
Midterm 1 

Math 61 

Fall, 2016 

SID: 

Section: 

There are 5 questions. Write clearly, show all of your work, and justify all of your answers. No calculators 
are allowed. 
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~ (20 pts) Circle whether the following are True or False. You do not need to justify these answers. 

'X:!.J F: If Xis a finite set with jXj = k, then there are kn many strings over X of length n. 

\::- )c \c. l<- \C. 

,J; IP, The numbe, of onto functio: fr: {1, 2, 3, 4, 5} to { 1, 2} is egual to 3f2', 23 • 
t.J ~ ' .. \ 

~ ( ~ ' 
'J- .. \:;, "l- <.. 5' 2.. 

/ Lf 
\/~ I ~ <::!JI F: If A and Bare finite sets and jA U Bj = jBj, then A~ B. 

~ / i,, If f is a bijection from X to Y, then J-1 is a bijepion from Y to X. 
c I\. do o "~ -h"t \ -==- ,.. 

I ~ l ~-== t( 
S' -

ex)/ F: There are (n;~)! ways to divide n many identical balls into m many distinct boxes. 

n.m. * ~ ~ \ ~ -Y \ ~ + J t -:::;._ ~t\ ~ ti\ ) 
c C ~r~) 

T / ®Consider the set S of strings of length 10 containing exactly four a's, three b's, and three e's. 
There are more strings in Sending with a than there are strings in Sending with b. 

s c:>... , 1> ~ r, -S 'Cc; \[ <; . ~d ~ \ O'- ~ , 1. ~ f, > c s-

i T /@If n 2'. 3, then there are (n -1)!/2 ways to seat n different people around a circular table where 

~ V\ 'f !Yi) ) 
- !.. 

t'\ I ""1. 

two seatings are considered id8'1tical if each person has the same (unordered) set of two neighbo~. "T 

0 ) . (\ -:; (f> ~ / \ 1 f~ BOT 
, . -. _., ) I !" 

,/T ;(i:9 The,elation {(!, 2), (3, 1), (2, 3), (~ 1), (2, 2), (3, 3)} on the set {1, 2, 3} is t,ansitive. 0 t 'l 
I" 

{ ffJ; F: Suppose f is a function from X to Y. Then f is one-to-one if for every x EX there is a unique 
y E Y so that f(x) = y. . 

,. . ,, 

J (!) F, Suppose R is a ,elation on ~t X and R is trnnsitive and symmetdc. Then fm all x, y E X, if 

(x,y) ER, then (x,x) ER. :J._,f ff ~(\~·J -1,"\ <:Af\.A >'{~~Nil ( 

:r.~ vt/'J) ~'r.~ I\ ( y / X) 
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2. (15 pts) Consider a standard deck of 52 playing cards, where each card is one of four different suits 
<), Q, 4', , • and one of 13 different ranks: A, 2, 3, 4, 5, 6, 7, 8, 9, 10, J , Q, K, and all combinations of 
suits and ranks are possible. 

A hand means 5 different cards where order does not matter. 

For full credit, state any counting rules or principles that you use. You do not need to 
simplify your answers (for example, they may contain factorials). However, your final 
answer may not ~nclude the functions P(n,r) or C(n,r). 

(a) (5 pts) How many hands contain only cards whose rank is J or Q or K ? 

1t<p f lf ~ l \__ (G._{A.5 

C ( 1-i I S ) (_ co" ~\r\"'-~t' " ... c ~dsf &;<... h"iJ. aJ" i; 21 At ~~ 
l °2-- \ • \ )- C. c>S J..~ 1 

5', 7 1. 

(b) (5 pts) How many hands are "three of a kind" (contain three cards of one rank, and the remaining 
cards have two other ranks)? 

ls· c(~1 s), C(4?t
1

L) 

(,a~\Vv\,tt""-~ ~ o,ck, J.<>e5 h.o\t 

-
~..\ \ \\-\ ~ \; \, 7 l?, \, ( \ ~ f O~\\')(. 

\ <, ' 
~' I 

- f ~ ( le.. ) ' f. ~ k ,tto\ 
r :c" '11..~t- fwo c ,A 

' 11-,. \ ~ ~ V IAf ..r 
;_---------...::.._ ~<!" t, 

- 4 '6' I 
I - - • 

471 
\ 

(c) (5 pts) How many hands are "two pair" (contain two cards of the same rank, two cards of another ---~ 
rank, and one card of a third rank)? 

ts,C(4>,~) • \ '2., C( ~12-) • c( ~c, t) 

- 4- I ~, 
~"" ' ) 1- • .. - 4b 2_\,)._\ "2..1 • 1.J • . ' ' . 
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3. (10 pts) In the following problem, for full credit, state any counting rules or principles 
that you se. You do not need to simplify your answers (for example, they may contain 
factorials . However, your final answer may not include the functions P(n,r) or C(n,r). 

(a) (5 p s) How many solutions are there to x 1 + x2 + ... + xs = 20, where x1 , x2 , ... , xs are integers 
gre ter than or equal to O? 

