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1. (10 points) Circle the correct aswer {only one answer is correct for each

question)
, n )
y
L. k!(r?ik)l + (k+1)1(ﬁwk—1)l = (‘“) * (‘L"“
(n+k)! '
a .
( ) kéz!-hl)! U\L\) = 'L@mﬂa——-‘\
(b) Rt 1—&)! 4] (-
(C) (n+1)!

G-k oy -
(d) none of the above (N «d) =3 31+

'9. The decision tree of a sorting algorithm for sorting n items (where
at each step we can only decide whether or not one item is less than
other) necessarily has:

@ a height of > lg(n!) ' |
(b) a height of Q1g(n!) (but not necessarily a height of > lg(n!)) }
(c) a height of O(lg(n!))

(d) a height of O(nlgn) . N possibitin'es

3. If G is a graph with n vertices and n — 2 edges, then:
(a) G is a tree

(b) G is connected
¢) )G is disconnected

| (d) G is simple

Question 1 continues on the next page. ..



.estion 1 continued. . .

4. Which of these graphs has an Euler cycle?
A

D £ &

5. What is the fewest number of edges (i.e. in the best case) that could
be examined by Dijkstra’s algorithm on a graph with n vertices? (We
examine edges in the part of the algorithm where we update labels.)
You answer should be true for all n. '

@Less than or equal to n

(5} More than 7 but less than or equal to n?/2

(¢) More than n?/2 but less than or equal to n°
)

(d) More than n?
- ‘ F\'




9. In this question write down your answer, no need for any justification.
Leave your answers in a form involving factorials, P(n, m), (::’1), expo-

nents, ete.

(a) (2 points) If s, = 8p-1 + 65,9 and 50 =2, 51 = 1, what is s1007"

L%t -6 =0 943 40" =y Sa= it -2)7
({;T})@'T?—] =0 ibﬂ\-d =1 9d=1b Swo = S'DU-M 1)
= =" 29-~1d =\ 2 3b-1{1-h) = o\

oy -4 =1 Ab=1,d=*{

(b) (2 points) How many ways can 7 distinct math majors and 4 distinct

CS majors sit in a circle, if the CS majors won't sit by each other
and we say that two seatings are the same if they are related by a
rotation? ‘ L

(%)

1

(¢) (2 points) A squirrel has 20 identical acorns that she is going to hide

among 5 distinct holes. In how many ways can the squirrel hide the
acorns? '

(10:\4 ) - (?)

(d) (2 points) Draw all the distinct (up to isomorphism) rooted trees

with 4 vertices. Please put the root at the top.

+

NoA N

(e) (2 points) What is the number of relations that are symmetric or

reflexive on a set with n-elements?

W ;‘:W:ym - é\g\%ﬂ




3. Consider the relation on the real numbers defined by C' = {(z,y) € RxR:
x—y € L} |

(a) (4 points) Show that C is an equivalence relation.

Reglenury- For ve &, %-x =0 e, 50 Wt xCx,and £

refexive
Symmerny ¢ For Yy e R/ 6xCy ., hen Xx-y el ¢ 50

-(xy) =y Xel, 90 %C%. Cuna i ¥y fher glq,
| C i Sywmmene,
h\?amiﬁul’na-. for xy2 eR, H xCy ond 4%, rren ¥ eZ and

u- el , o0 W-94rty-z)= x-t el 50 xCz.
Siace ¢ ¥Cy and 9C2 tren xCz, Cis fronsmve.

C i renexve, Sypmenic, and fansiive, 5% (i O eguivRieneg
e lanon,

Question 3 continues on the next page. ..




(b) (4 points) Let R denote the set of equivalence classes of €, ie. R =
{lz] : = € R}. Consider the function f : R — R defined by f(z) =

z+1/2.
Show that the relatation 7 from R to R defined by F={a,[¥]) €
R x R: f(a) = b} is a function.

