Math 61 Final Exam

TOTAL POINTS

40/40

QUESTION 1
1Counting functions 5/5
v + 2 pts a: $$ 28 = 256 $$ options total
v + 3 pts b: $$ 2 $$ functions total, by casing on
which element of $$ Y $$ is not in the image
+ 0 pts a: Incorrect count
+ 2 pts b: Correct count, but did not properly justify
some steps
+ 1.5 pts b: Incorrect count, but some promising
progress.
+ 0 pts b: Incorrect count, as well as several other

incorrect statements along the way

QUESTION 2
2 f squared equals the identity 5/5

v + 2 pts Injectivity: Let $$ x, y \in X $$ be such that
$$ f(x) = fly) $$. Then $$ f(f(x)) = f(f(y)) $$. Thus $$ x
= f(f(x)) = f(f(y)) = y $$, so that $$ x =y $$. Hence, for
any $$ x, y \in X $3, if $$ f(x) = f(y) $$, we have $$ x
=y $$. We conclude $$ f $$ is injective, as desired.

+ 1 pts Injectivity: Partial progress, but informal or
missing some important details

+ 0 pts Injectivity: No serious progress. Arguments
that may fall into this category include: trying to use
$$ -1} $$ without justifying $$ f $$ is invertible,
trying to claim $$ f $$ is the identity function, trying to
use the cardinality of $$ X $$ (e.g. assuming $$ IXI<
\infty $$ ), showing injectivity of $$ f \circ f $$ instead
of $$ f $$
v + 3 pts Surjectivity: Let $$ y \in X $$ be arbitrary.
Notice $$ f(f(y)) =y $$. Thus, there exists an $$ x \in
X $$, namely $$ x = f(y) $3$, such that $$ f(x) =y $$.
Since $$ y \in X $$ was arbitrary, we see that for all
$$ y \in X $$, there exists an $$ x \in X $$ such that
$$ f(x) =y $$. Thus, $$ f $$ is surjective, as desired.

+ 1.5 pts Surjectivity: Incorrect or missing
quantifiers, but argument is correct or almost correct.
An informal but (almost) correct argument may also
fall into this category.

+ 0 pts Surjectivity: No serious progress.
Arguments that may fall into this category include:
trying to use $$ (-1} $$ without justifying $$ f $$ is
invertible, trying to claim $$ f $$ is the identity
function, trying to use the cardinality of $$ X $$ (e.g.
assuming $$ IXI<\infty $$ ), showing surjectivity of $$
f\circ f $$ instead of $$ f $$

QUESTION 3
3 Equipartitions 5/5

v + 5 pts Correct

+ 1 pts Two examples of equipartitions for arbitrary
sets with at least two elements.

+ 1 pts Clear explanations in the first part

+ 0.75 pts Explanation of examples is almost clear
but definitions are not clearly stated.

+ 0.5 pts Explanation of examples present but is not
thorough or otherwise incorrect

+ 1 pts Correctly identifying partition sizes for
equipartitions of sets of nine elements

+ 1 pts Correct counting of equipartitions

+ 1 pts Clear explanation of the second part

+ 0.75 pts Explanation of the second part is
understandable but skips essential details or does not
use enough words to explain the ideas. Well
articulated but incorrect explanations can be awarded
this score.

+ 0.5 pts Explanation of the second part is included
but is not thorough or is otherwise incorrect

+ 0.5 pts Incorrect counting argument but with
significant correct steps.

+ 0 pts No content



QUESTION 4

4ALIVEs5/5

v - 0 pts Correct
- 2 pts 5! total arrangements (by multiplication
principle)
-1 pts 2 "EVIL" arrangements (AEVIL and EVILA)
- 2 pts 5! - 2 =118 arrangements

(inclusion/exclusion)

QUESTION 5

5 Fully splitting tree 5/5

v + 5 pts Correct

+ 1 pts Base case or argument accounts for the tree
with one vertex

+ 1 pts Decomposing fully splitting trees in the
induction step

+ 0.5 pts Builds a fully splitting binary tree in the
induction step (but does not address whether or why
they are all built this way)

+ 1 pts Correct use of induction hypothesis about
fully splitting binary trees

+ 1 pts Counting arguments have accurate numbers
and manipulation of equations and/or inequalities

+ 1 pts Clarity

QUESTION 6

6 Solution counting 5/5
v - 0 pts Correct
- 1 pts Use generalized combination (stars and bars)
- 1 pts Start with 2 "stars" in $$x_1$$
-1 pts Use 3 bars and the remaining 15 stars to get
C(18,3) =816
- 2 pts Remove the 2 bad solutions (2,15,0,0) and
(2,0,15,0) to get 814
- 0 pts Click here to replace this description.

