MATH 61: INTRODUCTION TO DISCRETE STRUCTURES
FINAL EXAM
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Good Luck! Be sure to justify your answers!
No calculators, books or notes are allowed.
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(1) (15 points total) Let § be a binary relation on R — {0} defined by (z,y) € S exactly when
;€@
(a) (10 points) Show that S is an equivalence relation
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(b) (5 points) Prove or disprove that for any z € R — {0}, [z] = [2z].
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(2) (15 points) Answer the questions about the graphs below.

Us Uug
Vg U3

un
U4 i3

1

e W3

s

Wy
V4
Vg

U1 We wWg
Hl H2 H3
(a) Is Hy isomorphic to Ha? If yes, exhibit an isomorphism. If no, justify your answer
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(b) Is Hj isomorphic to Hy? If yes, exhibit an isomorphism. If no, justify your answer
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{c) Is H3 isomorphic to H1? If yes, exhibit an isomorphism. If no, justify your answer
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(d} Consider the following definition. Let Gy = (Vi, E1) and G = (Va, Eg) be graphs. We

say that Gy embeds in to Gy if there is an injective function f : Vi — Vo such that if
{z,y} € E1, then {f(z), f(y)} € Es. Does Hy embed in to Hy? Justify your answer by
producing a function or explaining why one does not exist.
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(e) Using the definition from the previous part, does H3 embed in to Hy? Justify your
ANSwWer.
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(3) (15 points) Let W1 be the set of strings with alphabet {0,1,2} and let W5 be the set of
strings with alphabet {0,2}. Define a function g : W7 — Ws by g(«) is the unique string
obtained by removing all instances of 1 from o.

(a) Prove or disprove that g is one-to-one.
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(b) Prove or disprove that g is onto.
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(c) Prove or digprove that go g = g.
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(4) (15 points total) Define a function I': Z — Z by F(z) = x+ 5. Define a simple graph G
with vertex set Z by {z,y} € E exactly when F(z) =y or F(y) = =.
(a) For a given z € 7Z, what is the degree of z in (77 No justification is required.

(b) Give an example of a path of length 3 in G. No justification required.
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{c) Determine the set of z which are connected to 16 in . Write your answer in proper
get notation without referencing anything from graph theory. No justification required.
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(d) How many connected components does the graph G from the previous part have? No
justification required.
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() Define a function F' : Z ~ 7% by F'(z) = z + 10 and define a graph G’ using F' a3 we
did for G from F. Is G' a subgraph of G?7 Justify your answer.
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(5) (15 points total) Circle T or F to indicate whether each statement is true or false. You do
not need to justify your answers.
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(a) T 01{ ]FD 2 0 0] is the adjacency matrix of a simple graph.
’ 1 00

-
(b) T oﬂ)n a weighted graph there is a unique shortest path between any two vertices.
L

(c){ T or F. Let G be a graph with vertex set {1,2,...n} and let A be the matrix whose
i,J entry is the number of edges from vertex i to vertex j. For every n > 0, the i,
entry of A" is the number of paths of length n from vertex i to vertex j.

(d) T or @The shortest path algorithm works in any weighted graph where some of the
Weigh%s are negative.

(e) T or&bF. If S is a set of cardinality n, then the cardinality of the powerset of S is nl.
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(f)l/ ;I)or F. Prim’s algorithm can be used to find a minimal spanning tree in a weighted
“graph where each weight is non-negative.

.
() T)or F. The inclusion-exclusion principle for two sets A and B states that |AU B| =
Al + Bl - AN B.



(6) (15 points) Prove that if G is a connected and acyelic graph on n vertices, then G has n— 1
edges.
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(7) (15 points) Recall from class that a proper tiling of an m x n grid is a way of placing tiles
so that (1) every square is covered and (2) no two tiles overlap. Let T,, be the number of
ways to properly tile a 2 X n grid with 2 x 2 tiles and 2 x 1 tiles. Recall that 2 x 1 tiles can
be turned 90 degrees and used as 1 x 2 tiles.

Derive a recurrence relation for ;. Don't forget the initial condition(s).
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(8) (15 points) Answer the questions using the graph below.
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(a) (7 points) Use alphabetical order and breadth first search starting at e to find a spanning
tree.
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(b) (8 points) Use alphabetical order and depth first search starting at d to find a spanning
tree.




(9) (15 points} Recall that in a standard deck of cards there are 52 cards each of which has a
suit and a face value. Possible face values are A,2,3,4,5,6,7,8,9,10, J, @, K and possible
suits are $, ¥, &, . Any combination of suit and face value makes a card.

(a) How many ways are there to distribute the cards to 4 players, so that each player has
13 cards?
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(b) A run of 6 cards is a set of 6 cards with the same suit and consecutive face values. For
example the cards with suit © and face values 2,3,4,5,6,7 form a run of 6. How many
ways are there to choose two runs of 6 cards from the full deck?
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(c) Prove that if you distribute the cards as in part (a), then one of the players hag at least St
4 cards w1th a .
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(10) (15 points) A Hamilton path is a path which touches every vertex. Which trees have Hamil-
ton paths? Notice that there are two things to prove. First, the trees that you describe have
Hamilton paths. Second, the trees that you describe are the only ones that have Hamilton
paths,
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