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This exam has 6 (double sided) pages, including the cover page, and
some blank pages at the end. Please make sure your exam includes
each page. Please write your name on each page you submit. You will
have 50 minutes to complete this exam. You may not use a
calculator, or consult your textbook, class notes, or any other
materials. If you need scratch paper or more space for your answers,
please use the extra page at the end.

If there is any work on the blank pages which you would like
to have graded, please indicate this CLEARLY on the page
for the corresponding problem.

Show your work for these problems, don’t just give an answer. If a
question asks you to prove something, please write a complete proof.
Unless otherwise stated, you may use any results proved in class or in
the textbook, but please make it clear when you are doing so. Unless
otherwise stated, you will not receive full credit for giving the correct
answer with no explanation. You may still earn partial credit even if
your final answer is incorrect.

Remember that you are bound by a conduct code, and that
you may not look at anyone’s paper or let anyone look at
your paper.
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1 10
2 30
3 20
4 20
5 20
Total: 100
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1. [10 pts, 2 points each] Mark each of the following statements as either TRUE or FALSE. For

this question you do not need to show any work beyond the final answer.

Be sure to read the questions carefully!

(a) The recurrence relation a, = —an_1 + 6an—» has a solution which is strictly
increasing (i.e. satisfies any1 > ap, for all n > 0).

Fals <

(b) A graph with 8 vertices must have at least 4 edges.

e

(c) If a graph has a Hamiltonian cycle, then it must also have an BEuler cycle.

T\

(d) The graph below has a Hamiltonian cycle:
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. [30 pts] In each of the following problems, either draw a graph with the listed properties, or

prove that no such graph can exist.

In parts (a) and (b), if such a graph does exist, CLEARLY drawing this graph will be
sufficient for full credit (in part (c), you will need to give some extra information in your
picture).

If such a graph does not exist, you must give a full explanation as to why. Simply drawing
diagrams with no ezplanation will NOT be sufficient for full credit.

(a) [9 pts] A simple graph with 6 vertices of degrees 1,2,2,3,3 and 4.
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(b) [9 pts] A simple graph with 7 vertices, all of which have degree 4.
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(c) [12 pts] A simple bipartite graph with 7 vertices which has a Hamiltonian cycle.
If such a graph does exist, you must CLEARLY draw it and indicate what the Hamilto-
nian cycle is and how to partition the vertices to demonstrate that the graph is bipartite.
Doing this will be sufficient for full credit.

If such a graph does not exist, you must give a full explanation as to why. Simply drawing
diagrams with no ezplanation will NOT be sufficient for full credit.
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3. [20 pts] Use Dijkstra’s algorithm to find the length of the shortest path (i.e. the path for which
the sum of the labels is as small as possible) between a and z in the weighted graph below.
You do not need to find the shortest path, finding it’s length will be sufficient.

b 3 ¢ 7 7
2 4 1 4 2

%\/; 6 d 1 e
Show each step of Dijkstra’s algorithm on a separate graph. It should be clear what all of the
labels were at each step of the algorithm, and which vertez was circled in each step. A correct
final answer with no work shown will not be sufficient for full credit. Use the blank graphs
below for your answer. If you make a mistake, clearly cross it out and continue using the
next blank graph. There are additional blank graphs on the back of this page.
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4. [20 pts] 25 points Py, Py, ..., Pys are selected within the rectangle R with vertices at (0,0), (4, 0), (4,6)
and (0,6). Prove that some two of these points have a distance of v/2 or less (that is, prove
that there are some 4 and § with i # j and the distance from P; to P is v/2 or less). [Hint:
Try subdividing R into 24 different regions and using the pigeonhole principle.]

Recall the distance formula: If P; = (z;,y;) and P; = (z;,y;) then the distance from P; to P;

is /(2 — )2 + (3 — 47)%

(4,6)

"{fw, s

y \\i *g'if&{}

5% 4 4
At o

-




Name:

[20 pts] In this problem, we will consider sequences satisfying the following homogeneous linear
recursion relation with non-constant coefficients

an = 2nan_1 — n{n — 1l)ap—2

forn > 2
In this problem, you may use the following fact without proof:
If A, and B, are two solutions to (x) (i.e.

(x)
An = 2nAn1 —n(n — 1)An2 and B, =
2nBp_1 —n{n — 1)By_y) satisfying Ao = By and Ay = By, then Ap = By, for alln >0
(a) [4 pts] If A, and B,, are two solutions to (x) and z and y are two real numbers, then
prove that the sequence C, =

zAn + yBy is also a solution to (*) (i.e
Cp =2nCph_1 —n(n — 1)Cy for all n > 2).
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(b) [6 pts] Prove that the sequences S, = n! and T, = (n+ 1)! are both solutions to () (i.e
prove that S, = 2nS,_1 —n(n—-1)S,_2 and T}, = 2nTn 1—n(n—1)T,—9 for all n > 2)
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(¢) [10 pts] The sequence by, is defined by the initial conditions by = 5 and b = 7, and the
recursion relation (x), i.e :
by, = 2nb, 1 —n{n — )by

for n > 2. Find a formula for b, as a function of n (i.e. solve this recursion), and
prove that your answer is correct. [Hint: Think about how we came up with our general
solution to a linear homogeneous recurrence relation with constant coefficients. The re-
cursion doesn’t have constant coefficients, but you may be able to use a similar strategy.]
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This page is intentionally blank. You may use it if you need more room for your solutions.
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