3
et xe (a7, since xelal, Hnere is gome psASYERAROE for X,

“‘mﬁ: xt & O for xe (a7, there s qome ﬁqe (1
uth that £ LX) =Y. ‘ .

ter ¥, Yoé [a], and suppose X, =Ko TTHEn U7 Pt e
Uy =Xy *lla, vk sine Yo=Yy, Yo=Yy Tha, for onyg

X, =%, € (a3, {0 =50 <y, ye Cu],

(c) (2 points) Give an example of a function g : R — R so that the
relation § from R to R defined by § = {([a], [t]) e R x R : gla) = b}
is not a function. (Be sure to justify your answer. ) 7

%Lﬂ - l e iG C‘ﬂ Could pe 'V‘-‘”‘P?ed 4 o inpe
wvmbes o Co] .




4. For m. a positive integer, a full m-ary tree is a rooted tree where every
parent has exactly m children.

(a) (5 points) If T is a full m-ary tree with ¢ internal vertices, how many
terminal vertices does T' have?

AR

£ wok have | intemal veriius, hen Gl i veErfiss have
children , and QU of these Wty AT fhemseives chiuren
eXeyr Qur Ae oot very. Go the Toral numbder & verras i
Mmisl, Ond e humber of krminal verray I mirt =i, oF
Chn-1)7 +

(b) (5 points) Show that if T 1s a full m-ary tree of he1ght h with ¢
terminal vertices, then ¢ < m”

Droof wy nduchun  0n \\aicahlrh
Hase cose: h=0 k=%, U T S RV

Suppose b & pah for trets of heighi Tess than h.
(e

Thea ful w-am bree of WIgE B W trminal verres.
Thef) the oot verk of T has M Chilsren , Wiasf shsnens-

gty U T T, T B e Suiptrers oortd—ort

e wop RS chlren. Dach svomne has heignty i, ha,. hen <h.
Ten L=t o tbn & A W s )=

Sormunal verlies
'7%' &g, TT ‘-“TW\




5. (a) (6 points) Show that if G is a connected weighted graph where all

the edges of G have distinct weights then G has a unique minimal
spanning tree.

Suppose G does por hove O UNGUE WML SPANNng dree.
Theq fhere & ok temst one edge thar can be replaced
by pne Or wore edfaeb fo cremte O digperent minimal
ponning e, TL eo\oae con De repraced by & S1Ngie
Qdoéq,, Hren Ahege dwo «gdoau hove fhe daMe Wivgnm, '
Wiich & & controdionon ., 1§ thi Qo\oa/z can ot

oo edges, B pLHIRS

., @ {4

reploced \0“3 TBIE S

o D Y DOy AL A

leastr one edge TS VANSCHAY andh tan loe removed O

Lower the A4 oral wRIGnt o s groph. Tha & alse o

Contndicnen, Sihae we chnped FhAE this e wa) o=

i mal Spomnmg res.

T, iF is a ¢

onn g cred M\‘cdm-ed oraph where all

96\0&@1 I

At Okshnck vaa e

{y hos & unigue minimnad

SPO\Y\V\W\S nee .

Question 5 continues on the next page. ..



(b) (4 points) Give an example of a connected weighted graph G so that
all the edges of G have distinct weights and (3 has at least two distinct
spanning trees that have the same total weight, i.e. the sums of the
weights of the edges in these two distinct trees agree, or prove that
no such weighted graph exists.




6. (a) (3 points) Show that for G a connected simple planar graph contain-
ing a cycle if G has E edges and F' faces, then 2F > 3F.

An edge con bovnd oF mostk & famain & planoy areph
Loce _ _

and & Gabe wut CONs R ot tewsy P edogs.

NE 2 BF  Lovows.

(b) (3 points) Show thatl for (@ a connected simple planar graph contain-
ing a cycle if G has F edges and V' vertices, then E < 3V — 6.

16 7 3F ]
F=bt-y+l € |
_—gZF

3?_? > E-V41

= 2 2N

=) £ L W-b

Question 6 continues on the next page...



