MIDTERM 1 (MATH 61, SPRING 2017)

Problem 1. (20 points)

Compute the probability that 4-subset A of {1,2,...,10} satisfies:
a) A has no odd numbers,
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b) A has at least one number < 3,
c) A contains 1 but not 7.

d) the smallest number in A is divisible by 3
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MIDTERM 1 (MATH 61, SPRING 2017)

Problem 2. (20 points)

Let X = N = {0,1,2,...} be the set of all"Tion-negative i
functions f : X — X decide whether they \
a) fz)=x+1 &
b) f(z)=2%-1 g i
c) flz)=2z

d) f(z)=(2*+22)/(z +2)
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. MIDTERM 1 (MATH 61, SPRING 2017)
Problem 3. (15 points)

Let ap =1111---1 (n ones). Suppose ay is divisible by 97. Use induction to show
that ax., = 0 mod 97, for all n > 1.

D WA BACK e
Bease A B=O med 47

Fnducnee g\cp M A~ = Qe lnny S med 17

ak-V\:O vod 4% gan-\t\

A

1]

O wmed 7

]



-7 \ \
<\ 4} )
A ————— ———
JI.‘Z | ' 1y e e &
3 5
MIDTERM 1 (MATH 61, SPRING 2017)

Problem 4. (15 points)

Fin ;
d@ormgulas for the following sequences
0.)44681218284270112

" ERYL A
b) 0,1—-1, a,n+1__an,(ﬂ'2|-1) .z | . Nz | Lt )=z :'33:3<1' : \Y
c) ay=1, a2 =1, any1 =an_1 —ay, forn > 2.

Note: you can express ay, in terms of Fibonacci numbers F,. i / \
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MIDTERM 1 (MATH 61, SPRING 2017)

Problem 5. (30 points, 2 points each) TRUE or FALSE?

Circle correct answers with ink. No explanation is required or will be considered.

The number of functions from {4, B, C, D} to {1,2,3} is equal to 4°.
T @ (2) The sequence 1,3/2,5/3,7/6,9/8, ... is increasing.
@ F (3) The sequence —1,—2,—3,—4,... is non-increasing.

L
T @ (4) There are 4 anagrams of the word MAMA. w5 ©

212
F_ (5) There are infinitely many Fibonacci numbers which are divisible by 3.

@ (6) The number of permutations of {1,2,3,4,5} is smaller than 123. s)l-g-u-3.2-\
5;

“ 6
(7) The number of 3-permutations of {\1, 2,3,4,5,6} is equal to (g) 24 -3
@ F (8) The number of 3-subsets of {1,2, 3,4} is equal to 4. ‘% Ak
AR
@ F (9) The number of permutations of {1,2,...,n} which have n preceding n — 1

(not necessarily immediately) is equal to n!/2

T @(10) For every A, B C {1,2,...,12} we have |JANB| < |AU B|.

A=l B=)
@g' (11) For all n > 1, we have .
(2(;’) + (227’) * (2:) St (2:) = g2n-1,
@ F (12) The number of grid walks from

\
(0,0) to (10,10) going through (3,7) is @\ /' o\ ( ' °\
10\2 . = ToNaai ]
equal to (%))". \

- @ (13) The number of grid walks from (0, 0) to (10,10) avoiding (10,0) and (0, 10) is(zD\ .O\ ‘o\
equal to %(fg) : \> '(D w
ak (14) The number of anagrams of MISSISSIPPI which begin with M is greater

than the number of anagrams which begin with S.
é:] F (15) The following parabolas are drawn in the plane:

y=2:2—'n,2a:-—'n.3, =159,

Then the regions of the plane separated by these parabolas can be colored with
two colors in such a way that no two adjacent regions have the same color.



