33B Final

Sean Yin

TOTAL POINTS

97 /100

QUESTION 1
1homogenous eon 7/7

+ 2 pts Homogeneous

+ 1 pts Substitution
v + 3 pts Single-Variable Integrating Factor
v + 2 pts Making Exact
v + 2 pts Solving

+ 0 pts No Points

QUESTION 2

2 separableegns/5

v - 0 pts Correct

- 1 pts minor mistake

- 1 pts need more simplification

- 5 pts no work

- 3 pts know it's separable equation, fail to do the
partial fraction decomposition

- 2 pts right hand side is polynomials of x,
integration can be calculated directly.

- 3 pts idea is correct, need calculation

QUESTION 3
forcing term 10 pts

3.1 polynomial 2/2
v - 0 pts Correct
- 0.5 pts b=-1
- 0.5 pts c=-1
- 0.5 pts a=2
- 2 pts wrong
3.2sin4/4
v - 0 pts Correct
- 1 pts missing cos in the Setup/t for cos in
Setup/wrong second setup
- 1 pts computational mistake

- 2 pts missing 2 in the differential

- 4 pts wrong/no answer
- 2 pts missing second step
- 2 pts computational mistake
- 0.5 pts missing t in answer
- 0.5 pts missing - in the answer
- 1 pts didn't finish
- 1 pts missing 1 step
3.3 general solution 3/4
- 0 pts Correct
- 1 pts no/wrong characteristic polynomial
v - 1 pts no/wrong roots
- 1 pts no/wrong homogeneous solution
- 1 pts wrong final answer
- 4 pts wrong/no answer
- 0.5 pts - missing for polynomial

- 0.5 pts missing t for cos/wrong answer for trig part

QUESTION 4

4 system 10/10
v - 0 pts Correct
- 1 pts Incorrectly identified the eigenvalues or their
algebraic multiplicity.
- 2 pts Incorrectly found the eigenvectors.
- 2 pts Incorrectly found generalized eigenvectors.
- 2 pts Incorrect coefficients or powers of t or (A-L 1)
in general solution
-1 pts Wrong vectors in general solution.
- 2 pts Failed to solve IVP.
- 1 pts Arithmatic error

- 1 pts Got an unsolvable system when solving IVP.

QUESTION 5
2nd linear differential equation g pts

s.1verify 4/4
v - 0 pts Correct



- 2 pts incorrect calculation
- 2 pts not finished
- 4 pts no work

- 3 pts some work

5.2 find general solution 2/ 4

- 0 pts Correct

- 4 pts Incorrect calculation of homogeneous. For
second order linear differential equation, use
y_g=cl*y_h1+c2*y_h2+y_p. yly2,y3 can be
decomposed in that way, hence we can get y_h1=y1-
y2,y_h2 =y2-y3.
v - 2 pts incorrect calculation of y_h1, y_h2, but idea
is correct

- 3 pts incorrect calculation of y_h1,y_h2

- 3 pts some work

-1pts y_g=cl*y_h1+c2*y_h2+y_p

- 1 pts no calculation detail

QUESTION 6
linear system 9 pts

6.1find general solution 5/5
v - 0 pts Correct
- 3 pts eigenvector: solve for (A-\lambda*l)v = 0.
- 2 pts some calculation error\no finished
- 1 pts final answer incorrect
- 5 pts no work
- 3 pts calculation error, incorrect eigenvalue,
eigenvector, idea is correct
6.2 spiral? 1/1
v - 0 pts Correct
-1 pts incorrect
6.3 sink\source? 1/1
v - 0 pts Correct
-1 pts incorrect
6.4 direction? 2/ 2
v - 0 pts Correct
- 2 pts wrong

-1 pts Somework

QUESTION 7
7 9/9

v - 0 pts Correct
- 1 pts one entry wrong
- 2 pts two entries wrong
- 3 pts three entries wrong
- 4 pts 4 entries wrong
- 5 pts 5 entries wrong
- 7 pts all entries wrong
-1 pts incorrect initial value
- 2 pts initial value missing
- 9 pts wrong/ no answer

- 2 pts not taking concentration

QUESTION 8
8 pts
81 3/3
v + 1 pts Correct Roots
v + 2 pts Phase Line
+ 0 pts No Points
82 3/3
v +1 pts Curves
v + 1 pts 1 Stability
v +1 pts 3 Stability
+ 0 pts No Points
83 2/2
v +1 pts Correct
v + 1 pts Justification
+ 0 pts No Points

