33B Final

TOTAL POINTS

100/100

QUESTION 1
1homogenous eon 7/7

v + 2 pts Homogeneous
v + 1 pts Substitution
+ 3 pts Single-Variable Integrating Factor
v + 2 pts Making Exact
v + 2 pts Solving
+ 0 pts No Points

QUESTION 2

2 separableegns/5

v - 0 pts Correct

- 1 pts minor mistake

- 1 pts need more simplification

- 5 pts no work

- 3 pts know it's separable equation, fail to do the
partial fraction decomposition

- 2 pts right hand side is polynomials of x,
integration can be calculated directly.

- 3 pts idea is correct, need calculation

QUESTION 3
forcing term10 pts

3.1 polynomial 2/2
v - 0 pts Correct
- 0.5 pts b=-1
- 0.5 pts c=-1
- 0.5 pts a=2
- 2 pts wrong

3.2sin4/4
v - 0 pts Correct
- 1 pts missing cos in the Setup/t for cos in
Setup/wrong second setup

- 1 pts computational mistake

- 2 pts missing 2 in the differential
- 4 pts wrong/no answer

- 2 pts missing second step

- 2 pts computational mistake

- 0.5 pts missing t in answer

- 0.5 pts missing - in the answer

- 1 pts didn't finish

-1 pts missing 1 step

3.3 general solution 4/4
v - 0 pts Correct
- 1 pts no/wrong characteristic polynomial
- 1 pts no/wrong roots
- 1 pts no/wrong homogeneous solution
- 1 pts wrong final answer
- 4 pts wrong/no answer
- 0.5 pts - missing for polynomial

- 0.5 pts missing t for cos/wrong answer for trig part

QUESTION 4

4 system 10/10
v - 0 pts Correct
- 1 pts Incorrectly identified the eigenvalues or their
algebraic multiplicity.
- 2 pts Incorrectly found the eigenvectors.
- 2 pts Incorrectly found generalized eigenvectors.
- 2 pts Incorrect coefficients or powers of t or (A-L )
in general solution
- 1 pts Wrong vectors in general solution.
- 2 pts Failed to solve IVP.
- 1 pts Arithmatic error

- 1 pts Got an unsolvable system when solving IVP.

QUESTION 5
2nd linear differential equation g pts



s.1verify 4/4
v - 0 pts Correct
- 2 pts incorrect calculation
- 2 pts not finished
- 4 pts no work

- 3 pts some work

5.2 find general solution 4/4

v - 0 pts Correct

- 4 pts Incorrect calculation of homogeneous. For
second order linear differential equation, use
y_g=cT*y_h1+c2*y_h2+y_p. yly2,y3 can be
decomposed in that way, hence we can get y_h1=y1-
y2,y_h2 =y2-y3.

- 2 pts incorrect calculation of y_h1, y_h2, but idea
is correct

- 3 pts incorrect calculation of y_h1,y_h2

- 3 pts some work

-1pts y_g=cl*y_h1+c2*y_h2+y_p

- 1 pts no calculation detail

QUESTION 6
linear system 9 pts

6.1find general solution5/5
v - 0 pts Correct
- 3 pts eigenvector: solve for (A-\lambda*l)v = 0.
- 2 pts some calculation error\no finished
- 1 pts final answer incorrect
- 5 pts no work
- 3 pts calculation error, incorrect eigenvalue,

eigenvector, idea is correct

6.2 spiral? 1/1
v - 0 pts Correct

-1 pts incorrect

6.3 sink\source? 1/1
v - 0 pts Correct

-1 pts incorrect

6.4 direction? 2/2

v - 0 pts Correct
- 2 pts wrong

- 1 pts Somework

QUESTION 7

7 9/9
v - 0 pts Correct
- 1 pts one entry wrong
- 2 pts two entries wrong
- 3 pts three entries wrong
- 4 pts 4 entries wrong
- 5 pts 5 entries wrong
- 7 pts all entries wrong
-1 pts incorrect initial value
- 2 pts initial value missing
- 9 pts wrong/ no answer

- 2 pts not taking concentration

QUESTION 8
8 pts

813/3
v + 1 pts Correct Roots
v + 2 pts Phase Line
+ 0 pts No Points

82 3/3
v +1 pts Curves
v + 1 pts 1 Stability
v + 1 pts 3 Stability
+ 0 pts No Points

83 2/2
v + 1 pts Correct
v + 1 pts Justification
+ 0 pts No Points

QUESTION 9
9 pts

91 4/4
v - 0 pts Correct

- 4 pts Didn't know to solve x*2-3x+2=0.



- 2 pts Got the wrong roots.

- 2 pts didn't write solutions

9.2 3/3
v - 0 pts Correct
- 1 pts Didn't mention uniqueness theorem.
- 2 pts Didn't say that uniqueness means solution

cannot cross the solutions x=1and x=2.

