie one end of the spring off to a wall, and the other end of the 
spring to a mass M. What value would M have to have in order for this new system to oscillate with the 
same period as the two-mass system we've been working on? This value, known as the reduced mass, 
is used to simplify the discussion of binary systems (diatomic molecules, for instance) in oscillation. 



2) Recall that the amplitude of a driven mass-spring system is given by 

A(f2) = Fo/m 
v(~5 _ f22)2 + (b~)2 

• 2a) (10 points) Show that the following relationship holds true for a mass-spring system: 
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• 2b) (5 points) Convince the grader that the relationship in part a holds for all simple harmonic 
oscillators. 
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• 2c) (10 points) On the way to class, you spot an abandoned bird's nest sitting in a low-hanging, 
more-or-less horizontal branch. You displace the end by some small amount and release it, and note 
that a) the tip makes about ft complete cycles every second, and b) it takes about N complete cycles 
for the amplitude of the branch's vibrations to drop to half its initial value. Find the natural frequency 
(!0 ) for the branch/nest system. [Careful. These are f's, not w's. f's are easier to observe directly.] 

X{t) ~ Ae-~ co5[ w'- f ~) 

w~ ~ wJ-- ~jfl)-z, 

. ....~-t­Ate):: Ao e. Ttr~ 

AI- 'dtrlt tN) 

A{itJ)~ 

tJ = kn (!Yl(Z)) r 
- 11 

"' 

-J; -= f.l b . 
I zmr, 

• 2d) (5 points) Suppose we want to knock that old nest out of the ttr;e:e.\lm;'";~~~~~..-n-....J 
effective frequency to shake the branch at? 
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• 3a) (5 points) (Carefully) pluck a string on a violin. For a brief moment, the pluck generates noise 
- but that noise quickly gives way to music. Explain, in terms of physics, what is happening. 

lv'\ lUW~s ~ r~~S ft.S, ik inikal rlw,¥ {b<fc'({l rt/.tosU,) uf tk_ Slri':J 8:ves 1'/.. tb>fr-t (6:111/r~/ 

eflt¥J1 > w~rdr. ; $ +~t\ coV1 vQ,\ ~d 1-o ~I-tt eh.JA.~ ~ ~~ #t sMYl}f 1!> rRIRaR J · 1l,,J 14tNLiu .. 

ewyy 11'' > •• t :o 1'11il~~ ~t>tJ i.i'Mlf ba) ivMJ -.f/'4 "no;<ii". ~we~ 
Jw. /. lk btu" da./1' (l,¥ti(a,. J hit sLI_'IJ (nod~ o" 14 e .. &;, ''fYfllllj ;:.,._;~ "rt. 

~r-Ld d~.tf o.,d 6~1» r esrrvi41Af Pf~~J __. fl.t h~tVIfom'o ~ f~ ,Cn~t,UVMI-.r/ 

~ - ~,.e NMII f't~q_ ~/-Ji ~ fit llt"itc«l t~dn!, 'fl.t fDw<H ~ (.U/..,IM f/•1J 111 

yo~ '"' #t. daw.A'ttfL"t/- h~o'vtf< k(D.ftd 1 ·~j ~ -O'v~/\ ~au111d ht(614'LJ \MV1(f'c4L 
I 

I' 

• 3b) (5 points) Derive the set of resonance frequencies for one of the open (that is, un-fingered) 
strings in tem1s of its effective length ( L), the volume mass density of the material it is made of (p), 
the diameter of the string (D) and the tension in the string (T) . 
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• 3c) (5 points) It is not unreasonable to assume that the dominant frequency heard from an excited 
string will be the fundamental frequency associated with that string. One may change the fundamental 
frequency by pressing the string tightly into the fingerboard, effectively changing its length. Suppose 
you wanted to increase the fundamental frequency of a string by a factor F. Where (x) would you 
have to press? On a violin, the first fingered note has a frequency equal to 1.12 times the open-stringed 
frequency. Approximately how far up the fingerboard would you have to press to generate it? 
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• 3d) (10 points) Another way to change the dominant frequency you hear is to lightly press the 
string in some magic spot. Since the string is not tightly pressed, it is still able to vibrate on either 
side of the finger - this has the effect of imposing an intermediate node on the system, emphasizing 
some harmonic over the fundamental. Find each of these magic spots (x) and the frequency associated 
with it (in .terms of the fundamental). 

x--4 

• • t l 
~ w' ~ vtdcH•~Iv, I 

h~~ ~-.x 
-z----~ 

{_ 

... 
t 

£ 

J-=. ~ o/J 

J~.) ·L!J 
_. ' 

X. 

• 3e) ( 5 points) Bowing near the bridge can make a much nicer sound than bowing off towards the 
fingerboard. Explain in terms of physics why this is so. 


