1. (10 points) Let a, denote the number of length n strings on §%, 1 e "”’mef e
. pattern 11. Find a recurrence relation that ay, satisfies. Make sure to also give the initia)
conditions.
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2. (5 points) Let 1 <k < m < n be integers. Give a combinatorial explanation! to show

C(n,m)C(m, k) = C(n, k)C(n — k,m — k).
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1Please be as precise as possible, points will be taken off if the answer is not coherent/lacks details. If
you use the algebraic formula for C(n, k) to show it, you will not get any points for YOUr answer.
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3. On a grid, you are allowed to move only up or right. Let A = (0,0),8 = (6,6). Find
the number? of (shortest) grid paths from A to B which

(a) (2 points) go through (3,3) '
S’W\d puxnd fom (Q, Y40 3 X (313 +o ("/5)

» @Q‘J@Qg) =400 (ﬁm 2.5 ],

Bz
(b). (2 points) go through (5, 5)

Pm from (g, 0) o (§;3) = \OCS
L pades fom (i) vy (G1k) 4 2Cy
2 mm-h@c5)(2c\>= 252
(c) (2 points) go through (3,3) and (5, 5) =
Po¥nS from (0,01 o (B3 2 6
7 Yahs fromy (3,3) o (5 5) 9 e, —s omange UURL in

Fodhs from ($,5) o (lo)l) > 2¢, Sjegans "»",_(?M‘
ol patnst (66)(1¢) (2¢)) = 240 o S
(d) (2 points) go through (3,3) or (5,5)
HoM 1A LU ~ RAIRON ¢ \wrhuag P(Y\)r—?“*“im‘f)‘&

4 P3VUE)= P@)+ PLE)— PLING) "
3 P(aVUs)= Hoo +252 =240 = 412

(e) (2 points) do not go through (3,3) nor through (5, 5).
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2You can le_ave your answer in binomial coefficients, 3 U %’ 3
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tinct integers are chosen from the set {1, 2,3, ..., 12}. Show

4. (5 points) Suppose thatg/
that at least two of the @ numbers differ? by exactly 3. Also give an example to show
it is possible to choose the 7 distinct integers such that no two of them differ by exactly

4.
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3Difference between n and m is |n — m)|
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5. (5 points) Solve the recurrence 4a, = —4an_1 + 3an—2 With G0 = 0 and a1

m\-omg *"WMJ%U’C oy RV 2
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(&) Number of length 7 strings on {0,1} with exactly five Os and no substring 11 is
(6,2) B.C(6,3) C.C(7,2) D.C(7,3) E. None of these.

(b) Number of relations on X = {1,2,3,4} which are both reflexive and symmetric is
@216 B. 212 ®. 2! E. None of these. 'or\% +o be @y or ( '3\

(c) —1+2C(5,1) — 4C(5, 2) + 8C(5,3) — 16C(5,4) + 32 equals
1 B. -1 C.0 D. 32 E. None of these.

(d) A simple graph has 7 vertices and 21 edges. The minimum among the degree of its
vertices is :
@ 6 B.7 C. 4 D. 0 E. Cannot say.

(e) Number of ways of dividing ten identical candies among 5 children is
A. C(14,5) (B)c(14,4) C.C(15,4) D. C(15,10) E. None of these

Space for scratch work : !
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