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1. (5 points) Let p,g and r be three propositions. Define
P = (p=gq =Tr
and
Q = p= (g =)

Are P and Q logically equivalent? Justify your answer, using a truth table.
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P ond O ave not 10gically equivar®ny. They differ n the  obove W0
@ P=‘F,%=T, re F

civcled eoses: O P=F, §=¥F,r=F and
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2. (10 points) Consider the set S = {1,2,3,...,10}. Let R and P be two relations defined
on S.

If R and P are both antisymmetric, does that imply RN P is an antisymmetric relation?
Prove or give a counter example.

ANTiSYmMMEATic : i (X, Y) e R and (y,x) e R, fnen x = Y-
if X=Y, then (X Y)ER oy (y,x) ¢ R

Proot . Civen phat R4 0 are botn antigy mmetric, +he +wo
valanons wmay inclvde  (x,4) € $XxS OR (y,Xx) €& §xS ov
nOHheY, vut noyx both.

RA P oincvdes all (X,4) such ¥rak (X,4) e R and (x,Y)s P,

If (X, 9> € R AP, then (Y,X) ¢ ga P as both (e+§ commnot
Covtain  (x,4) and  (y,x) if xxy (definition of antisymmeric),

(Xy)eRrRnp — (4,X) ¢ Rnp

<+ RN P IS onhisy e ¢ given Ra 9 ayp QY\T“—“\BV\W\Q'}’U'Q
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3. (10 points) Let X,Y,Z be any nonempty sets, g : X — Y and f : Y — Z be two
functions. Prove or give a counter example to the following statement

fog=£(g) = X2
“If g is onto, then f o g is onto.”

Onto : For ey \3eY, here exisks XeX suth yhak {(x)=3

ted f-={0,\,1} ’ "={\'1)3}..'7—={11315’-§
9 ={(0,|),U,1),(1,3)} (q 1§ SUrjeckive)

= {1‘:1)-(1»1),(3,4)} (F 18 no¥ surjedive)

‘f‘s = {(°| 2)1 (1)2))(214).}

Given +nay g it onfo, f09 IS not onto as +here ¢ ng

. - \
MOPPIMY An x-valVe {0 the Z-vawwe of 3. S

S The (Yare ment iS fa\Q
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4. (5 points) Let X = {1,2,3}. How many bijections f : X — X are there from such that
Vee X, f(z)#z |
is satisfied? Justify your answer.
AN kijedions ¢
{('»\),(z,1>,(g73,}

{(H'),(1.3>,(3,;)}
{ony,a 3,23}

' ONlY two bijections sahsfy
Vx e X, ‘F(x)tx

[2 vijechons|
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5. (10 points) An inventory consists of an ordered list of k items that are marked as “avail-
able” and 5 items that are marked as “unavailable”. What is the smallest value of
k € Z* such that we are certain that at least two items that are marked as available
will be exactly three items apart in this list? Justify your answer. (HINT: Three apart
means A; * *A;, where each * could be either A, or U)

USing he pigeonwdle principie -

0" v v v v
-0 _0_0_0o_o¢o_ *iven S “unavailable” jreme, theve

Vords ave b "holes” o K\

* b = hignest possivie number of availabie
Iems wheve there exiskS o ppssibiliyy of
tWo "A” no0t being 3 frems apavt

waserking A omywheve in
4:::2 A s\:Hs will be voWd

— . O
l'"'@@@@@@.@.@@@@ 0R AAAUU-@l)lAVAUA 0 R

CAVAVAWIAAR  oR  apauuTUUARA
BY the fivst foym of the pigeonhole princpre, if ihe wumper

o€ ovailaYIe  items gxceeds e numbdey of WoleS, sgme Prgeon ho\ ¢
Wil ontQin oy 1ehs+ w0 avonloyle \tems,

“=1: 000000060060 @

In 4WS case, ;p ony hole oxceeds 4 avelloble ltep,
WO As thod Ore 3 TRMS  opart w0 male Whith

2 A ttms.

then there ore
hO12 regieves
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6. (10 points) Let s, be the number of n-bit strings of 0’s and 1's that avoid the pattern
“11”. Find the recurrence relation for s, and find the solution for this recurrence relation.

FOY QMY 9iVEh n, g4 an.= 1010\ Strings w/ovi “1Y ending in Yo" ana
ba = rota)l Strings w/ovt "N’ endivg in V1Y
SVEh 0y Sy = v b,

n

— A9 C [o] M
Sinee Yhe w1 volve con The n-)ovalue mult be 0
either bt 0 or |, for ¥he ¢iTing YU be vahd:
Qn=av~{\ + by P = On-)
VONd sivings
for n-1 gnding \n
L ov 0

S 2 0n+ vy = (0O, *b,_ )+ 0=,

= S'\—\ d an-\ (ah tawvn pe Yewyiem 0nS g“_‘ >

Sn=
l Sov ¥ Snos SRYENCE reyarion

fo5sible S¥nngs

n Sn . . . :
5 0 This YR1aN 0N is ggsentially ke  Bbonacel sepuence
| 2 T, VY n ¢ wifted aown by 7.
Z 3 \\000' \\0‘-: “‘.u
2 [y - -
Al g SOWHON = gy = () (Sna) + (4) (S a)
Ly \3 An = U.)Qn-. -+ (i)ah—;
Cv=1 ’ L=\
t*-t -z p
-b J L
. = —X1b7-40¢ :0‘4“‘ = "0 =3y
3 2 -
2
4 = 1215 455 |~ 1F
2 — oy —_1% (Thedvem 7.2.11)
2
Sn =

P ez

oz b (Y (o

SV\ (\_—{-_f;_' )I\i’l_ - ey
;—————trl foy y\>0] /

5o
SOLUTION = —)

“6iveh S =0, b=-4

1
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7. (10 points) Consider the rectangular grid graph, R,p, with a rows and b columns of
vertices (with ab vertices in total). For example Rj 5 is as follows:

(a) (5 points) Identify all pairs (a,b) € Z* x Z* (the whole subset satisfying this) s.t.
Rqp has a Hamiltonian path. Recall that a simple path that goes over every vertex
exactly once is a Hamiltonian path.