QUESTION 7
7 Minimal spanning tree 5/5
v - 0 pts Correct
- 1.5 pts Incorrect degree for (0,0)
- 1.5 pts Incorrect degree for (2,2)

- 2 pts Incorrect weight
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QUESTION 8

8 Bipartite 5/5
v - 0 pts Correct
- 2 pts Assumes the graph is *complete* bipartite
without justification
- 2 pts Assumes the bipartition has two sets with
specific sizes

- 0 pts Click here to replace this description.



Midterm 1 MATH 61

Problem 1. Suppose X and Y are sets with |[X| =8 and |Y| = 2.
1. How many functions are there from X to Y7

2. How many functions are there from X to Y that are neither injective nor surjective?
That is, how many functions are there from X to Y that have the property of being
not injective and the property of being not surjective?

|. There are Eoo fun ¢4ions | .nce cach cicment m Y has 2 choices m Y that it can bemapped 1o,

2. # of funciions that are mjective: 0 | |
cince eauhelcment n X wust corfespond foong of 2 possivle valugsm Y. wg can consider each e X

0 a pigean  and cach ye Y 0¢ d pigeonholc. BY the Pigeonhole Principie, I'%? =4, g thewe one af
least 4 X €X hat map 0 1c samcy vaiue. Thus for O =14(x')=y , Who/e X.X'€ X and yeY,
if {5 ngt guaraniced Ihaf X=X* becausc iharc oo at icast 4 vajucs of X mag satiehy fhic propeay -

pecausengneof the possibicfundiionsare incuiive. we only iged 10 count the aumber of fwadione
that aenorsurjective. In Wig siiuation . a funciion that is Nof surjcdive Was al icast one elcmont

y6 Y i 15 nof mappeol 0. IngInGY Words. since eI afc only 2 chojees in Y h af an cicment
«€X can 0c mapped. o fuuion thaf s nof curjedive Nas all ciaments xe X map fothe same
y& Y suchinaf there is not cloment ¥eY suchihar 1(x\=y, the oficr cicimeni in Y.

gy i reasoning, THE1Care 2 fUNCHONS NG aro Gk SUrfeaive. Whalc 1 Very Y6 X, Y V6.

(€)= . for fne I5F funalion or f(\)=Yz {or the secund funckion -

sinceal funciions from Xiv'Y are not mjcdive and thcte are 2 fundions shatarc norsurgedve,
Thetre avelz fun alions Ifram X10Y that are ncithor injedive nor surjcdive.



1Counting functions 5/5
v + 2 pts a: $$ 28 = 256 $$ options total
v + 3 pts b: $$ 2 $$ functions total, by casing on which element of $$ Y $$ is not in the image
+ 0 pts a: Incorrect count
+ 2 pts b: Correct count, but did not properly justify some steps
+ 1.5 pts b: Incorrect count, but some promising progress.

+ 0 pts b: Incorrect count, as well as several other incorrect statements along the way
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Midterm 1 MATH 61

Problem 2. Suppose f: X — X is a function that satisfies

f(f(z) ==
for all x € X. Show that f is a bijection.
To chow that f (s a bije clion . WeWani [gshow thai £ is njeciive and SWCUING
. Tnjecive
FOr Y Y2 € X, tef ey )=y and flxz)=y.
Theh, we nave  TEOWYE i and F(f(x2)) =Yz
= f(y)=xc and fly)=¥.
2 Y= f(y)* %
Xi=Y2
Tt has been shownihat, of £(x0=€0%2) . then X=Xz S £ is mjeAIve

2. Suyjeufive
For an arbitvary X€ X . 1ef f(x)=y

Then. wehave f(f(x)= X
S fly) =X
£ 150 fundion from X=X, S0 yEX.

since x was arviftary, vie nave shown thal for all XeX, there is Some ()= y€ X cuch at fly)=X.
Thils . every element in X wan bemappedio under £, SO fis mdccdsuqcmvc.

- pyshowing haif fis ingectiveand surjcuiive; We have snownna f is a jgdion.



