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1. (1 point each) True or False: Circle the right answers. You do NOT need to justify 
your answers. 

There exists a graph with 100 vertices, all of degree 2. @IF 

There exists a graph with 100 vertices, all of degree 3. <iJI F 

The complete bipartite graph K4,4 has an Euler cycle. ©IF 

The complete bipartite graph K4,4 has a Hamiltonian cycle. (Y1:.I'\ J ®IF 

In a graph, every simple cycle is a simple path.0Q rer~d. IJeJ\tt 

There exist graphs with no cycles. 

There exist graphs that have cycles, but no simple cycles. 

The n-cube Hn is bipartite, for all n 2'. 1. ®IF 

Sl ~),.<iven Vv 0 ✓ S(v), ~(1-l) o<t,~ 
There exists a graph that has an Euler cycle, and also an Euler path between different 

vertices. TI® 
( UHi, \<.)::: C((), \<}t (,( n,~-I) 

2- ~ I\ l O 2. f fu) 
~J--"--1-\~1, For any n and k, we have C(n, KJ + C(n - 1, k) = C(n, k + 1). T Iv 

~:---:-'I, \:-- cco, \(.)= CUH,\<.)-t c.l f\-u--1) 

If a sequence Sn satisfies the recurrence Sn = Sn-1 + Sn-2 , then Sn have to be the Fibona~ 
numbers. T IV 

Suppose we want to find the shortest path from a to z in a connected graph with positive 
weights. Then, by the end of Dijkstra's algorithm,. there can be no vertices v labeled wi~ 
L(v) = oo. 2 T Al) 
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2. (2 points each) Multiple choice: Circle the right answers. You do NOT need to 
justify your answers. 

(a) The expression 

can be simplified to 

k 
(A) k - 1; (B) k; 

C(n, k) 
C(n,k-1) 

(b) Consider the following weighted graph: 

7 

. 1 k 
(D)k(n-k); (E)n-k· 

(n-~-t lY (1:--l)' 4 
- ---- · __Jt l · ¥-.\ (,n -r-)l. 

c_n-1.:.-1:1')~\$1)' . - 1--:--
\ ¥-(k'O: (p+J~ 

f\. \&CPEA AivCTA 
6-1:2 ~ 4 t :> -t U J,,~4--\-) 

B 
A-tC f\) A A 
6-\ 2 -t ~-\ :~rl % 

A~ --
b 1: 3-1-S--tl 

In the solution to the traveling salesman problem, the shortest Hamiltonian cycle has 
length 

(A) 18; ~ (C) 20; (D) 21; (E) 22 



3. Write down the answer to the following questions. You do NOT need to justify your 

answers. °' b G 

(a) (3 points) What is the coefficient of x4y5z6 in the expansion of(; ~ Y~E 2) )1
5
? 

_ __0_ \l::J \ (x)4t~)5(-L-z,)" ==- - \s-1. lo~ " r1..,~ 

Lj I \'-1 L\-! 5 ! (, ! <f.t s '· ~ ! X j 

\ -· \SI. lblO j 
\ 41. 1:J\ b ~ 
-- -

(b) (3 points) The Catalan number Cn is defined to be the number of paths from the 
point (0, 0) to (n, n) , made of steps of length 1 taken either rightward or upward, such that 
we are allowed to touch but not go above the diagonal line from (0, 0) to (n, n) . Write down 

a recurrence relation for Cn. " :J ~ 1 
~ . 

C" = L C""-,Co-1< -. 
\<. ==-1 

lnt~Cn~I ~c 4 YH2-J Ln 
l\n·U fl 

( n-1; 1 -::. ~ v f\ 

C - 4() - 2 (J 
() - Y"\ t \ \ .. AH 



4. (8 points) Twenty objects are placed in the interior of an equilateral triangle of side 
length 3. Suppose no three of these objects are on the same line. Prove that we can find 
three objects that are the vertices of a triangle of area at most ../3/4. Show all your work. 

Sy\\~ t\')e ivi£tr'\jk ~it> 9 ~ -1\c{\Gfct\ 

~,,unfo w/ (iql'. \e1'\j¼--l \ · 

(pLh Y\IH afLCA -A ~ ~ J (~) 
=- l}. 

4-

V-\ -\he loo)(es = SL,l\? - -\1'\o.l'l~ks o~ s1dt.. lt f'l~+h l 

(\ c::. 41 bOf.-.eJ ~ q 

m~ it Ob.)lc\.s =-1.o 

i1 lne.. Vt~e,oriY'o\e fh\'lGi~le, -\-hue e,:.1rts su1d11lln~\e 

6~ ()f('~ ~ fV1a.,\ (_O(\\o\\'()~ C\ ~ \€r,i~:\ 'J D'oJ<A.S 1 
L J°3 

~o -\-\tHSe 7 o\jj'CW la f\ ~"'ft"\ o. t(\o.n5\t f}t l\ !l"C\.. - 4 



5. (10 points) Solve the recurrence relation 

with the initial conditions ao = 9, a1 = 3. Show all your work. Hint: Consider log3(an)-

~05,( ClnJ :c Qo~~ (Oo-1 • (a".0b ) 

Jo~, l qn) = Jo 53 L(;\n-,J + 6 lo~l c1"-2) 

\t \ bn = Jo~~[Clr1) 

t)/\ :. D tH ~ le, On--,. bo: 2 1 \? \ = \ 

t' =- t {~ 
-t'· t •.l, s 0 

(t ?,)(-\,12)- 0 

l ' 71t· ·L 

On - X l~)"' + 'j(:2.)n 

t 2 • X(?>'f' 4 j(:2)° 

I ::: X l ?:>) t ~ (:-2) 

'l..-tj=2 b(\ ::: 3" + (:2)(\ 
~ ;:. 7,- )( 

\ =- ))( -2j ~b".=- On 

\"'?x-2u -x) ' 

:/'+ (:)_)" -/ \ ;:.~,)(- ~ t 1,)( 
So On ::: 3 

si :, S'f. 
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Do not write on this page. 

1 I ( out of 12 points 
2 'f out of 4 points 
3 £ out of 6 points 
4 <g out of 8 points 
5 iO out of 10 points 

/ Total / ~ 1 / out of 40 points / 
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