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1. (20 points) Let A, B and C be three sets that are contained within the universal set U,
created by Cantor the Mad Setter.

(a) (10 points) Cantor asks the young mathematician, Alice, if the union AUBUC
may be expressed as

(an(BUC)).

How should Alice respond? (i) She should say YES, or, (ii) she should say NO. In
each case, you must justify her answer.

(HINT: If your answer is YES, then you are claiming the two sets are equal. If you
want to prove two sets, S; and S; are equal, then you must prove “S, C S, and
S, C S,”. If your answer is NO, you may point out to a subset of one of these sets
that is not contained in the other.)
18 AUBUC = (AN(BYCE)E)S, then @ AVBUL L & (Aa(svet)®)"
: ond @O (Aa(BYVL) ) 2 AvVBUL

Ley W=2%, A={1,2,3} B=434,5%,¢={2,3, b}
Co=4,4,5,7,..3
BV Ct={ 3,4,5,7...3
(Buey® = 2,4}
A n (BuCS) = {2}

An ¢ € <
( (Bvceey )= {1,3,4,..3 (Z*without 2)

L

(baS\fQHJ H*w\fhow '2..,&3

(1M e} g lus iYe 1y s+ )

g,_-.- AV B v C -
= |
{'2‘5’4’5"”5 §.® (An(Bue)) = {1,3,4,¢ %
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No. the SRYS Are not equol. The titmeny 2 13-
noy mcluded W Sy Agdironolly, awe sypsey

i3 inclvded i §o wvt not inclUded 4y, g,

inclvded in ¢, R RVE SR
(Aveu C)r" - {1,g,q,,ﬁ5
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(b) (5 points) Let E = {Feanor, Finarfin, Fingolfin}. Which one is true? Briefly
explain,
(i) Fingolfin € P(E)
(i) {Fingolfin} € P(E)
(iii) {Fingolfin} C P(E)
A powey sek PLE) in(ludes all possible Subsels of E.
(i) Fa\se (i) Tyve (i) ralse

() 8 falge bECAVSE Findolfin 16 on elemend of 24 B, buk anly
subcens ove evements of P (E).

GL 18 4Yve pecavse {ringolfing is a svbsex of E, ang by definition

A Power ser intiudes o\l Sybsess of o sy Thvs, {;,-,,9,,;91\,\”;— 1S on
etemeny of P(ey,

(W) 35 forst Lecovse the plewenk Fingoldin 19 nod A sVbsed ona theredore
pot included n PCEY. ThVE, £ ringolAing s not & svhsed of P(B).

(c) (5 points) How many elements does P(P(E)) have?

"
Aqwe power ser of o st with n elements nas 2" erements,

P(E) = 2° =8 rlemenys

PCPLy) - 2* <256 tiements]
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2. (10 points) Smeagol and Gollum are two fishermen. Smeagol catches 4" and Gollum
catches n? fish in n hours, where n may be any positive integer.

Prove that Vn € Z* Smeagol catches more fish than Gollum in n hours.

Crove that ym €1Y, 4™ S no.
SR

Smengol Golum

O Let n= ) (bose cose):
+' > P 4y vV

@ wer n= % where K eT' AsSume avve bor w = v,
4 ¥ > wt

® 1t n=kvrl:

Croam: 450 5> (k4> skPravs

4 = a4 "
4¥tl 24k 4 o4¥y 4%
LN = e -
4 = 4%+ 45 4%y 4"
y S G
"3 .
4‘”‘ S i |3 (oY aSumprion from @ )
rK + v+ K
4\‘“ > ki+k + v+ (by assumphion x* >x POV all k €27)
gl {0y OSumphion ezt )
(>“4 > KP4kt
¥+
4 >l +1)™

+1 2
45T s et 1) pov gl + -
oM ¥ eZ™* s irve using pro0f bY indvcton



Midterm - Page 5 of 11 07/08/2020

Math 61

3. (30 points)

(a) (10 points) Let R C Z* x Z* be the relation defined by
o X5y ) i caindipie by 2

(z,y) € R <<= 3|(z+5y).

Is R an equivalence relation? Justify your answer.

EQUIVOiEnCe = retiexive , CyMmeYn e, Yniitive
e ® ()]

© Reflexive @ (x,%x) R  fov every e ZY
LY Xy, %,) be any volwe such Hhoy X, e 7t

i+ 5%,y = bx, «— AVWAUS divisibre PY 3 to ny L
RS re flexive. . 0 Proavee 2y,
@ surmedvig: 1e Chud e R, vhen ty,uye R por o) AT

Ley =
(*19) (5,20 = 5+ 5(20) = 13§ LA\ViSible by 39

{ =
- “ﬂr\() (26,5 ) = W+S(s)= §)\ (nox dividivle h‘j 3:}
RIS n0Y Symmewil s there gy Yy 00 Tn R 2woy aon7

hove (y,x) inclvaed in R.

Tromsinve -
© Tromsinve s 18 (x> € R ana (4,2) € &) then (x,2) R
VE GOU) er oqutn 10k (X459) 05 aivisibe by 3. ey (4,23 eq
) vk

*od (urs2) 05 Qvisivlg by 3.
**SB = 3x = ONSAon g

* ¢ =
3 z 3L = (onSiom }

Xt byr 52 =3(xs) a3aixton of yup equarion
X¥SZ=3(K¥L 2y)  (pxi-74) 8 Some nyeger value

P Bien TOY O ER and (9,33 €R, (6,25 i3 awisime by 3 ana

thug (x,2) er,
RS yromSivive.

