19F-MATH61-1 Midterm | B

TOTAL POINTS

39/40
QUESTION 1 2.3 Transitivity 3/3
1 Counting 9/10 v + 2 pts Correct answer

v .
+ 7 pts Mostly correct, but double-counted those *1pts Good explanation

with two C's and one D, or otherwise did not consider * 0 pts Insufficient explanation

the difference between DCE and DCC. * 0 pts Incorrect

/ +10 pts Complete, correct solution + 2 pts Correct reasoning based on errors in matrix

v -1 pts Secondary counting mistake multiplication

+ 1 pts Got (i) right - we're looking for things that .
2.4 Antisymmetry 3/3

v + 2 pts Correct answer

satisfy all

+ 1 pts Got (ii) right - we're looking for things that

v+ i
satisfy all 1 pts Good explanation

+
+ 1 pts Got (iii) right - we're looking for things that 0 pts Incorrect answer

. + 0 pts Incorrect definition
satisfy all

+ - )
+ 1 pts Got (iv) right - we're looking for things that 0 pts Insufficient explanation

satisfy all + 1 pts Correct definition

+ 0 pts Blank / no answer / no progress towards a
QUESTION 3

Functions 10 pts

solution
o by your count the last letter can't be C either
3.1 Surjectivity 5/5

v + 3 pts Correct answer
Relations 10 pts + 0 pts Incorrect answer

QUESTION 2

v + 2 pts Sufficient justification
21Symmetry 2/ 2

+ 1 pts Some justification
v + 1 pts Correct answer S
. + 0 pts Insufficient justification
v + 1 pts Good explanation o o
+ 1 pts You know the definition of surjectivity, but
+ 0 pts Incorrect
» ) have not applied it correctly.
+ 0 pts Insufficient explanation

+0pts | t definiti PR
0 pts Incorrect definition 3.2 Injectivity 5 /5

. v + 3 pts Correct answer
2.2 Reflexivity 2/ 2
v + 2 pts Good justification
v + 1 pts Correct answer S
. + 1 pts Some justification
v + 1 pts Good explanation o ) o
N ) + 0 pts Insufficient or incorrect justification
+ 0 pts Insufficient explanation ) )
+ 0 pts Incorrect answer or nothing written
+ 0 pts Incorrect o o
+ 1 pts You know the definition of injectivity, but

have not applied it correctly.



QUESTION 4
4 Induction 10/10

v + 3 pts Correct base case.
v + 5 pts Correct argument in the induction step.
v + 2 pts Written in sentences, chains of equalities,
good style.

-1 pts You can't start the induction proof with the
equality you are trying to prove. Write one long chain
of equalities instead.

- 1 pts Slight misunderstanding of induction
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DO NOT OPEN THIS TEST UNTIL YOU ARE INSTRUCTED TO DO SO!
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Signature:

Instructions: This is a 50-minute exam. It consists of four problems, and there is an extra
piece of scratch paper at the end. Please write your answers in the space provided. If you
run out of room, then please continue onto the back of the page and indicate clearly that
you have done so. Good luck!

Question | Points | Score
1 10
2 10
3 10
4 10
Total: 40
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1. (10 points) How many 5-letter (possibly nonsense) words w are there in {4, B,C, ..., Z}

that satisfy the following four properties? & \\e’«er 7 P 511l e

(i) The word w starts with an A or B, and € o= .

(i) the word w ends with an X, Y, or Z, and . Lo e %\

__— (iii) the word w contains at least one C, and \ ol D
) N\

lost letrers )(’(‘/‘JW}\L

/ _A(iv) the word w contains exactly one D.

// Please simplify your answer as much as possible. ( et
/ ( nar
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\ e X
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A |
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s : o
b 7 g RN TR
| ene : ‘ 5
; St |V A of B .2 cholces, neke

Llere S X, Y, cC Z 3 c\fbi(,eﬁ. Cl‘\ ases N
m‘w\g Aisyct A

M}O{C“\\f%‘c*s.' ave (s D, (,33 Ché;\(f-"’?
Renaiing 2 sigts: o least v %dmﬁzm %
LT st R O Sshies ,
[ ¢ plee s C
hen picle one jette tiak s nat™ D

(@)

‘aPP’u mult, Eo T
;’ L P(‘“C‘(—Jlf {4 —
vin st 2% ()L (2)+(3)(%)]

=g L‘ 1 JU] l]% 5 posmb‘% W
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2. (10 points) Consider the binary relation R on {1,2,3,4} whose maktrix is
, ((‘»0'\‘((‘7‘ 1 2 &4
L iR 2T 0 L vy =P
o’ R it 2 T 8
J1 0 1o
A IS

This means that ¢Rj is true if the (4, 4)-entry is 1, and false if it is 0.

