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Total 100

Instructions

) Enter your name, SID number, and discussion section on the top of this page.

) If you need more space, use the extra page at the end of the exam.

)} Show your work. Unsupported answers will receive few or no credit.

(1
(2
(3) NO Calculators, computers, books or notes of any kind are allowed.
(4
(5

) Good Luck!
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Exercise 1. (7pt) Solve the following equation. (Hint: Find the integrating factor)
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Exercise 2. (5pt) Solve ¢ = y(y + 1)(z + 2)(z + 3)
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Exercise 3. (10pt) Find a particular solution to the following two differential equa-
tions '
(1) y" + 4y = 8t% — 4t (2pt)
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(2) ¥ + 4y = 4sin(2t) (4pt)
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(3) Give the general solution to the following differential equation
o + 4y = 8sin(2t) — 8% + 4t. (4pt)
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Exercise 4. (10pt) Find first the general solutions to the following system and after-
wards the solution to the initial value problem.
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Exercise 5. (8pt) Consider the differential equation
Py — (P2 + 2y =20 1) -t +1), (¢>0)

(1) Show that y; = (2t + 1) — (¢ + 1) is solutions to the above equation. (4pt)
(Show ALL your calculations in detail for full credit)
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(2t — 1) are also solutions

(2) Given that yo = e*(t+1)+(t—1), and y3 = (1 —1) +
to the above equation, find the general solution to the equation. Justify your

answer. {(4pt)
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Exercise 6. (9pt) Let

(1 =2
-1 )
and consider the system of differential equations ¢ = Af.
(1) Give the general solution for §' = A7 (5pt)
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(2) Conclude that the equilibrium point is a spiral. (1pt)
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(3) Is it a sink or a source? (Ipt)

Sowrte. .

(4) Does the spiral rotate clockwise or counterclockwise? (2pt)
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Prob diag 2018.pdf

Exercise 7. (9pt)
Consider the above mixing problem with the following data.
e at time ¢ = 0 there is 0 Ib of salt in tank A, 10 Ib of salt in tank B, and 20 Ib
of salt in tank C.
e Tank A contains initially 60 gallons of solution, Tank B contains initially 120
gallons of solution and Tank C contains initially 30 gallons of solution.
e G gal/min of water enters tank A through the top far left pipe.
¢ The solutions flows at
— at 6 gal/min through the upper left pipe
at 12 gal/min through the lower left pipe
at 3 gal/min through the upper right pipe
at 9 gal/min through the lower right pipe
e 6 gal/min of solutions leaves tank C through the bottom far right pipe.
Set up an initial value problem that models the salt content z4(t) and z5(t) and z¢ (1)
in tank A, B, and C at time ¢ (you do NOT have to solve it!).
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Exercise 8. (8pt)
Consider the differential equation
dz (.3 =2
ik (z° — 52 + Tz — 3)
(1) Identify the equilibrium points and sketch the phase line diagram of the equa-
tion. (3pt)
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(2) Sketch the equilibrium points on the tz-plane and identify the stable and unsta-
ble points. The equilibrium solutions divide the tz-plane into regions. Sketch
at least one solution curve in each of these region.s‘;t (3pt)
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(3) Does there exist a solution of the equation, z(t), satisfying #(0) = —1 and
z(2) = 07 Justify your answer. (2pt)
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Exercise 9. (9pt) Consider the differential equation
dz _ 22 —3z4+2
dt tz
(1) Find all constant solutions of the above equation. (4pt)
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(2) Argue that the range of the solution to the initial value problem z(1) = 1.2 is
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(3) Can you apply the existence theorem to the initial value problem%O = 57
(1pt) Justify your answer. (1pt)
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Exercise 10. (9pt)

(1) Find the value of the constant b and m such that the following equation is exact
on the rectangle (—o00,00) X (—00,00). (3pt)
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(2) Solve the equation using the value of b and m you obtained in part (a). (6pt)
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Exercise 11. (1ipt) Let
3 =2
=07
20
5= 2)
(1) Determine where in the trace-determinante plane the system 7' = Ay and ¥’ =
BT fit. (3pt) i
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(2) Find all of the half line solutions for the system ¢’ = Af. (2pt) Sketch them
into the y1,y» coordinate system (2pt).
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(3) Find all of the half line solutions for the system # = BZ. (2pt) Sketch them
into the y;, 2 coordinate system (2pt).
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Exercise 12. (5pt)
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(1) Consider the second order equation y” + 3ty — cos(t)y = —3e’. Write this

equations as a planar system of first-order equations. (2pt)

Wk v >@' ‘

%”=V

V= =2y 4 wostd) g = pel

(2) Consider more generally an n-order equation 3™ = F(¢,y,
can you write this as a system of first-order equations? (3pt)
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