Second Midterm Examination, Version 1

Math. 61, Winter Quarter, 2009
Instructor: H. Hida
Friday, February 27, 2008, 1:00 p.m.-1.50 p.m.
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Note:

(1) Keep your desktop clean. Put your textbooks and notebooks
in your bag and keep them closed.

(2) Do not use any scrap papers. You may use the back side of the
exam papers for computation.

(3) You may use calculators. Save all your computations for partiai
credits.

(4) There are 3 problems in this book. This book contains 4 pages
including this page.
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a. How many integers between 1 and 10,000 have the sum of the digits / c‘
equal to 157 9 L%
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1. Compute the following nymbers, exp;?/how you get the answer
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c. The coefficient of z2y32® in the expansion of (22 +y — o
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d. There are 9 blue balls, 5 red balls and 8 green balls in a bag. In
how many ways we can draw 8 blue balls, 2 red balls and 7 green balls
if the balls are considered distinct.
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2. Label the following statement as being true or false.

e Statements [ Label |
If n is an even positive integer, Zg Cln, 2k — 1)=2"1, Trw
If a graph has a Hamiltonian cycle, removing one vertex ol o
1 (and edges coming out of the vertex) does not disconnect the garph. (Vug
B There is a simple graph of 5 vertices out of which 3 vertex -
v\_‘é have degree 3 and 2 vertices have degree 2.  ruf e sy £ 49U rebe |
an = 2(1 + v/—=1)" 4 2(1 — /=1)" is a solution of a, = 2a,_1 — 26,_2. T eX. (A
There is a simple graph with 5 vertices having two vertices :
of degree 4 and at least one vertex of degree 1. febe
The complete bipartite graph K5 ¢ has a simple 3 cycle. & in, :
Every complete graph K, (n > 3) has an Euler cycle. Tree X | @
A complete bipartite graph K,,_1 (n > 3) has a Hamiltonian cycle. Fele
‘| A complete bipartite graph K,,—1 (n > 3) has a Euler cycle. Tl e
R The sum of degrees of all vertices of a graph can be odd or évemn [F<(5e
XN If a graph has an Euler cycle, it has a Hamiltonian cycle. falre
i . If all the vertices of a graph have even degree, the graph has an Euler cycle. | 7/ «‘(}%(;t 5
A recurrence relation can have infinitely many distinct solutions. True 1
If a graph H has a simple cycle of length k, Eotee '
4 it always has a simple cycle of length less than k. =
A\ For any three positive integers m,n, k, m!nlk! is a factor of (m + n + k)!. Tr
A
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3. Let X be an (n + 2)—element subset of {1,2,3,...,2n+ 1} and m

be the greatest element in X. Define a function

k fk<Z
. X —{m} = {1,2,3,...,2n+ 1} by f(k) = s & -
£iX—{m} n+1} by f(k) {m_k Fy
(a) Show that the range of f is contained in Y’ = {1,2,...,n}.
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(b) Use the following pigeon hole principle to show that f ) = f{j)
for some 7 # j.

Pigeon Hole Principle: If f : A — B is a function for finite sets A
and B and n = |A| > |B| = m, then for the smallest integer ¢ greater

than or equal to &, f(x1) = f(z2) = --- = f(=ze) for some distinct
z; € A. A
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(c) Show that i + j = m for ¢ and j in (b). ;
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