(a) (2 points) Is the relation R symmetric? Briefly explain.

\ o s

5k)mm(,’+('\c ((—?[m—“af\ ¥ xgg => L)'RX )
We check to see i M',o = My fof all 165
We see | RZ but ZFI s0| B s ot 5gmrv\@+(‘¢<,(

(b) (2 points) Is the relation R reflexive? Briefly explain.
A \ & = 2 p
[ eflex e e\ation: for al x& 7 \h 5,4 =3 XR)(
> We see Ahe a\\aqcm\ o porix M relotion E s

net all |5 -
= 1Rl s ]12 ' ot reflexiv \

(c) (3 points) Is the relation R transitive? Briefly explain.
R ) ‘Ho\‘n’\s(*\\{g ,.éf K’qlz (‘6{}‘“65

S ¢ (@)le0! 0CG O
KDK, - M‘V\ < | 1 © lol (CC = ZG?
:c::ﬁ (reid {7 | ©
e 8 ie \

(7]
"m%f( o ecl
= s S
o L @
i .y &

|
We 5&6@_3({([_2{!2)’9‘ mplies xR g
thes | R 15 Hansitive /

|

s

(d) (3 points) Is the relation R antisymmetric? Briefly explain.
Ardi symmer(ic ! x Ky and ¥x mplies x =y
n e ‘ @ ' L :
W\*’(“"-\N/JChéc\C M,\,) #MJ/’ fof all l\¢J _
and M, =My,i for 1=y [alweys 41w,
; | Same ety M
> ve e all enkries do alall Mo cond ihion
(Visually, entries acfess Are diog €M @ oW alé
opPosite wvalves )
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3. (10 points) Consider the function X Y
A /ﬂ’m,,\ //"./" ‘

NS )
s(z) = {z}: {a,b;¢, d} — P({a,bsc, d})

where P({a, b, c,d}) is the set of all subsets of {a,b,c,d}. This means that the function
s sends a letter z € {a, b, c,d} to the singleton set {z}, whose only element is z.

(a) (5 points) Is the function s surjective? Justify your answer.
> SUryechve funchals map xe X =7 V36'Y such Ayt
all 9 €Y ae mqppecl Yo py some XEX.

= We chse(ve {fumction s only maps 4o gngleten sts,
Loe. sets Caﬂ—&a\f\‘\r‘g e \ettel .

v Staie Bl by ¢ dB) Leiais - SHIPER 5o
{ cet contoning ok o h te‘\fef)/ vie Eind va’\g)
" counderexamples to Eyediviky ot S,

- e z 2 e
- (a,vﬁ'(’(€x01\fvlpl€ VA Bis e /)(2,/(7/ b/C/O\Z%\)/ bUJ( 5 Ac€j et mopP

&
=z 7
’J[O Aa,ﬂ@_ o

e

S )\/\/@ crdde €achon $ s oY sufjecine )\

(b) (5 points) Is the function s injective? Justify your answer.
— [njedkive funchions mop x € X — 9&Y Suh that vo
yEY is mapped Yo by ultiple xe X (ene e ore ).

=

o §UFP05€ 5()( D = S(X;,} . Then ’ZXI% = Z',XZB,
ar X, =Xz (dney o 4ne same e\em@r\%) :

This implies each  in dhe_favog of funetion £ 15
vapped 4o by a snge x,

\é \ \
}VG anclvde fonction & s 1(\:)66*\"“{@
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4. (10 points) Prove that the equation

bl oy o _omal
e ot 1 n-n+l) n+l

holds for every integer n > 1.
@ Base cese: Y\ T (
I _ L polds, sc the equrdion holds
J(m) e Mk q | it

e

@ Induetie step:  We oswme SIEALI 4 iy Tl
Then for e (r’\+ M case, we Nope tc show

11% “*’(L" D) T e
Con(nay (V\H n 4 e
L ) Q nzHﬁ

LHS . we 60\06%\‘\'«/‘\'@ ov( assump*\a/\ *\’O oatin

e l

+
Pl (ne)(nx2)

i (\(VH’Z) \ I I’\Z—I’.Zﬂ--k‘ 4 (VH’DL
(D) © i) T (nel(nan)  (m0(n4z)
ar el
T TR
KHs
Lo we nowe SNowh Mot —%4%—1} A w‘(l;ﬂ) - an\ :
o ko R

+hen 7[,+ 6/‘+

\ il
o G gt )

The fem () od @, ve have shown
Lot o i - et 2
78 T nm) T ar nolds fof erery et Tt
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