2 f squared equals the identity 5/5

v + 2 pts Injectivity: Let $$ x, y \in X $$ be such that $$ f(x) = f(y) $$. Then $$ f(f(x)) = f(f(y)) $$. Thus $$ x =
f(f(x)) = f(f(y)) =y $$, so that $$ x =y $$. Hence, for any $$ x, y \in X $$, if $$ f(x) = f(y) $$, we have $$ x =y $$.
We conclude $$ f $$ is injective, as desired.

+ 1 pts Injectivity: Partial progress, but informal or missing some important details

+ 0 pts Injectivity: No serious progress. Arguments that may fall into this category include: trying to use $$ (-1}
$$ without justifying $$ f $$ is invertible, trying to claim $$ f $$ is the identity function, trying to use the
cardinality of $$ X $$ (e.g. assuming $$ IXI<\infty $$ ), showing injectivity of $$ f \circ f $$ instead of $$ f $$
v + 3 pts Surjectivity: Let $$ y \in X $$ be arbitrary. Notice $$ f(f(y)) =y $$. Thus, there exists an $$ x \in X $$,
namely $$ x = f(y) $$, such that $$ f(x) =y $$. Since $$ y \in X $$ was arbitrary, we see that for all $$ y \in X
$$, there exists an $$ x \in X $$ such that $$ f(x) =y $$. Thus, $$ f $$ is surjective, as desired.

+ 1.5 pts Surjectivity: Incorrect or missing quantifiers, but argument is correct or almost correct. An informal but
(almost) correct argument may also fall into this category.

+ 0 pts Surjectivity: No serious progress. Arguments that may fall into this category include: trying to use $$ (-
1} $$ without justifying $$ f $$ is invertible, trying to claim $$ f $$ is the identity function, trying to use the
cardinality of $$ X $$ (e.g. assuming $$ IXI<\infty $$ ), showing surjectivity of $$ f \circ f $$ instead of $$ f $$
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Midterm 1 MATH 61

Problem 3. If X is a set, an equipartition of X is an equivalence relation on X such that
every equivalence class has the same size. In other words, F is an equivalence relation on
X if |[z]g| = |[y]g| for all z,y € X, where [z]g = {2z € X : (z,2) € E}.

1. Show that if | X| > 2, then there are at least two different equipartitions of X.

2. Suppose | X| = 9. How many equipartitions of X are there? Hint: First, figure out

the possibilities for the cardinality of the equivalence classes. Then count the number
of ways of selecting the elements of the classes.

1. \ef us considler the possibie parditions of X if (X122 LeT o - .Yn}‘ be ihe ciemonis of |
Y cuchat n= 1X1 and N2 2. For any value of n, e following partitionsare always possivle:

LN %Y and $E%0 Y- , $¥nll. | |
Elements i The samesubset of pariition are relaicd and are 6 Ehe equivalene relatwn.“
We canobserved fhar the ISFpariition yiclds |IxJe|= .. = |D¥aJel=n becauce all cicmon
of X arein e samesubsed, thus famingan possible equiparfition. The ewnd parfition

yields [$¥n}|=1 Afor all n, which furms e 20 equiparfition.
., 1here Qe af ass 2 differentequipartitions of X if IX1>2.

5 pdssible carainairies | (xnJg|= 1:3:
Mwlgl=1 = | cquipariifion (one way of puthing 9 dewenls w 2910ups of 1)

ITynlel=9 o | cauipariition (onc way of puiting Gcicments v I giup of a)

[Ty Jg V= 3 |
_choose 2 elementsio boW |sfequivalchce AAS> « 3 29dl equivaienT ol ass , %

2 3 equivalone UGsS " e
(AE)(3) = Q5= va = "w
Ginee order of these gruups do N0 matier, divide by 3!

for 1he number of permutafions of fth group
# of cquipartifions for |[xwlgl-3 2 EO*

] a1
+ 0f equipartitions of X= W 4+2
A ——

[2)




3 Equipartitions 5/5
v + 5 pts Correct
+ 1 pts Two examples of equipartitions for arbitrary sets with at least two elements.
+ 1 pts Clear explanations in the first part
+ 0.75 pts Explanation of examples is almost clear but definitions are not clearly stated.
+ 0.5 pts Explanation of examples present but is not thorough or otherwise incorrect
+ 1 pts Correctly identifying partition sizes for equipartitions of sets of nine elements
+ 1 pts Correct counting of equipartitions
+ 1 pts Clear explanation of the second part
+ 0.75 pts Explanation of the second part is understandable but skips essential details or does not use enough
words to explain the ideas. Well articulated but incorrect explanations can be awarded this score.
+ 0.5 pts Explanation of the second part is included but is not thorough or is otherwise incorrect
+ 0.5 pts Incorrect counting argument but with significant correct steps.

