1. Let A be a set of 4 elements and B a set of 3 elements

(a) (2 pts) How many elements in the set A x B?

|Axp|= |AIxIB)= 4x5@

(b) (2 pts) How many 4-element subset does A x B have?

[ AT s |

axH% 2 |

(¢) (4 pts) How many onto functions are there from A to B?

There are 31 ﬁnm‘avyp m A B
M P 4 slowmonk m A ﬂmj}:mpnanl +o same clement nbB : (&

exam Page 3



(¢) (4 pts) How many onto functions are there from A to B?
There are 3% finchon fom At B
0) il 4 clements m A ae ma lueol to same eemenr mbB : (3=

4 domnt M are /)t 4o €2 d&mmi/hg
) three mA+ 1inB, ommA f 1mB . [a (d-cf=12
2) 2mAH0 LB, 2mA P ZnB: [3 [) (lf =36

opto functm o 4 clewent mA ae mpped > 3olenest 113

3wt 16) 13 =36
(d) (2 pts) How many 0111:—'—_{(\)—0% functions are there fron /q kf
[l o0 b3
CyCy (y = /E

2. (a) (4 pts) For propositions p, ¢, and r use the truth table to prove

p— (g —1)=pV(=r— )

P14 f=r[poctordp [ or[rq] e 2 py Crong]
T(r(t[ 1 | v [Fle|F[ T T !
TITIFIF | F [E|T(F{F F
T[T T [ T [FYF(T|T T
o A A I el 1 I
TIEIE[T | T [FIT(T]T T
FITIETE | T |T|TIF[E | I
FIFITfT | T [T|EIT] !
FIFIF T L T JTITITiT |

(b) (2 pts) State the negation of the the proposition: (Vn € N)y/n is
either an integer or an irrational number.
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(b) (2 pts) State the negation of the the proposition: (Vn € N)y/n is
either an integer or an irrational number.

(:1 n € N)nisnot on '7”‘(\’76*’ and 1 B st jrrotion @l number

1 vds : There exisl an mteqer A ,n > an element o,’f-rfle
n w :
gnd Jn 1 nst an  pratina| pumber

(¢) (4 pts) State the negation of the proposition: (In € N)2" < n.
Prove that this negation is true. Hint: use mathematical induction.

seqation : (YPEN) 2" n
provy: @‘IQ" n=0 ,2%°1-0
r n=| ) 21:2?’ . +
@ /Z\I%Ssume +his statement © Tue 7‘3’ nk, ie 2K 7P”r}<eiu
+hen b/ aswmrmnl Qk>/<
2-2K7 2-F
2> ktk > kt]
oMkt
'{hP? stafement i tveue foy n=|
mplies 1= le+] (ke N) 3Tvue

(ynemt) . 2N
+hi3  state men + B abo twe for nzo

([7/16/\/), 2%n

. end n=k (kGIV-') +rvie

3. Solve the following recurrence relations.
(a) (3 pts) a, = 3a,-1 — a,_9,a; = 1,a9 = 3.

@ 74><): xX-3x¢t]=0
s-biqac= §-4 - 570

-btda 345
- {Kl'l; =a 2

: f.= %j:i’b Yo = %if
B > _
cne-ri (3B, 35
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B

-

I = %3 Y. =
2 ln Cl(’r‘r/ 5;5

\"w

@ 7@(’71 (2 (hg)"

O FE (2B )=

f (), o))

L
= {Cl = 5
0F2) + 2 ) =3 Cl—,r,:;

- an = 665
o e

P

(b) (3 pts) a, = 4a,—1 —4a,_—92,a; = 3,as = 5.
S T
L Qaz= G2t 6en 2"
@ QAiz) = C,2+0 12
{ Asz5 = Cro2't (52027

2c1+20:23 )(f/
2 -
4Ci+ §Cx= 5 (2 =-

NN

4. (a) (4 pts) Draw the graph represented by the adjacency matrix:
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4. (a) (4 pts) Draw the graph represented by the adjacency matrix:

