(1) (15 points) Prove by induction that for all n > 4, 2™ > n?.
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(2) (15 points) Consider the set A of points on the circle of radius 1 centered at the
origin. Define a relation R on A by (p,q) € R exactly when ¢ can be obtained by
moving p some multiple of 45 degrees around the circle in either direction!. So for
example (1,0) is related to (—/2,/2) since we can move from the first point to the
second by moving counterclockwise %y 45 degrees three times. However, (0,1) is not
related to (.5,v/1 — .52), because no amount of rotating by 45 degrees will move us
between the points.
~(a) Show that R is an equivalence relation. ;1
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(3) (15 points; each of (a), (b) and (c) are weighted equally) Answer the following ques-
tions.
(a) Let A = {a,b,c}, B = {1,2,3} and C = {b,¢,2,3}. Determine each of the
following. If it is a set, then write the set by listing the elements. If it is a
number, then write which one. If it is a statement, then write true or false.
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(b) Let A; and A, be sets. Find disjoint sets By and B, such that A;UA; = BiUB,.
A Ae

(c) Prove or disprove the following statement. For any sets A, B and X,if AC B C
X,then X —AC X —B.
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(4) (15 points) Define the following sets:
(a) Let X be the set of strings with alphabet {0, 1}.
(b) Let Y be the set of strings with alphabet {a, b}.
(c) Let Z be the set of strings with alphabet {0, 1, a, b}.
Define a function F': X XY — Z by F(a,8) = a ~ 3. Recall that @ ~ ( is the
concatenation of o and f.
(a) Is F injective? Justify your answer.
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(b) Is F surjective? Justify your answer. Lt <fov & (&, )
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(c) Recall that the range of F' is the set {z € Z | there is (z,y) € X x Y such tl;at \e ot

F(z,y) = z}. Show that X UY is a subset of the range of F. ma L
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(5) (15 points) Consider the numbers between 10000 and 99999 inclusive. To receive

full credit you must explain which counting principles you use and how l
you are using them.

(a) How many of them do not repeat a digit?
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(c) How many of them contain exactly one 27 S 2
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