20W-MATH33B-2 Final Exam

ANDREW NG

TOTAL POINTS

100/100

QUESTION 1

1Integrating Factor Question 5/5
v - 0 pts Correct
- 1 pts Dropped/introduced minus sign
- 5 pts No progress

- 4 pts Major errors

QUESTION 2

2 Mixing Question 5/5
v - 0 pts Correct
-1 pts Minor error
- 2 pts Correct S(t) but wrong final answer
- 3 pts Initial value error
- 4 pts Major errors

- 5 pts No progress

QUESTION 3
Undetermined Coefficients 10 pts

3.1Real Method 5/5
v - 0 pts Correct

-1 pts minor error

- 2 pts Click here to replace this description.

-3 pts -3

- 4 pts Click here to replace this description.

-5 pts -5

3.2 Complex Method 5/5
v - 0 pts Correct

- 1 pts Click here to replace this description.
- 2 pts Click here to replace this description.
- 3 pts Click here to replace this description.
- 4 pts Click here to replace this description.

- 5 pts Click here to replace this description.

QUESTION 4

2x2 Systems 20 pts

41Eigenvalues14/4
v - 0 pts Correct
- 2 pts characteristic polynomial incorrect
- 2 pts eigenvalue incorrect

- 1 pts one eigenvalue incorrect

4.2 Phase Plane 14/4
v - 0 pts Correct
- 2 pts both eigenvectors incorrect

- 1 pts one wrong eigenvector

- 1 pts direction of motion or trajectory incorrect

- 1 pts eigenvector on the plane incorrect

4.3 Equilibrium12/2
v - 0 pts Correct
- 2 pts incorrect type

-1 pts incomplete

4.4 Eigenvalues 2 4/4
v - 0 pts Correct
- 2 pts characteristic polynomial incorrect

- 1 pts eigenvalues error

45Phase Plane 2 4/4
v - 0 pts Correct
- 2 pts eigenvectors incorrect

- 1 pts direction of motion incorrect

4.6 Equilibrium 2 2/ 2
v - 0 pts Correct
- 1 pts not specific enough

-1 pts error

QUESTION 5



Unknown ¢ 16 pts

5.1 Saddle Point4/4
v - 0 pts Correct
- 2 pts Error

- 4 pts Incorrect

5.2 Nodal Source 4/4
v - 0 pts Correct
- 2 pts Error
- 4 pts Incorrect

- 1 pts Minor Error

5.3 Nongeneric4/4
v - 0 pts Correct
- 2 pts Error
- 1 pts Whoops

- 4 pts Incorrect

5.4 No Sinks 4/4
v - 0 pts Correct
- 1 pts Error
- 2 pts Not Complete

- 4 pts Click here to replace this description.

QUESTION 6
2x2 Exponential 10 pts

6.1 Infinitely Many Solutions 3/3
v - 0 pts Correct
- 2 pts You need to explain why there are infinitely
many equilibrium solutions besides just stating that
the matrix is singular.

- 3 pts Incorrect

6.2 Dimension of Nullspace 3/3
v - 0 pts Correct

- 3 pts Incorrect

6.3 Fundamental Seta/a
v - 0 pts Correct

- 1 pts Minor error

- 2 pts Found eigenvector and generalized
eigenvector, but wrong final answer
- 3 pts Major errors

- 4 pts No progress

QUESTION 7
3x3 Exponential 14 pts

7.1 Characteristic Polynomial & Eigenvalues
4/4
v - 0 pts Correct
- 1 pts Click here to replace this description.
- 2 pts Click here to replace this description.
- 3 pts Click here to replace this description.

- 4 pts Click here to replace this description.

7.2 Dimension of Nullspaces 4/ 4
v - 0 pts Correct
- 1 pts Click here to replace this description.
- 2 pts Click here to replace this description.
- 3 pts Click here to replace this description.

- 4 pts Click here to replace this description.

7.3 Fundamental Sete6/6
v - 0 pts Correct
- 1 pts Click here to replace this description.
- 2 pts Click here to replace this description.
- 3 pts Click here to replace this description.
- 4 pts Click here to replace this description.
- 5 pts Click here to replace this description.

- 6 pts Click here to replace this description.

QUESTION 8
8 True/False 20/ 20

- 2 pts a incorrect
- 2 pts b incorrect
- 2 pts c incorrect
-2 pts d incorrect
- 2 pts e incorrect
- 2 pts fincorrect
- 2 pts g incorrect

- 2 pts h incorrect



-2 ptsiincorrect
- 2 ptsj incorrect
v - 0 pts all correct
- 20 pts can't find #8 page
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1. (5 points) Suppose the first order linear differential equation z’ + p(t)z
integrating factor v(t) = sec(t). What is p(t)?