(c) (4 points) Is the following graph planar? Ifit is give a planar drawing
of it. If not, prove that it is not planar. :

& isOmopive o o

L NLE S ML f(e)>)
SUARE .Q(P)z[?
£Ccy =9

£em =9

pp  No, it is not planar Sinee ir




7. (a) (5 points) Show that for alln > 1, 7" —11s divisible by 6.

?YN%h\ﬁ\ndumu\r\ an N
gose cae: f=l oo F-bml bl divinpe by 6

SU‘)\Jose ':Pn’\ % M‘dmm\c VJ"J 0 &or WWAMMAIAMRANG 1,
Mgl = 3Ry - B (A0 T

P duiaue iy b by e nduuive Wy pohoss, 5O (3 -)
is divisinie by b (b i also Apvisiole bj @, Tre sup <& e
wmben ('H\W‘ e.ach st ble \ﬂ\% b & dtvisgit \m‘a b, 0

(A%-0 - F e = }nﬂ_\ is diviapre by b,

o ko nzl, AT -\ s divsioe by b

(b) (5 points) Show that there is a number of the form Y7 10 (i.e.

number consisting only of 1s) that is divisible by 7. w%

'8

Suppuse Ao, We ok fhe bt D nvmbes & xng form,
S L L L L R LR LR LAY TN,

For re remainder of & numper dmced ¥ %, e are § possipines,
0~%, 50 by fw Qi%wnhole Principie, of +he numben pdoove

| hove e samp remainder.

Then 'e,mewmiwkw amolier nunger fron he W‘%’” eng, Wi

howe & vmieyr of e gotm 1.4 00,0 thed iy divisigle oy T
(s o

(00 Gy rewnte thit womieg os 14X |0 where n s the

g

s - L
fupper of 1g18 i tre syeier number. Since jo™ 15 ot diviame oy
worenar foveied o ybg Vg _

\ .
1, W, AR mut be dwisiphe \aub 7+

s




8. A balanced binary tree is a binary tree where for each vertex the heights
of the left and right subtrees of that vertex differ by a most one. Let
vy, denote the minimum number of vertices in a balanced binary tree of
height n.

(a) (4 points) Show that vy satisfies for n = 2 the recurrence vp = tUp_1+

Up—2+4 |

We (i §orm R Datanced binany fre bta creating o
flew vertex o Then Yu mppagoenst APV Tawa e

%&WW comess of o 15 the piddancd binany e

o} hQ‘Caf\* n-, and fhe orter is Are botowned lbrnany
tree o8 herghy 0L Then the hewgnt of fwp \epr And Viani-
Subtees of o duefer by L. S0 Vo SBRsGEs Ve=Veoy

5
R

Sperrst-
B N S e heght
i -
. n-
T
n-L verLy

(b) (3 points) Show that for n > 0, vn = K, where Fj, is the k'
‘Fibonacci number. Frer )\

Vo =\, V=, Fy-t=1,Fy-l <=1
o inikial wntipons Vo = H-1 ,i=Fu"t makeh and
recuprepu putem 18 the game, SO Vi = Faag 1.

Question & continues on the next page. ..



(c) (3 points) Show that v, = O(¢"+?), where ¢ =

L

\ln = ?n“_b "’"l‘

WAL hove Yecure pProved Hio comprex. ity X

Fn = Faq T FaL

: tE et
Yo bey =0 2 -\ = __.,E_Lﬁ

€ "o(\%:%y* J (t%‘_‘é\)n

. 56
2




9. .(a) (4 points) Show that Y o2 () = 3™

(b) (6 points) Show that ("1™} = i M)

ny . , i '
(q) 15 Choosm% 1 ’mm%g £rom n ey, g Lm) {3 Choosma
r-i ety from W tews. So i we wWoned fo chople r iveme in

fotal, (f‘){(“l) « tre numper of wogs o choosing | from o
iechon of n ey and ot oM o dugperent Collection o m TR,

Clmen S M) ) e i monber f woge o cheonny
_

v ks fropag e W Al ehans.

1 (\*‘?“\) v nvmber o Wesds & thoosng ¢ items Bron~

i frevng,
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