(Ab) ¢ 2 x72*

AV Ro,e within e above wowivaing hes o Wamilronioy goth
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€ Z+ x Z*+ (the whole subset satisfying this) s.t.
Recall that in a connected graph, if a
d an Euler path, and if a cycle

(b) (5 points) Identify all pairs (a,b)
Rqp has an Euler path or an Euler cycle.
path goes over every edge exactly once then it is calle
goes over every edge exactly once, then it is called an Euler cycle.

X HVid outans guley fOlHn/(y(It fallverntes wave £veén degree, ov wonraing
a¥ ™05y 2 verkees wiyn a4 degvee .

For 0wy gmid qroph R, . the number of verrites with an

0 degree 8V, = 2(a-2) +(b-2) &S veriitel on the edqes

(ExAV4ing 4ne (orners) will wave degrees ¢f 3. The xcepdions
are where a=) or b=, as 9rids with only | row/cotumn
Wil lyaye npwin @ gyler path. el

2(0—2) & =
") ¥ 2b-2) £ 2 (ay mosy 2 vevrfices of odd degree )

26 +2b-8 £ 2
204 2b £ 1 D
0 +p £

‘ (oniains Fuler path/cydle :

Ra,» 0iven ¥har vy z¢ o

i RFo,o where az1 or b=\

SR
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8. (10 points) Let A be the adjacency matrix of a simple, weighted graph G = (V, E) with

V = {v,v2,...,vn}. Define the weighted adjacency matriz of G, denoted W, to be the
n X n matrix such that Vi, j € {1,2,...,n},

Wij =0 — A;j = 0,

and whenever Wj; # 0, it is set to be the nonnegative weight associated with the edge be-
tween v; and v;. Shortly put, W is an adjacency matrix in which all edges are represented
with their weights, instead of 1’s.

Let G be the simple, weighted graph with the following weighted adjacency matrix W

SABCDEGHE
037500000
A[301070000
8|17 10321300
|5 03000200
W=Pl0 7200201 0.
Flo 01020332
6/0 0320300 4
N[0 0001300SG5
£0 007002450

Note that the rows and columns of W are ordered according to the following order of
vertices:

S,A,B,C,D,F,G,H,E.

Using Dijkstra’s shortest path algorithm, you are to find the shortest path from S to E.
Recall that shortest path meant the path with the minimum total sum of weights. Find
the answer by filling in the following table correctly, presenting how each iteration will
proceed.

Tteration | Processed Vertex - | L(S) | L(A) | L(B) | L(C) | L(D) | L(F) | L(G) | L(H) | L(E)
0 N/A - initialization | 0 00 00 00 0. | o0 00 00 00
1 N 0 3 7 S oo | oo | 0o | R oo
2 A 0 3 4 g 10 [2°) co oo pO
3 8 0 3 4 5 b s 7 ol o
4 ¢ 0 3 4 5 b S 7 o0 00
5 E o | 2 |4 |.5 ] 0| s [ 7 g | 7
6 D 0 3 4 S b s 7 7 i
7 G 0 > 4 ¢ b e 7 7 7
8 H 0 3 4 Y A 5 7 7 7
9 E 0 3 4 5 b s 7 7 7

\g»\ov YesY poyh = 1
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9. (10 points) Consider the following graph, G:

b

\0

Is G planar? If so, provide a planar drawing of it. If not planar, prove that it is so, using
Kuratowski’s Theorem. |

G 1S vot planay &

redvrown
b

A '
"N X Y ¢ ____}0\
jeried
Ctavirion
(remove b)
a

Graph ¢

4

h

ontaing o SVegroph  homenmorpnit 4o Ke¢ so
6 iS pot panay auordme o puratow e ’s T\'\eo,rom
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10. (10 points) Find a minimal spanning tree for the following weighted tree. Also report

the corresponding minimum total weight. (HINT: You may use whichever approach you
prefer, but your final answer must be a spanning tree and its total weight.)

USMG Primss ALGONHhm ; Kk 2
'@ S1ort ot veyyex a ongd add

O Nnagd ey

® 9¢ (a,v) With we(gm 2 A Vertey b
(3:'d) with weiowt 3 f verrex d

G (3V) wy Weight 3 4 verrex

@ (i,0) w/ weight 4 4 verex 2

© 129> w/ weignt 2 a Virtex 9

® (0, 1> ) welght 3 g verkey g

@ (%)) w/ pweight 2 3 yertex |

. M. ‘ |
® (953) wy weight 3 4 veriex | el §9M\“‘-“3 M
A (G,h) w weight o 8 Vveryex h TOTOL weight :
(e,8) w) weign¥ 3 4 verpex ¢

(@) Ch,t) w/ NQQW" 3 4 veryex ¢
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11. (10 points) How many nonisomorphic (free) trees are there on six vertices? Draw all of
them.

Theye ave si
o $ix novnsowxoqmu Wees gwn 1Y vernces -