+ 0 pts No content
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Midterm 1 MATH 61

Problem 4. How many ways are there to rearrange the letters ALIVE in such a way that
the word EVIL is not contained in the resulting word (as a consecutive string of letters)?

# of waySforearrange ALIVE: ©!

# of ways OfYCQWOVlyc ALIVE w] EVIL ¢
consider “EVIL® as one lefior . S0 § of waysioarrange A% “EVIL” =2

# ofways forearrange AVIVE wjo EVIL = 5! -2!

pl-2 wa\;sl

N




4ALIVEs/5
v - 0 pts Correct

- 2 pts 5! total arrangements (by multiplication principle)
-1 pts 2 "EVIL" arrangements (AEVIL and EVILA)

- 2 pts 5! - 2 =118 arrangements (inclusion/exclusion)
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Midterm 1 MATH 61
=) FYom 1evoor

Problem 5. Say that a full binry tree is a fully splitting binary tree if every non-terminal
node has exactly 2 successors gnd all terminal nodes are at the same level—that is, the
length of the unique simple path'to a terminal vertex is always the same. Prove that, for all
non-negative integers n, if T is a fully splitting binary tree of height n, then T has 2"+ —1

vertices.

Prouf by maudion:

Bosccace: n=0 '
A binary iree with aheight of 0 cnsicts of just one verey. e voor

2

200 1=

2

2'-1=1
1=\ v

Assuimg or some height n , where 1 is a non-negative nfeger, thut a fully Splitting binary
tee T hos 2" -1 vertices. Wewani o show har o fully splitiing inary ftee of height

o+l nas 20y errices. _
Tt v is 0 child 0f e rgot « then TV, The

VA VIV 1 sublvee of T yooicdaf v, i a routed
| height | HeIGQT  tully cplitting binary ivee of height n.
"o e T e afully splifiing binary frec , the
' Subtkee Tv is also 0 fully cplitfing binary o6

bl SNery non-ferming| node is guara hieed fo
nave exauly 2 sucesss and havegli e nql
hadles af The same level

Thus. the twochildren of theroot form 2 fully cplitfing bmary rees of height v.
By The indudion hypuiheste. ese subivees eaoh have 27 -1 verices.

we can add the numiger of verdices i these Subivecs and he roof vey1ex 1o

et e tufal # of verfices (n the Tvec.

verfices= 2: (2" -1) +1
= 2- 2 - 24
st _

We have showv by indudioninas a fully spliﬁmg binary frec of
neight n has 21 fofal verrices.




5 Fully splitting tree 5/5
v + 5 pts Correct
+ 1 pts Base case or argument accounts for the tree with one vertex
+ 1 pts Decomposing fully splitting trees in the induction step
+ 0.5 pts Builds a fully splitting binary tree in the induction step (but does not address whether or why they are
all built this way)
+ 1 pts Correct use of induction hypothesis about fully splitting binary trees
+ 1 pts Counting arguments have accurate numbers and manipulation of equations and/or inequalities
+ 1 pts Clarity
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Midterm 1 MATH 61

Problem 6. How many solutions are there to the equation
T+ To+ a3+ 24 =17

where 1,3, x3, and x4 are non-negative integers satisfying 1 > 2, zo < 14, and z3 < 14.

et x'= X-2 for the constraipt xc22
(X2 +¥3 t%q = 17-2
Xi¥ Yo +Y3 +X4= 15
C(B+4-1: 4-1)= c(19:3)
_ (lb)
- \3
Now, Tind number of bad colutions for Yz 5 3 , OF thoscihas fail the CONSITAINTT x< 4

ond X3 £14.
wewanf 1o find fhe Solutions o X' X2 £X3 ¥4 =10 suth AT %212 or x3216

Note Taf there is anly | solltfion G SUTISFES ¥2219. Tf Xz=15, Xi Y200 Xa MUSE equal 0
for hesum1o be 1S, Yz CaNNOT be greater than 15 whilc X, 2 because 1t Wouid yiekd asuh > 7.