QUESTION 9
9 pts
914/4
v - 0 pts Correct
- 4 pts Didn't know to solve x*2-3x+2=0.
- 2 pts Got the wrong roots.
9.2 3/3
v - 0 pts Correct
-1 pts Didn't mention uniqueness theorem.
- 2 pts Didn't say that uniqueness means solution
cannot cross the solutions x=1and x=2.
93 2/2
v - 0 pts Correct



- 1 pts Wrong answer 12.2 3/3

- 1 pts Inadaquate justification. v - 0 pts Correct
- 3 pts wrong/no answer
QUESTION 10
- 2 pts for trying
9 pts
-1 pts missing F(t, y, ..., y_{n-1}) in answer/missing '
101 3/3

in the answer

Y- 0 pts Correct - 1.5 pts only using one variable

-1 pts Didn't use the definition of exact. -1 pts missing equations in answer

- 2 pts Incorrectly solved for b and m. -1 pts using y(i} in equations

- 1 pts Incorrectly solved for one of b or m.

10.2 6/6
v - 0 pts Correct

- 1 pts not adding additional equations

- 1 pts Minor Calculation error.

- 2 pts Found antiderivative, but not solution (need
to set F(x,y)=C).

- 2 pts Did not use the correct algorithm to solve.

- 6 pts Wrong/Blank

- 1 pts Incorrectly solved for g'(y) or h'(x).

QUESTION 11
11 pts
11 3/3
v +1.5 pts Correct for A
v +1.5 pts Correct for B
+ 0 pts No Points
1.2 4/4
v + 2 pts Eigenvector
v + 2 pts Sketch
+ 0 pts No Points
1.3 4/4
v + 2 pts Two Eigenvectors
v + 2 pts Star Behavior
+ 0 pts No points

QUESTION 12
5 pts
121 2/2
v - 0 pts Correct
- 0.5 pts did not solve for V' (correctly)
- 2 pts no answer/ wrong answer

- 1 pts wrong substitution
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Exercise 1. (7pt) Solve the following equation. (Hint: Find the integrating factor) -

(z® +y?) de — 22y dy =0

L fof o0&y ) Tt
et S{E-%) < L (metod) wr K

207\ % =g =e *;,
1 - {;{EL\{E}
U=52] 7 27 Tax- gy,
m & é_g d\/-Of: B




Exercise 2. (5pt) Solve ¢’ = y(y + 1)(z + 2)(z + 3)

3—;{ = Yly) (eD)x2)
S ...%.-—« d% 3 i}g\& Ej} ax

aveA _ 07+ ‘
&‘;‘Hﬁ“ﬁ«w Wiyl - Wiyl = 3)( 23X T r 1 C
A&:J\ %ﬂlizi = ;f r’x -}iﬂ(-{
135 LY g
o e o -
Vo (¥x1) e,%m%;é%gmﬂ

\/ - \le“x "-z%?'Jr(,m-C _ egx

é ' HRAC) e‘g,\i %\US&-C

3_15?{}5_,“_6

1(1-e5"
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Exercise 3. (10pt) Find a particular solution to the following two differential equa-
tions
(1) v +4y = 8¢* — 4t (2pt)

g = Reh-ut
Vid = (e2)(%2) 2Ar URE+HBEYYT = OC

QUES U= pr%sprec qp =g ps=2
. 4= B
3 - ZAt "'[’S ZA%Q{' ;O C:...j

¢

W' = 94 @;p&t»; /

(2) ¥ + 4y = 4sin(2¢) (4pt)

GUESS Y= pemat +BLosoE
W= JAcos2t —9Bsmet
Y= -Yasze ot
~Asm 2t - UBCOs 2t + Yasmze + 4BCosLE= 0
l:‘"}‘ AbSwar * Brcosit
\[J\ = AswmIt 42AeCos e ¥ BCREt aiB{:SM‘}‘_{,

\j\‘ = 9ACOSTE 4 2ACOS2E - UAESN2E — JBsnlt -2BSIMLE - YBLadslt

UhcosZe -qnsmdt - Ubsige - UBkCos2t +UALsInIE +UBEcosth

A

YACos 2k ~UBsingp = g (er)

L
np =0 A=0




(3) Give the general solution to the following differential equation
y" + 4y = 8sin(2t) — 8¢ + 4¢. (4pt)

() gp= 4 A-2 @ 4=t =

gg= 4 B=l | 4p=0 620

gane =0 C7 1 .7 fucoeshy)

=)t b
@) (t+0+4)= () (x2)

