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MATH 61 - FINAL EXAM

0.1. Tnstructions. This is a 180 minute exam. You should feel free to quote any
theorems proved in class, as well as anything proved in the homework or discussion
section. There are 12 questions—on the exam, you are required to do the first
true/false question, and choose 9 of the remaining 11. Only 9 problems other than
the true/false question will be graded so you should indicate which problems you
want groded by marking the one you do not want graded with an X, in the case that
you attempt all 6. FEach question is worth 10 points. Unless otherwise specified,
you are required to justify your answers.
Recall all of our graphs are simple.
Exércise 0.1. Indicate whether the following statements are true or false:
(1) The number of rooted trees on a fixed set of n vertices is a2, :
(2) Suppose | X| = n and |Y| = k. There are n* many functions from X to Y.
(3) If G has 1o subgraph isomorphic to K33 or Kg, then G is planar.
( ) If G = (V, E) is a graph, then the relation R on V, defined by (z,y) € R if
and only if there is a path from z to ¥ in &, is an equivalence relation.
(5) If T'= (V, E) is a rooted tree, then the relation D on V, defined (z,y) € D
if # is a descendent of y or if z =y, is a partial order.
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2 MATH 61 - FINAL EXAM

Exercise 0.2. Recall that for X a set, P{X) denotes the power set of X, the set
whose elements are the subsets of X: P(X) = {Y : Y € X}. Show that v
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MATH 61 - FINAL EXAM 3

Exercise (3. Show that, for all natural numbers n,

2=(0)+ () 0)-30)

Note: Both algebraic and combinatorial proofs are possible.
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4 MATH 61 - FINAL EXAM

. Exercise 0.4. There are (%) many 5-card hands from a standard 52 card deck.
How many of them are either a straight or a flush? (A straight is a sequence of 5
cards whose values are in order, the ace is high (and not low); a flush is 5 cards of
the same suit).
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Exercise 0.5. How many integer solutions are there to the equation
. 9:1+m2+§53:37 J
subject to the constraints that 3 < zy <6, 4 <z, and 0 < z3 < 37,
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Exercise 0.6, Consider a weighted graph G = (V, E) where V = P({1,2,3}) and
v and w are connected by an edge if and only if [vAw| = 1, in which case.this
edge is given weight corresonding to the unique element of vAw. In other words,
the vertices of ¢ are the subsets of {1,2,3} and the edges are pairs of sets where
one has exactly one more element, than the other. For example, {1} and. {1, 2} are
connected by an edge, and the weight of this edge is 2.

(1) Is there some d so that G is d-regular?

(2) What is the sum of the weights in a mirimal spanning tree?
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Exercise 0.7. Suppose X is the universal set and for subsets A C X, we write A
~ to denote the complement of A4 in X. The Sheffer stroke 1 is a single operation
on sets defined by A * B is the complement of AN B. This has the remarkable
property that every other operation on sets may be defined in terms of it.
(1) Show A= (A% A).
(2) Show AUB = (AT A} T (B1B)
(3) Find a formula for AN B using only parentheses and T.
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8 MATH 61 - FINAL EXAM

Exercise 0.8. At the end of finals week there will be a party with 15 guests.
(1) If each person shakes every other person’s hand exactly once, how many

handshakes have taken place?
{2) Suppose that 7 of the guests have the same cold, so they don’t want to shake

the hands of the guests who are not sick, but they don’t mind shaking each
others’ hands. If all the sick guests shake hands and all the not-sick guests
shake hands, how many hand shakes have taken place?
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Exercise 0.9, Suppose there are 7 points in the interior of a regular hexagon {ie.
all interior angles are the same)} of side length 1. Show that at least two of the
points are within distance é( of one another.
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10 MATH 81 - FINAL EXAM

Exe;\i\s\é\_ﬁ.lﬂ. Recall that a graph G is called rigid if thwn‘lj?ﬁc?rphism of G
is the ident\?cx function - ie. the function that sends@ +— v and e -+ e for every
vertex and edgﬁé“‘“@@G respectively. Is tlm)re/a‘ffgid graph with exactly 3 vertices?

Give an example or\‘shw is ne-stich graph.
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MATH 61 - FINAL EXAM 11
Exercise 0.1% ose X is a set with 30 elements and ¥ is-aset’ with 20 elements.
How many functions f =X — Y are there satls'fymg Both of the following properties
(at the same time): T~ 7
1) /: X =Y is.ontd (1 e. sur_]iast%
(2) Forevery yc Y, {z € X : f(= y}i
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12 MATH 61 - FINAL EXAM
Exercise 0.12. How many rooted trees are there on the vertices {1, s, z3}7 Are
there more or fewer than the total number of graphs on these vertices?
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