, { 1J 2- \ i- ~ ) t< Cf 1 'f J l )6 d i 7 J- tJ i "7 <; f°'\ s (A,,(\ /\ b~r s
~ w\.c ~ fu~~ he~ u... f'(. • -i...o , tto.. \ s c,.,r-...1\ 7 b o\.f 

5 
_ -

j.- l ~ 

vo 1, 7 1, 

(b) (5 pts) How many solutions are there to x1 +x2 + ... +xs = 20, where x1,x2 , ... ,xs are integers 
greater than or equal to 0, an~e~t_ane of the v~riables x 1 , ... , xs is equal to O or ,tly one of 
the riables x1, . .. , xs is equal 'to 1? 

-
~ ~~fl.~ ~ ... J Ac,est- ~to·,si (f~rrA J 

'6 h•dS 1 '2" ff c,...{ 5 > 

1,D\, t \ 

t- )Cl ~oH'-1 1. v ~ L "- 'P \ ~ 
W \-.t '"{ C J-\ve { 5 ~ \ <; OJ(' 

1 

'1- • f-t ,p 1. s f-~~ 

tG\ <;"~,<,7 6 b"'-f~ 

°"rt t-(' "'~ \ ~ \{'oj ·~ ~ '-e -:.. c; ' 

S° ~ ~~ C, / ~ ~ S' f °'- t S - C o--Se ) 

J.,~ \ 
----7 - - ~ I> 

"°" ,, s \ ) / 

--i_4>'. 1..L~ ;,- 6 · -
~QI, ,; I, \i 1• q \, 

----
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4. (15 pts) 

Prove the following by induction for every ri;::: 1. For all finite sets X and Y with IXI = JYI = n, if f 
is a function from X to Y that is one-to-one, then f is onto. 

/]__ (a) (3 pts) State and prove the base case. 

:_; r\::1- : l~) :::. \ Y\ ~ ~ 
I 

e\el"\~ti.. t- \ {\ 'A o...t,J~ ~ , :C-f ,d--\..e._ { .Av\CJia" ·. ~ o "e_ ~ cJ o "f 
1 

f\~ ~1\\1 ~as~c,\\~ OV't ~a o~~N;h.,/ .. S }(l ~ '/.. to ; G 't yJMv\. ><\ etrJ..1 
CA.~,!-\{. c9\\\i ~\Qr..,q \s 'if\ µ.~ <;e,;\/ \r'~' ( ~ ; f o~d-o (~1{)11f\,,',"1 '·"1 :r 

i 
~~e ~ "'- ~ \ . V 

(b) (9 pts) Prove lhe inductive step. 

~<) r \ 1" \ ~ t Y \ -::. n f \ - ::i:~ ve. <e o .A{ LJj_ e\el'i\<i\t° 
r:=------------- I I 

fi ~tf\ ~ ""~ d (_ ~,~~ ji 10 ti' ~ I \fJe._ C'(et l ,c \:: \ '{ \ ~ t) 

io o C,\ A c, t, \,, ~t\A.V\cf,,~ wkt-:) evs-\e 

'"t"~ t( .f o t<. ! f. v-r ~ 

"'-J.}J't11 I\'\\ C8f\\\"1 rt-·,.,,~ 

O ""d \-\7
. t 0~ 

\ li{r< ~<J,;u-,11~~)) 
o..J..J\ .l" ~ ctf\A / / f-~-e. 61\ \'i p ' SS • \, \.e 

t, )(J ..,, '1 6<_ ( ~-A St ~~ 
/. ) () ct,\\ 

0 

oik1 ,e,le ~t\.lt~ -.~ -, 
to I ~ 

\"'\., S t- CN \ te c>)\, i \,-t_ 
>~f\C~ 't ~5 cA-l5o 

c,~ t'ro J \ 
(c) (3 pts) Either prove the following or give a counterexample: For every set X, if f is a one-to-one 

function from X to X, then f is onto. 
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5. (15 pts) 

(a) (5 pts) Write the definition of what it means for a relation R on a set X to be an equivalence 
relation. 

(b) (6 pts) Let Ebe the relation on the set of all positive real numbers JR+ where x E y if x/y = 2n 

for some integer n E { ... , -2, -1, 0, 1, 2, ... }. For example, (2/3) E (8/3), since m =} = r 2 • 

Show that E is an equivalence relation. 

'S --{ M~ t\ t ( ~ ·1 ..f' ,iq It t ~ (\ 

-1-- ';, 1-"' ::L 4 ::t...... -. J_ 'I - V\ 
~ ')Cl -- J.. W\ -::, -; ~ l-

~ 'I\ •\ I\ k 1"{) t I 

\€.._ f:\ e ,6 ·~ ~ I ~ \)_ ~ <; 0 

j_ -::. 1-. J o.. \.,r ~ 'f r ir"< 
~~ -;.. 2 V\ ~ 
he f\-z::-0, 

~ 

~-;_ 1.\1\ ~~~ 
~ 
~:: 2"-2"~ 

)( Q~ / 

J__ .,n 
-, - I,.., 

- V\ 1 -- L -, 
~ '/J \ (, 1 f" I 7- 1-j_ I 

"2. I 

l 
1' I ' ' ' ) -- I - 'f 
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