R IS not o eEVIYOIRNCE yRIONIN . &3S ypfiex, Ve Ond YromsSitive but

not cymmednc,
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(b) (20 points) Let X = {1,2,3} and Y = {a,b}. Let

R={(1;0),(1,b),(2,),(3,0)} C X x ¥
N N

and N /

e >

S = {(ayl)) a13):(b¢2)} CY x X.

Is S o R reflexive? Symmetric? Anti-symmetric? Transitive?

/

(HINT: You may use the matrix representation of S o R.)
€ e R = { (), l’.lf%).(l,'n, (z,2), ('-5}|),('-3,3)-3

Q S*R s 1ehexive 638 @& includes (x,x) for al volves in o3 1.
' (ll ‘). Llni), l3}3)

® sor s not summedn € ey i indlules (),2) bu¥ not (2,1),

® S°R B npl ani_symmemit ot iy nclvdel vorn (L3 aNd (2,0) pyy
1 x 3,

@ cor i3 nud transitive g ir wmclvdes (3,0 gnd (),2) ,wvr noy (3,2)
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4. (20 points) Let R be the set of all real numbers.
(a) (10 points) Let f: R x R = R x R be the function defined by

flz,y) = (z+y,2 - y).

Is f a bijection? If your answer is YES, you must prove your claim. If your answer
is NO, you should prove that at least one of the conditions for a function being a

bijection is violated.

anto

INe-tp-0Me&  ani
(o)

BIIRLHON © btk
o

Q@ one-vo-one : if (x,,9,) = P %, 92), mhtnlx)090) = (6, )

;(X;:‘ﬁa) = ‘F(X‘LIUL‘)

Svppose
(‘|+9|IX|—\:’I)= (*14‘\511)‘2-31)
Yy + Y4, = ¥, + Y, o
xl-\j- =Xy - Y2 @
2y, = 2'51 = Y,=y, Csverratt @ frym ®)
Ih, = 2%, — Xy =X, (ﬂdd(Da\nd @)

. .‘Q ‘F(xll\ﬂl)= {(Xz;lﬂ.‘), then Xy =X, ana 3'=“Jt

F s in"f_(ﬂv'ﬂ (one-to-one)

@ opto = for every -Hh\g)el?\xk .
i » theve exisvs  xe n
BRaslah rhe ‘FV“C‘i‘.OH f b\u‘&‘s 4 (x,y9). ‘ tER ond U R svch

Leh (oyb) be the result of f(xty,x-y) for (x,4y)eRr xR
o = x'+‘3 S, M Eatb =1‘_(a+b)
b = ¥x-y- 1y =0a-b = y=L a-p)

civen that (o,b) e R xR ,
cthe svm 0 any 2 real numy i
wift u VMBbErS divideq |
. Y “: ¢ real f‘\:"“a""ct’ X6 B The diblirence of v real wvvxg\oczv
vided by two wi 0 yitld a reql hmpey 4y ¢ R, 3

-5 surjechive, as fox every fix,w) ERXR, dhere existy an (x Y & R

SVCh that £ (x, y) (X +9,,%x,-y ).

§ 35 o PIRUION 0¢ it ¢ poth ipjettive ana VY jelrive.

—
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Funtions each X mops o exattly 19
(b) (10 points) Recall the relations R, S and So R in question 3(b). Are these relations

also functions? Explain briefly.
RS 10t & funthion o5 the x-valve of 4 maps +o +wo differend Y
valves : (1L a) owd (1, b).

Cis not o €funtrion oS the x-vawe of a waps 0 YWo difftveny Y
vanes ¢ (e, 1) and (a,3),

SoR IS not o funtHon o3 the a-yove of A MoePS 40 fnrlt
Aftevent Yy valuds = (1,1), Oh2), ena (L3,
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5. (20 points)

(a) (10 points) Elros is a half-elven lord who has four children: Vardamir, Manwendil,
Atanalcar and Tindomiel. Elros would like to distribute his 20 sapphire gemstones
to his children so that all children gets at least one gemstone. Vardamir, being the
eldest, must get at least 3, and Tindomiel, being the only daughter, should get at

least 4. In how many ways can Elros achieve this?
20 tora) gemsiones

- 4 goes 10 Tindpmie )
~ 3  goe$ to voarduawmly
- 2 ao€s ¥O remaining 2 chlaren

11 & tptal gemstones 1efr 1o disinbyte

4 thildren = 3 §ividers (10 Splivinro 4 paris)
= 14 toral blanki Yo KL

(1 gemstones + 3 divideys =

14! | |
(Ijg,)" 4 :i4C3=}3b+ ways |

Numper of ways O A3
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(b) (10 points) Turin enjoys gambling. He tosses a coin 10 times, where each outcome
is H or T. How many outcomes are there so that there are at most 8 H?

(HINT: The order matters, HHHHHHHHHT is a different outcome than
THHHHHHHHH.)

Vo
Toroal # ovtlowmes = 2 = 1024

AY mosY BH = 1024 - # ovitomes 9H - # oukcomes 10H
q"'-mﬂ.q = 10 povutiomes
WH ¢ 1| ovtlome (all heads)

AY most EH - 1024 - |0 -| = ||ol::\ ou*(o’mg




