Math 61: Introduction to Discrete Structures
Final Exam

Instructor: Spencer Unger

December 15th, 2014

Name: S T i (pk@h%
ID #
Section

Good Luck! Be sure to justify your answers!
No calculators, books or notes are allowed.
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1. (20 points) Let F' : Z X Z — Z x Z be given by F(z,y) = (x + 1,5 + 2). Answer the
following questions about F'. Be sure to justify your answers!

(a) Is F onto?
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(b) Is F one-to-one?
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(c) Define a simple graph G with vertex set Z x Z such that {(z,y),(z,w)} € E
if F{z,y) = (z,w) or F(z,w) = (z,y). Determine the set of (z,y) which are
connected to (0,0) in G. Write your answer in proper set notation. The property
you give that describes the set should not include anything from graph
theory!
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2. (20 points) Answer the following questions:

(a) Write a binary decision tree to sort three numbers a, b and c.

(b) What is the height of the tree that you drew?

s

(c) How many terminal nodes does your tree have?
! (.; ‘r = Q‘;’

d) If h is the height of your tree, then what is the maximum number of terminal nodes
s
-possible among all binary trees of height A7
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3. (20 points) Define a relation R on R by (z,y) € R if 2 +y* = 1. Answer the following
questions and be sure to justify your answers.

(a) Is R reflexive?

(b) List the elements of the set {x | (z,z) € R}.
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(c) Is R symmetric?
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4. (20 points) Answer the following questions:

(a) Show that the graph below is planar.

(b) Verify Euler’s formula for the raph above.
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(¢) Suppose that a graph G is not planar. What does Kuratowski’s theorem tell you
about G7
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5. (20 points) Answer the following questions about the weighted graph below:

0

(a) Use Prim’s algorithm starting at the vertex A to find a minimum spanning tree.
For full points it is enough to draw the minimum spanning tree obtained by the
algorithm. %

A

(b) Use Djikstra’s algorithm to find the shortest path from D to F. Please write the
order in which you visit the vertices and note that this is probably different from
the shortest path! . :
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6. (20 points) Let G be a graph that is a simple cycle ength n. ormaily we set
V ={1,2,3,...n} and for all i < n we make {7,7+ 1} an edge and also {0,n} an edge.
This problem Will have you count the number of isomorphisms from G to G.

(a) If we are building an isomorphism f up from nothing, then how many ways are
there to choose a value for f(0)?
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{(b) Given that we have chosen a value for f{0} how many ways are there to choose a
value for f(1)? :
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(¢) Using the previous two parts (or otherwise), count the number of isomorphisms
from G to G. Be sure to explain any counting principles that you use.
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7. (20 points) Show that if G is a connected, acyclic graph with n vertices, then it has
n — 1 edges.
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8. (20 points) Let T, be the sequence of numbers defined by the recurrence T,, = Tr,—1 +
2n + 1 with initial condition Ty = 0. Obtain a guess for a closed formula for 7,, by
repeatedly expanding the recurrence relation. Prove your guess by induction. (Hint:
You may need the formula 37, k = 2t )
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9. (20 points) Let S C {n | 1 < n < 20} be a fixed subset with |S| = 7. Answer the

following questions:

(a) How many subsets of S are there?
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(b) Let T C S. W’heﬁ: is the I;r;i}iimum possible value for the sum of all elements of 777
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(¢) Let 7' C S. What is the maximum possible valué¢ for the sufn of elements of 17
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(d) Prove that there are two different subsets X and Y of S where the sum of the

elements of X is equal to the sum of the elements of Y. (Hint: Consider the
function H which takes a subset T of S and returns the sum of all elements of T.)
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10. (20 points) Answer the questions about the graph below:

(a) Use depth first search starting at vertex f and the alphabetical order on the vertices
to find a spanning tree in the above graph.
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(b} Use breadth first search starting at the vertex ¢ and the alphabetical order on the -
vertices to find a spanning tree in the above graph.

F

(¢) Determine whether the two spanning trees that you found are isomorphic. If they
are exhibit an isomorphism. If they are not, then explain why not.
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