;)‘s: *212

£ (o€t b4 - Tk cas 20)
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Exercise 4. (10pt) Find first the general solutions to the following system and after-
wards the solution to the initial value problem.
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Exercise 5. (8pt) Consider the differential equation
Yy — (@ +2)y + E+2y=2"-1)—t("+1), (t>0)

(1) Show that y; = (2t + 1) — (¢ + 1) is solutions to the above equation. (4pt)
(Show ALL vyour calculations in detail for full credit)

Y,= e*(zet)- (&)

Y =pect ¢ (aea) -\ T € (ge43) -

4

Qﬁf' = g% et 1Y = € (1v1Y)

Wenes) e (e )

t (@ (2t iil;;

-§;€ i‘“‘ &i}
0t ( 94 b ot (getage +D) AL
sfq’?,& »,_j;li - &aiﬁ%é‘t‘?‘&l%%&> %_._;: 5‘2’!5 e ( )

i-/—J o ’L/-J J &3

t . ?—.L T *th‘ 1%2’3{_’2
-@ bt +p Rt et 3

ge*—te’ -t -1

7e -1 -t -t




)= et 4l) — &)

(2) Given that yo = e(t+1)+ (¢ —1), and ys = e*(1 -1} + (2t — 1) are also solutions
to the above equation, find the general solution to the equation. Justify your

answer. (4pt)
y: o 9te-t €

9

%:gh+gf w = e +t ‘k'e; 'E
| .-{:e A7t %E:B
4, — =7

Swee Y= %*gpe——»y

{\/ 1s Hpe wime  ——

/si‘ﬂ !t? 9t )y 4(92)\3} 0 93%*@"*”"%

ECY 4 A Lot P(pemrgped) - (Are™ Ae) + (el
ot » & -~ - At t"’ziﬂiteb
= ACT AtET YL AN 2p¥E" Pt IALteS A A €
' ACT AT fre” /'J A L//J A gm‘ e ~ 0 =
< | -

- QQV\ Soln e

L
g- 9 opio (o

wy e o Mogjenais. SlwriOh,

A A\D ?W ot JusT Tk @n

Parrtculge Solurigis +@ ol
Ahose a0
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Exercise 6. (9pt) Let

=1 7)

and consider the system of differential equations § = A7.
(1) Give the general solution for § = Af (5pt)

R-4x5
po HES g

voe 93

N {} {gﬂj DA _ “1-t jz
E?i §\ ) ,{g;@i}} ( bl L)

mﬂ\

4] b}iﬁ]‘

} tg ¢ (swefd ]« cos %{}5?}

Ry} 5 .
Cf:f, (ﬂé‘%&t W j -smt !y

AR

9t I cast +smi gmt cost T\ | }
\%f:: Q(C/][ ’6@5{]4(/"»\&'&‘{}




(2) Conclude that the equilibrium point is a spiral. (1pt)

7 Titupg <

gf}zmﬁ ,

s LA f
pilso, wnggmay g

(3) Is it a sink or a source? (1pt)

i CQU(CE
W aa@ewm%w = kP

(4) Does the spiral rotate clockwise or counterclockwise? (2pt)

‘?%wgg in powt *{ig{?

aiu e

11
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~ Prob diag 2018.pdf

e
Exercise 7. (9pt) ' ‘}f 55?33 E %
Consider the above mixing problem with the following data. AR5, L0
e at time ¢ = 0 there is 0 Ib of salt in tank A, 10 Ib of salt in tank B, and 20 Ib
of salt in tank C.
e Tank A contains initially 60 gallons of solution, Tank B contains initially 120
gallons of solution and Tank C contains initially 30 gallons of solution.
e 6 gal/min of water enters tank A through the top far left pipe. \ ®
e The solutions flows at :-yﬁ
— at 6 gal/min through the upper left pipe LT
— at 12 gal/min through the lower left pipe
— at 3 gal/min through the upper right pipe
— at 9 gal/min through the lower right pipe
e 6§ gal/min of solutions leaves tank C through the bottom far right pipe.