A B C DE

N
O = s =
(NI SR e i
oSN o W o

(b) (4 pts) Please label the edges for the graph obtained in part (a).
Find the corresponding incidence matrix for the graph in part (a)
with your labeled edges.

e, €y e4 es by €1 &s 05 € €u

e

| 9o | o o o © 0 o0 o o
//O/// o 9 o 9 o0
0//000/}/00
g o o © o o | 9 0 | )
o0 U ) )09 0 4
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5. (5 pts) Let S =R\ Q. Consider the following relation ~ on S: z ~ y if
and only if ﬁ € Q. Is ~ an equivalence relation? Prove your conclusion.

0 I/%eS @ /@‘/’7‘1)’,365
x /f Ay, jmz
o= z1 ,16& v
7 / +hen ek, %é@
x~x o oall AES Jee of X .4 Y.¢
. yelachon re—,plecﬁve 'J;L%;’A; } 4/_c7/ z, * 4
@ YAes, l]’jes T Y T v d
,‘]fr;(zv , +hen ?e& %e@
o 0621 X2
L K¥0, VRO . relaton 8 Fransihve
%@& - Ipez e
v 1 _ 4
/A
Y _1
7ot
L Ze R
y ~ 7%

velaton & Symmemc
elutn_p ot |
L e 2o
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6. (10 pts) Consider the weighted graph in Figure 1. Find the lengths of a
shortest path from vertex E to other vertexes by Dijkstra’s algorithm.

Figure 1: Graph for Question 6.

(\\

Sol: @ L(E)=0
LA) = Lp)= Lc)=LCD LP) =Ab)eH) =00

T={ABiCpEF &:Hf‘
LE)<0 R the mnimal - choose £

@ L()=b, LD=], LLH =3, ~A=LBI=4D)=[br)=5°

T={ AB D, FelriH{ )
[CH)=2 B +he pmmimal . chwe H , Bt H = 3

O L(S)=4, L LFT, LPFE L(G)|Y LIA)=1E)=00
Tf’ivA’BLC/P/ F/ér} . L(ﬁ};% 1% VMMIM/ o chele g E{‘D&; Y

B G F= y+¥=877 2 LIAPUERR L)=6, L)1 LUF)-7
T;f/)lﬁ,CtV( @ CLLPE G Fminma] s ppseie PO TS P25
@ o W}}ﬂo’ iicc)):’éél LBCFZ;IZN»/ L hesse ¢ 1 BTG =6
— (Aih ClF : ,/
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()/LV"JV/"_/ . ~/. JW/ "\(/hm”vle_(, |V (g -
()= 3 mni
7’{/5/’]15)@[’;}‘& )6)
L%):c69)58"/°w77

TofAt%)F} <&(/F)77]2M
G LAk LBTE T

M| o pie lﬁfﬂ/ﬁsz

(6 mc)z by (T p)= 5 (EhF)=0
) &) = U, (E—foF)"/?

7. Use Prim’s Algorithm and Kruskal’s Algorithm to find the minimal span-
ning tree for the weighted graph in Figure 2.(Please write down the order
of the edges that you add to your spanning tree).

(a) (5 pts) The results by using Prim’s Algorithm (consider the alpha-
betical order).

(b) (5 pts) The results by using Kruskal’s Algorithm

Figure 2: Graph for Question 7

(0) (AcC)—= (CF) = (RE) 5 (08) - (Br) = CH )
5 U’l(CI}/NE‘V/“? (l}/l)
SPSEN iz P A N2 =3 (7 E) 5 0
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-7 L / - 7 - /

B (T )= )5 (na)= (AC) 7 (0F) 2 (ug)
= (EH) 2 (5w) 5 (1)

8. Determine whether each graph is planar. If the graph is planar, redraw
it so that no edges cross; otherwise. find a subgraph homeomorphic to
either K5 or Kj 3.