93 2/2
v - 0 pts Correct
- 1 pts Wrong answer

- 1 pts Inadaquate justification.

QUESTION 10
9 pts

101 3/3
v - 0 pts Correct
- 1 pts Didn't use the definition of exact.
- 2 pts Incorrectly solved for b and m.

- 1 pts Incorrectly solved for one of b or m.

10.2 6/6
v - 0 pts Correct
- 1 pts Minor Calculation error.
- 2 pts Found antiderivative, but not solution (need
to set F(x,y)=C).
- 2 pts Did not use the correct algorithm to solve.
- 6 pts Wrong/Blank
- 1 pts Incorrectly solved for g'(y) or h'(x).

QUESTION 11
11 pts

11 3/3
v +1.5 pts Correct for A
v + 1.5 pts Correct for B
+ 0 pts No Points

1.2 4/4
v + 2 pts Eigenvector
v + 2 pts Sketch

Page 3

+ 0 pts No Points

1.3 4/4
v + 2 pts Two Eigenvectors
v + 2 pts Star Behavior
+ 0 pts No points

QUESTION 12
5 pts

121 2/2
v - 0 pts Correct
- 0.5 pts did not solve for V' (correctly)
- 2 pts no answer/ wrong answer

- 1 pts wrong substitution

12.2 3/3
v - 0 pts Correct
- 3 pts wrong/no answer
- 2 pts for trying
- 1 pts missing F(t, y, ..., y_{n-1}) in answer/missing '
in the answer
- 1.5 pts only using one variable
- 1 pts missing equations in answer
- 1 pts using y”\{i} in equations

- 1 pts not adding additional equations
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Exercise 1. (7pt) Solve the following equation. (Hint: Find the integrating factor)
(2* + %) dz — 2zy dy = 0

a;zp.m&-f:i eer VWV et g" 2d




Exercise 2. (5pt) Solve ¢ = y(y + 1){z + 2)(z + 3)

dy
ﬁ% = AZ},(%+,J (st 23 e+ 3)
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Exercise 3. (10pt) Find a particular solution to the following two differential equa-
tions

(1) ¢ + 4y = 8¢ — 4t (2pt)

.2 ‘
Guess aj =0t  4bt 4.
M
Al = Dottt b
¢F
e e
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R TG Fe . N
o | ’16/1?{%2%"1% —€ - y
7
= 7 41 J ,,,,,,,,,,, T T
= & - o T2

hbo <4 D b=
so e =0 = =

¢

3 A ecos L2

A
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(IP! V= o sin (24 “bb co (24}

o
Z

i

“tijembtlon sin (260 b {2¢1]



(3) Give the general solution to the following differential equation
y" + 4y = 8sin(2t) — 8t + 4¢. (4pt)

we gensider e homogeneous efpriian -

//‘JI TL{« / CO .

¢
N
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5 =

>\ = 27, - 3=.
@f*mz cos L€} + 4 sin{24)
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Exercise 4. (10pt) Find first the general solutions to the following system and after-

wards the solution to the initial value problem.
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Exercise 5. (8pt) Consider the differential equation
Py — B2y + (E+2y =20 ~1)—te+1), (>0)

(1) Show that g = €*(2t + 1) — (£ + 1) is solutions to the above equation. (4pt)
(Show ALL your calculations in detail for full credit)

K o & _Ll, . 2 {— /
.«’;-!.,,’y = 1(‘667—.{,6”’)%6 _ = .,{,e P
g
g L € o ~ip (C
"'?:’1%2: 2{1’3{’49T"f Je 2fe 45
» oot % | PEENSY S v, D I B A2 S
— 2§~ 45 | - {7+ 28} 2% Ze p
tHd = £ ate T e '
s ’w.!—:‘ v
= i
- —te -ty £ .
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(2) Given that y» = e*(t+ 1)+ (t—1), and ys = *(1 — ) + (2t — 1) are also solutions
to the above equation, find the general solution to the equation. Justify your

answer. (4pt
swer. (4pt) inhomaycneous

"-. 1. ev. y o
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Exercise 6. (9pt) Let

(1 =2
2-(2 7)
and consider the system of differential equations § = Ay.
(1) Give the general solution for § = A7 (5pt)

W-c //f(/f i}ﬁqtfivé:,:'rv(;,;. /y:(’,,{-;/-’)-l‘i‘f’ !9,4' A :
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(2) Conclude that the equilibrium point is a spiral. (1pt)
lbes & T 4D

Two "COWFaEEa‘L 6'5‘334” Wi

(3) Is it a sink or a source? ' (1pt)
Re >} >0 £ =T >0

.