X 1+ (pen) ¢ = £
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2. (5 points) A recipe calls for a gallon of salt water solution containing 5 ounces of a

salt.
concentration.

In your 5 gallon container, you accidentally create a solution with twice that
Suppose you can pour pure water into your container at a rate of 1

gallon per minute while draining it at the same rate. How long will you have to do this
to bring your container to the correct concentration? (You may use a calculator to round

your answer to one decimal place).
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3. (a) (5 points) Consider the differential equation

y" 4+ 2y —y = —5sin(2t)

Let y,(t) = Acos(2t) + Bsin(2t) and use the method of undetermined coefficients
_— to calculate A and B. State the particular solution.
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(b) (5 points) Consider the differential equation

! it
0 g B

Let z, = ae*" and use the method of undetermined coefficients to calculate a (sim-
plify so that a has real denominator, if necessary). State the (complex) particular
solution in the form x(t) + iy(¢).
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4. (20 points) For each the systems below:

x,:<3 —1)35 y,:<6 =04

I ; F

Nl

(a) (4 points) Give the charac@}ristic polynomial and caﬁculate the. eigenvalues/of the
matrix. o elycynee y Sy

(b) (4 points) Draw the phase plane portrait . Label the direction of motion (forward
time), all eigenvectors, and the direction of rotation, if applicable.

(¢) (2 point) Classify the equilibrium solution. -

For the firsh 0ne "

(&) TA) =4 gerip)=3 g e
PN = A= T(A)) ¥ det () ‘ hetgAsts (=) )

2 L2 LT " g > = ')
b=l NV w oy g (4
(Jui?',i - (: eﬂ??;" (:,( 83{-[0’)

(C) f)f)(JG‘ g,OL/fCC; LI(’(:;LI";( TI'WD‘; “,5’ = "L = q 7«7
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5. Let ¢ be a real number and consider the system

, e 0
v=(5 9)s
4 points) For what values of ¢ will the equilibrium solution be a saddle point?
)
)
)

4 points) Explain why no value of ¢ will give a nodal or spiral sinks.

4 points) For what values of ¢ will the equilibrium solution be a nodal source?

4 points) What values of ¢ give nongeneric equilibrium solutions?
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6. Consider the system

.

(a) (3 points) Show that the system has infinitely many equilibrium (i.e. constant)
solutions.

(b) (3 points) What is the dimension of the nullspace of A?

(¢) (4 points) Find a fundamental set of solutions (write your final answers explicitly,
without exponential matrices).
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7. Consider the following matrix

| i
A=t ot U1
6- 0.4

(a) (4 points) Give the characteristic polynomial of A and calculate the eigenvalues of
A.

(b) (4 points) Determine the dimension of the nullspace of (A—\;I) for each eigenvalue
A; found above.

(¢) (6 points) Find a fundamental set of solutions to the system y' = Ay (write your
final answers explicitly, without exponential matrices) 4
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8. (20 points) True or False (2 points each). All matrices are assumed to have real entries.

(a) @or False) The differential equation P(x,y)dr — Q(z,y)dy = 0 is exact if

oP - 00
gy - Oy
(b) (True 0@) If the eigenvalues of a 2 x 2 fhatrix A arﬁoth positive, then the
nonequilibrium solutions to x' = Az all.satisfy lim; . z(t) = 0. S
< N \ $ \ P ;
(ﬂ,;c ,\qu],p> i %, end ), : : h({p\_ > o4

(¢) (True or @, If xy is an equilibrium solution for an autonomous equation
x' = f(x), then x, is stable if f'(zo) >.0. , o
= | } 4 {

VA €

(d) @ or False) A 3 x 3 matrix cannot have all complex eigenvalues.

The function v(t) = e~ /PO is an integrating factor for
ST

V7o Uld bLp o

drq A// S/

o
5 +p(t)r = f(t) ’ .

(f) (True or @; There is a polynomial solution to 3y’ = 4 — y%.

(g) r False) If A is any n x n matrix and v is any n-vector, then y(t) = e'*v
is a solution to the linear system y' = Ay.

(h) (True or@ If A, B are 2 x 2 matrices with det(A) = — det(B) and trace(A) =
—trace(B), then either 2/ = Ax or 2/ = B has a saddle point equilibrium solution.

T 41§ R
o ol zero< b= ) (1%) (fm
(i) @ or False) If A is a 2 x 2 matrix with det(A) = 0, then 2’ = Az has infinitely
many equilibrium solutions \ _Sx 40

A

(j) ®0r False) The level set 2y + y* = ¢ solves the differential equatioﬁ

lgd.r + (2y+x)dy =10 \
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