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There are 5 questions. Write clearly, show all of your work, and justify all of your answers, INo calculators
are allowed. :
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1. (a) (5 pts) Show that C(i, k) = C(i + Lk +1) — C(i,k +1) for i > k.
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(b) (5 pts) Show that
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i=k

TL& LHS s ‘!'bxe, nuwmber o u.sw.)s of clwosina, K+ numbevs
from sk 4,,',--')““?5. We  shew the RHUS also coubs
the nuwber of ey ol éo:vi s, (£ we close K&l avwbers
fom Rl 0T, dhe laragsk pumbes otk b bedueen

K&l amd at\ . 1§ we (eb Lt be 3 lawy%’r Aumber
the  remonn K  Aumbers moth  ome {rom ’;;,...,CE.

Sw e nomber oF =~'°-3$ -\-ea cloot & “HM_ (onr‘)eﬂ- nvmbe - ‘ﬁrsll
. . . n
and then Hea !thMmAS K. nAuabers g 2((5'() '
=k

One Can q\go éo J;L\ls ?r&v[em 3\;5} Us:.; fad"\' o
Q.V\-é (orn CQE"‘% Oa.é So.,(‘-?;ﬂ"’ +eﬂﬂas :h, +LQ SUMMQ"‘:OV\ .




2. (a) (5 pts) Find the general solution for the recurrence o,

ﬂ-4an_1 - 4an_2.
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where b, b,  are  canstents .

(b) (5 pts) Find the solution to the recurrence a, = —4ay_1 — 4@n_p for n > 2 with initial conditions
ag = 3 and a; = 0.
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3. (a) (10 pts) Suppose G = (V, E) is a simple graph with n vertices. Prove that if deg(v) > %5t for
every vertex v € V, then (G is connected.
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(b) (5 pts) Suppose G = (V, E) is a simple graph with n vertices where n > 1. Prove that there must
be two different vertices of G that have the same degree.
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4. (a} (5 pts) State the definition of when two simple graphs G1 = (V1, E1) and Gz = {V3, E3) are
isomorphic,
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{b) (5 pts) Are the following two graphs isomorphic? If so, give an isomorphism using the table below.
If not, explain why.
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{c) (5 pts) Are the following two graphs isomorphic? If so, give an isomorphism using the table below.
If not, explain why. 5
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5. (20 pts) Circle whether the following are True or False. You do not need to justify these answers.

T /® There is a simple graph with 6 vertices whose vertices have degree 0, 1, 2, 3, 4, and 4.

@/ F: The graph Kj 3 has exactly 322! = 144 simple cycles.

@/ F: 4" = ZZ”C(n, i) for every integer n > 0.

=0

T /@ The general sclution for the recurrence a, = 6ap—1 + 9an—1 + 2" i3 0y = 013" 4 522" where by, b
are constants.

T/ @ If P(n,k) is the number of partitions of {1,...,n} into k many pieces, then for n,k > 1,

i _
P{n,k) =>_ C(n,)P(n i,k —1).

i=1

B If G is a graph with n vertices, then any path of length n in (¢ must include some vertex at least
twice.

T /@ Suppose A is the adjacency matrix of a graph & with n vertices. If (7 is connected, then every
' entry of the matrix A™ is nonzero.

/ F: Suppose G is a graph with weight function w, fix a vertex a, and for every vertex v in @, let L(v)
be the length of the shortest path from a to V. If we use Dijkstra’s algorithm to find Z(v), then
before algorithm returns L{v), the algorithm first correctly finds L{u) for every vertex w such that
L(u) < L(v).

T /@ There are (n — 1)! different isomorphisms from X, to I,.
.

@ F: If G is a simple graph that has an Euler cycle, and @' is a subgraph obtained from G by removing
only a single edge and removing no vertices, then G cannot have an Euler cycle.