Spuree

( @'}*ﬁ‘ %’g,/‘ft’vd.fj-p“g&r Lo 4 ;r-of@ﬂ?i@i,j_

(4) Does the spiral rotate clockwise or counterclockwise? (2pt)
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Exercise 7. (9pt)
Consider the above mixing problem with the following data.
e at time t = 0 there is 0 Ib of salt in tank A, 10 1b of salt in tank B, and 20 Ib
of salt in tank C.
e Tank A contains initially 60 gallons of solution, Tank B contains initially 120
gallons of solution and Tank C contains initially 30 gallons of solution.
e 6 gal/min of water enters tank A through the top far left pipe.
e The solutions flows at
— at 6 gal/min through the upper left pipe
— at 12 gal/min through the lower left pipe
— at 3 gal/min through the upper right pipe
— at 9 gal/min through the lower right pipe
e 6 gal/min of solutions leaves tank C through the bottom far right pipe.
Set up an initial value problem that models the salt content z4(t) and z5(t) and zc(t)
in tank A B and C at time ¢ (you do N OT have to solve it!).

.Z,V.C (,_u.{ o l"'\‘;.s." e )Wfﬂuﬁvl&

a0} =D
. Apl
& adAiti (A Cew b Yf&/"/& SHGuE DI Fea T
We see Hhet volmee 14 Ceox Stogs For ga}ﬁ 0.
/ \ 12 Ty -
x‘én’-):«fm”«*’“'c“ cl(o)= 20,
A 22
- 3
N A 13 5 r} —— }
{é (¥} = % {,;; xﬁ({J e Xg [} F 35X (4
PN &
it = + b - A (8)

Y3 i
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Exercise 8. (8pt)
Consider the differential equation

— 52 + Tz — 3)
(1) Identify the equilibrium points and sketch the phase line diagram of the equa-

tion. (3pt) ..

‘\/‘/L bb ser v @

(2) Sketch the equilibrium points on the tz-plane and 1dent1fy the stable and unsta-
ble points. The equilibrium solutions divide the ¢z-plane into regions. Sketch
at least one solution curve in each of theseregions. (3pt)

A

.

(3) Does there exist a solution of the equation, x(t), satisfying z(0) = —1 and
z(2) = 07 Justify your answer. (2pt)

i] . "in 1 [ J. g
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* ST

£ s
..’{1 L“C{'?if’",

9
a
9}
<
5
o
5
=,
€2
4
G
&
B
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Y]
=0 (1) : wl See Jhod  Ahece fxisis
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Exercise 9. (9pt) Consider the differential equation
dz _ 2" ~3z+2
dt tx
(1) Find all constant solutions of the above equation. (4pt)

%:@,W)

(2) Argue that the range of the solution to the initial value problem z(1) = 1.2 is
-contained in (1,2). (3pt)

i
i i
Eodh TRz ef

e

j “:;y‘l 2x -3
At

FoExE =
IR L AT e (oetinw Ol
£X + x*

foe all x>0, o-d dgeefrre unigneress applies 5 findfions
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omdl 2} st pod Crass XZ i or xz2  AS Sneh . e ot
5*?’0!‘%’5/’?/\4’/.5'}; i T\fr@"if?_i apd seeh o So b $i0n '3 CG../;'?C\,Q'?&'J{ ia 4‘/ : §

(3) Can you apply the existence theorem to the initial value problem X0) = 07
(1pt) Justify your answer. (1pt)

we |
£=0 o S0 Exisience
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Exercise 10. (9pt)

(1) Find the value of ‘the constant b and m such that the following equation is exact
on the rectangle (—o00,00) X (—o00,0). (3pt)

d
2(z + zy?) + blz™y + yz)ﬁ— =(

(2) Solve the equation using the value of b and m you obtained in part (a). (6pt)

i §oog.
"’h’ L Egiliipen )
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Exercise 11. (11pt) Let
3 —2
= %)
2 0
2-(; 3)

(1) Determine where in the trace-determinante plane the system 7 = A% and &' =
BZ fit. (3pt) _jeuree
Cor 2= A7 1767 4D = 74 -
5 / | T =40 =248 degongrote  mocle
4 D= q ) 5 e &€
. """"—H &
e. p D '
' A / (6.5} focks

i
N\ /

D= 4. T =4D= 14 \ (as) e B
S : )
. 7

!”‘/ 5 3
| olegenecote soolei sovece |

(2) Find all of the half line solutions for the system ¢’ B
into the y1, y» coordinate system (2pt). (p-D7) L
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(3) Find all of the half line solutions for the system # = BZ. (2pt) Sketch them
into the ¥, ¥» coordinate system (2pt).
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Exercise 12. (5pt) ' '

(1) Consider the second order equation y” + 3ty — cos(t)y = —3e!. Write this
equations as a planar system of first-order equations. (2pt)

= P36 1o ey — 30t
Let s i {«u =3 +leo U9 - 3e

v =

d

(2) Consider more generally an n-order equation ¥™ = F(t,y,...,4™ ). How
can you write this as a system of first-order equations? (3pt)

led .= @ )

“ I

| /l',ﬁ:1 = F({} y"l /U’F £ 7 ‘E/‘“l°§}