Set up an initial value problem that models the salt content = A( ) and zp(t) and zo(t)
in tank A, B, and C at time ¢ (you do NO

N
AN
%ﬂ 0
y N i Lo hi30 f%@
AR L 16 = |12/es 194’@?9 3
Xe"’ ' ypo Xi’ o ) o 9o -1k

><\(',; 0, * OXe - XC / %(@i [géig

S
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(¢ -X)
Exercise 8. (8pt) A ‘ 'Qﬁli?f\
Consider the differential equation N G u fsr 5.%‘;;_) )

% :egv($3—5:c2+7a:—3) 2%-% (?( !)(X 3}

(1) Identify the equilibrium points and sketch the phase line diagram of the equa-
tion. (3pt)

14

(2) Sketch the equilibrium points on the tz-plane and identify the stable and unsta-
ble points. The equilibrium solutions divide the tz-plane into regions. Sketch
at least one solution curve in each of these regions. (3pt)

LA

el

5{? .
"ﬂiﬁi\ o P e }{93 IA{ umSTA’ng
- “kﬁ;jﬁf@wﬁ:m&;mmz s;_i_

e INDETERMIBATE

R .

== | — [T
" | ey R
3 3 V Q(Q

(3) Does there exist a solution of the equation, z(t), satisfying 2(0) = —1 and
2(2) = 07 Justify your answer. (2pt) ‘

3 13 K l ) v l = ‘Sy
O by logleg o e fpmction ¢ v jﬁ”“ co
/] { R o ’

dell ot CovTW {; 50 o

cov aﬁ?w}’ et g U ness Cwd QAN L To SOV i

Colurions  oross ot 50 clurovs. vhen  nonce Thol
- bejow X=
< @U‘i’ 1o %ﬁé’Eﬁf'ﬁ..{% DCIL\, winolf d§ ’z"y\ ‘I‘[/\{_ stcen o X L

L

e {@;’3}%@?@‘} w1 irm,?{?é he  sejwd v CM[,V?

needs 0 (5€. Thet
et

thi pofTin el

e Solutans, DO
i/. 1(, ’L. « \ Am 3

scluneh




Exercise 9. (9pt) Consider the differential equatioS(
dz 2’ —35+2
. dt i
(1) Find all constant solutions of the above equation. (4pt)

*PQWHS %VL*QFC 2&%;0 Cxlz)b(_,;):

(2) Argue that the range of the solution to the initial value problem z(1)=121s
‘contained in (1,2). (3pt)

¥=1 ond x=2 oe ecéngb( m SoTams.

ps dorgy oS ££0, st ohd Unaeness 12
P@”QVWQ S ond ‘H/\UH’ Mmoo B W‘”\ﬁ@Sl]ﬁ{v
AR Al ¢ Qe +he  eguhiboam 0ol 16

Se +he pmwk et TS Igpfed  berbveen {5#2)

(3) Can you apply the existence theorem to the initial value problem y(0) = 57
(1pt) Justify your answer. (1pt) ‘

Y e 3G : ' ‘ -
dr _ X300 o Jedwed ot €20

dt i

T ?‘?“g 4
\/’G!ﬂ (ot @’%ﬂ?dﬁwﬁé& oy g.
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Exercise 10. (9pt)
(1) Find the value of the constant b and m such that the following equation is exact
on the rectangle (—o0, 00) X (—00, 00). (3pt)

d
2(z + zy”) + b(z™y + y2)£ =

“ Yav- ¢
Q(X%Ksz}dx y p(Xy +yyv¥ee

)
x _ ' A ,
%?x#?ﬁﬁ"@‘ﬁ = X'l XQ‘/ + @”’}




Exercise 11. (11pt) Let
3 -2
-6 %)
20
2= (; 3

(1) Determine where in the trace-determinante plane the system §' = A7 and &’ =
BZ fit. (3pt)

. ' v w 4

. N -bx+9 Br h-UREY
A D L, T-W=Q [ g€
U g&fg‘:ﬁ@ |

e 1

|

(2) Find all of the half line solutions for the system § = Af. (2pt) Sketch them
into the 71, yo coordinate system (2pt).

g ¢ &L+ GEd]) - o

B

1)

ki
z %
X
b
<
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(3) Find all of the half line solutions for the system # = BZ. (2pt) Sketch them
into the ¥y, y» coordinate system (2pt).
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Exercise 12. (5pt)

(1) Consider the second order equation y” + 3t%y’ — cos(t)y = —3e¢’. Write this
equations as a planar system of first-order equations. (2pt)

V= B8V - cos(9)Y = -2¢°

m" coslt) Y- 20

i
i U
|

(2) Consider more generally an n-order equation y™ = F(t, y,...,y™ D). How
can you write this as a system of first-order equations? (3pt)

sy Yo=Y e
4.- 3

d,= Y= 3‘\ Yo Flea,4,Y, . Lj,\)

\




\
Bk QT, QLekele WUAL cQun

I

%
3