cimularfy, thetc is one solution wnere yz = 15 by INC SOME IEASONINgG:
§0, thete are Z bad solutions fo theTotal colytions for i +¥z+ Xz +¥4=15
Thus. the number of sglufions = 101 al — bad sulufions

=\ (%)-2 solutions




6 Solution counting 5/5
v - 0 pts Correct
- 1 pts Use generalized combination (stars and bars)
- 1 pts Start with 2 "stars" in $$x_1$$
-1 pts Use 3 bars and the remaining 15 stars to get C(18,3) = 816
- 2 pts Remove the 2 bad solutions (2,15,0,0) and (2,0,15,0) to get 814

- 0 pts Click here to replace this description.
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Midterm 1 MATH 61

Problem 7. Let G be a graph whose vertices consist of pairs (a,b) where a and b are non-
negative integers less than or equal to 3. Say that there is an edge between (a, b) and (¢, d)
if either [a —¢| =1 and b =d or |b—d| =1 and a = ¢, where |z| denotes the absolute value

of z. In other words, two vertices are connected by an edge if they differ by exactly 1 in
one coordinate and agree on the other.

1. What is the degree of (0,0)?

2. What is the degree of (2,2)?

3. Define the weight of an edge between (a,b) and (c¢,d) to be the minimum of the
numbers a, b, ¢, d. What is the weight of a minimal spanning tree for the graph G?

[ ng ((00)) = 2
There are only 2 paifs thaf differ by Exachly | i one coordinate  agree in Theginey
(01 and (1,0)

2. (Ztl)
Differ 10 1S wordmale: (12), (3¢2)

0 iifer m 20 coordunaies (2,1) (203)
deg (( 22)=4

2. Weight Of minimal spannmngTiee - 7



3.0




7 Minimal spanning tree 5/5
v - 0 pts Correct
- 1.5 pts Incorrect degree for (0,0)
- 1.5 pts Incorrect degree for (2,2)

- 2 pts Incorrect weight
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Midterm 1 MATH 61

Problem 8. Suppose G is a graph with 17 vertices. Show that if G has at least 9 vertices of
degree 9, then G cannot be bipartite.

et & beagrap hwith G \cast A vertices of dogreo . Cuppose veriex Vi has
a degrec of 9. T+ & Ic abipartic giaph Emn . then i is 1h one partition ond

tnere are 9 verfives in parfition 2 because fhcre isanedge wnnca‘mga vericx in
parfition | fuv every veriex in partition 2 by definition of @ bipartifcgraph.

Ergm e » There are Two stenarios for g 1esi of 1o degree -avortices -
() N leust © Vertices aremine came parsitionasNs
(2) At least | veriex isw partifion 2 (N0t The same partition as Vi)

‘ ifion 1 1 1 9. ane there are at least 9 veriices (the
Tn case |, 1he size of parfifion 1 is af 160 ‘
agldcol @+ \\) ih pariition | However . wehave aivead y establined that 1nel{cqvaalso
q yerfices i parfition 2. Assign tnesizo of parfifion one o m and The sizcof pnrition 2 1o

n foger mz4 andn=9.
m+n z 19> 7 NeITieEs.
Thus . dhis confradicls the number of To1al et ices i G, <0 G cannot be bipargiteunder

case |.
T case 2, We assume that af loast 1 ver fex is n parition Z. L 1Nis Veriox b
V.. Since We know ihat the deg(Va) is also 9 . there must be 9 verficesin -
parfifion | such fhan there is an edge from Vs fo each of e verfices in partitn).
Lef m represeni fhe cardinalify of partifign ) and h represent g cardinaliry of paififion

2. This gives m=9 and =9

m+n= 19 > 7 Vertices |

Thenumber of vertices i SUTh bipariiegraph isgreater an 7, the number of
verfices M 6. co & Cnnoi be bipariiie under wse? .

By considleiing incSe WO cascs. we have showh nar a graphé wiih
(7 voriices and arleast qveriices with degree 9 cannoi be biparite.



8 Bipartite 5/5
v - 0 pts Correct
- 2 pts Assumes the graph is *complete* bipartite without justification
- 2 pts Assumes the bipartition has two sets with specific sizes

- 0 pts Click here to replace this description.
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