(a) (10 pts) See Figure in 3.
(b) (5 pts) See Figure in 4

Figure 3: Graph for Question 8(a)
E geb) A
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S IF)KIL(S . Ul(l}lll L \CII(TDK'I\III U\(ll
. X
ke (2
%
C
Figure 4: Graph for Question 8(b)
8(n)
_a

—7
‘g
- %l“ ot

gcb )

%

9. (a) (10 pts) How many 11-digit binary sequences (i.e., each digit is either
aloral)d contain two consecutive 0’s?

a1 1
fen Is, ove 0 : -
ame 45 w0 0s: (o @ 45

3
eijhrlsjh'etﬂs c (g = $4
g, Jour 04 Cd= 70 _ 7%

evem s §
srx 1o %’e’ ov: 072037 71

/_
I/’],

|4t 45 84 1704 4]

ﬁVC 16, ax 09 Céb - l
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(b) (4 pts) A bakery produces 4 kinds of cookies (suppose there are
infinitely many of each). A person wants to buy 6 cookies. Find the
number of ways the person can buy 6 cookies.

0 ”9 0] 4 0o 0
e ate 4 lnds of ot S iy & ook urh 3 sl
porspond: 19 he 3mphc the jmfh B an example)

_ W I) = 5:
© gways o by bool® = # s o Pt 35l = (] @

10. (a) (6 pts) Choose 150 integers from this list {1,2,--- 298}, prove that
there are two integers ny, na such that ni|ny or na|n;.

Y holes
Wwe are assigni [ho pgeons ‘10147 )
Sol:  or each me9ey né fu 2, -, 2%’)}' |50 here m +)Z h /){/JM o the. same, hole -

. _ k
N con be witlen as N=%¢-2°; 1en’, FeW, e Tmebd® meslobl o3 tieta
/<B 7‘}76 /ﬂ7€$'f /o”'b/e ”7776[ ‘ ‘fhen, 7@)’ M= '.2#', /7.;;'/»2,(‘/ <=l
chon il 40z then we an @ LT E oy p e mn,
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/4 3 +he lorgest /osﬁfble npeger hen, 7@)’ P .215,/ PRTADL AN
Then, if %220 hen e (an At L% £ if ke, then  2n,
hus, when EEW, KB the /47857‘ /”77’@/ Vif fieks, then i Ins
t%42=1 C 3 pun, st minz or nsin,
y N a6 §12,--0 298 4 [~ #he slement i3 TUL
let M= 42k, ezt 2F ‘

For 3., here are 41 possible ool
o 6 ~,2?XZ but we needto chosse

(
l

pumber €412, . o
160 #Umbers, B/ /’7&/7/'0/@ fy/hu,ole L uembr))
(b) (6 pts) Let ny,no, -+ ,ngyy be integers. Prove there exist three in-
tegers n;, m;,n, € {ny,ng, -+ ,ngpr } such that 100 can divide the

differences between any two of them.
So/- /00 /(”/"'7?} B equivalent 1o (ﬂ/)-ﬂf)%/oazo
let np= oo m+ A, ﬂ(i:/ooﬂfg
Np %100 -y %100 = A-p
:(ﬂr~ﬂ1)%/oo = ﬂoom+A—0oon B )% 100 = AP
if (np-nq) 7 loo =0, then flp % 10 =79 % |00
, N %100 ,fhere are 0-9¢ Joo /Jos;[b/(), ,«gmmﬂ@yg
10‘” ,,)jo/’ loo, +here are 0-%} oo /ﬂ:é(fb/@ remirolis
Teger5
but +here are o/ T8, e 1 H i
- s we Hr 4 oo,
B)/ /)/\700’)”0/& /)nnG/Ple/ —MM& dre. mu 7 J

Jave 0w 7 1ol nimbers gundl YV must be sy 57
becmse Ne beame we hae o/ /hfy(/y andl
/72%/00 = Ni

it are D70 IolY

e In;, }17, ’l)" 2 f”/ /’))4:[)
Sk nifele® = /4] %Joo= HE/ 100

/01?/{/71—}7] ) /®0 / (WJ‘—”;)
[o°]) (ni-NE)

Yoo z ﬂj%/ov
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