21W-MATH33B-2 Final Exam

JOE PINTO, SR

TOTAL POINTS

96 /100

QUESTION 1

Q1s pts

11M11a2/2
v - 0 pts Correct

- 2 pts Incorrect

1.21b 272
v - 0 pts Correct

- 2 pts Incorrect

1.31co0/2
- 0 pts Correct
v - 2 pts Incorrect

1.41d 2/2
v - 0 pts Correct

- 2 pts Incorrect

QUESTION 2
2Q25/8
- 0 pts Correct
- 1 pts Sign error / doesn't satisfy the initial condition
-1 pts Misc. error
- 2 pts Didn't write y explicitly
- 2 pts Computational error
- 3 pts Didn't use the initial condition (or applied it in
a way that doesn't make sense)
v - 3 pts Error in part 1 that throws off the rest
- 4 pts Subsequent parts unfinished
- 4 pts No constant in part 2

- 8 pts Incorrect or blank

@ vy is also a function of x, so (xy)' =xy' +y

QUESTION 3

3Q310/10

v - 0 pts Correct

- 2 pts Did not rule out possibility that top entry of
an eigenvector is $$0$$

- 1 pts Minor errors

- 3 pts Moderate errors

- 5 pts Did not consider eigenvectors at all

- 5 pts Believed eigenvectors could be chosen at
will

- 6 pts Did not consider $$p_1$$ at all, and thus did
not consider top row at all

- 5 pts Believed $$p_1$$ solution had eigenvectors,
and thus never considered top row

- 6 pts Showed $$p_1=p_M$$, and made no further
claims

- 1 pts Correctly found eigenvectors, but did not
mention reduction to top row only

- 5 pts Claimed one eigenvector was
$$\begin{pmatrix} 1\\ 1\end{pmatrix}$$, nothing
mentioned about the other

- 3 pts Correctly found eigenvectors, but claimed
that combining vectors and scalars could reduce to
the other solution

- 4 pts Did not find eigenvectors, and claimed that
they could be combined with scalars to arrive at
$$p_1$$ solution

- 3 pts Eigenvectors would not work if O is an
eigenvalue, also did not properly indicate top row and
absorption of constants

- 4 pts Began work on eigenvectors but could not
finish

- 6 pts Believed both versions led to eigenvectors
both being $$\begin{pmatrix} 1\\ 1\end{pmatrix}$$

- 8 pts Complete misunderstanding of matrix

version, or did not attempt matrix version at all



QUESTION 4

Q410 pts

414a5/5
v - 0 pts Correct

- 1 pts Incorrect definition of matrix exponential.

424bs/5
v - 0 pts Correct
- 1 pts Incorrect value of $$\alpha$$.
- 0.5 pts Using $$\alpha A$$ instead of $$A$$ in
the formula.

- 0.5 pts Matrix computation errors.

QUESTION 5

Q5 46 pts

515a3/6

- 0 pts Correct

-1 pts Minor errors with mass

- 2 pts Errors with signs

- 2 pts Had damping terms for other masses

- 4 pts No attempt at damping terms
v - 3 pts Had damping attached to position instead
of velocity

- 4 pts Had $$c$$ present on all terms?

- 4 pts Had damping listed as a constant, tried to
write as inhomogeneous?

- 5 pts Serious mistakes

- 2 pts One damping term incorrect

- 2 pts Attached $$x_1,x_2%$$ to $$c$$ in the matrix
(but in the correct places)?

- 2 pts Missing one $$\fraclk_2)}m_i}$$ term

- 2 pts Simple mistake with $$x'$$ vs $$y'$$

- 3 pts No mass terms

- 2 pts Included $$x,x,y,y'$$ terms in the matrix

- 2 pts Errors with $$k_i$$'s

525b4/4
v - 0 pts Correct
- 1 pts Believed in a fixed sign for $$\beta$$
- 2 pts Complex, unsure of $$\alpha$$ sign

- 2 pts Claimed $$\alpha>0%$$

- 2 pts Claimed $$\alpha=0%$$

- 4 pts Nothing helpful

- 2 pts "Complex and negative"

- 1 pts Claimed $$\alpha>0$$ to maintain the minus
sign in the quadratic formula

- 3 pts "Small distinct eigenvalues,
$$\alpha>0,\beta<0$$"

-1 pts Claimed $$\alpha\leq 0$$ only

535Cc3/4
- 0 pts Correct
v -1 pts Implied only two eigenvalues
- 2 pts Real, but sign wrong (or
unmentioned/unclear)
- 4 pts Nothing helpful
- 3 pts Believed complex with negative $$\beta$$
- 2 pts Believed half of the eigenvalues were

complex

545d4a/a
v - 0 pts Correct

555e6/6
v - 0 pts Correct
- 1 pts Incorrect value of $$(A - \lambda 1)*2$$.

565f6/6
v - 0 pts Correct
- 3 pts Checked eigenvalue but not eigenvector
- 3 pts Computed A- lambda | but did not apply to
the vector

- 6 pts Incorrect or no work

575g2/2
v - 0 pts Correct
- 2 pts Incorrect / no answer

- 1 pts Click here to replace this description.

5.85h 10/10
v - 0 pts Correct

- 2 pts error in solution associated to generalized



eigenvector w

- 3 pts incorrect solution associated to w

- 5 pts Does not give real valued solutions
associated to complex conjugate pair of eigenvectors

-1 pts incorrect solution associated to v

- 2 pts error in solutions associated to complex
conjugate pair

- 4 pts incorrect/incomplete solutions associated to
complex conjugate pair

- 10 pts Incorrect / no work

595i4/4

v - 0 pts Correct

- 4 pts Incorrect / no work

- 2 pts Does not indicate long term behavior or
incorrect assessment

- 2 pts Incorrect solutions x(t), y(t)

- 1 pts Does not indicate long term behavior
approaches (0,0)

- 1 pts error in one of the solutions

QUESTION 6

Q618 pts

616a4/4
V+2ptsy=2
v + 2 pts $$x = \pi k, k\in\mathbb Z$$
+ 1 pts Only finitely many solutions for x

+ 0 pts Incorrect or blank

626bsg/s
v + 4 pts Even multiples of $$\pi$$: saddle
v + 4 pts Odd multiples of $$\pi$$: spiral sink
+ 0 pts Incorrect or blank
+ 4 pts Med. partial credit (e.g. sign error/results
backwards)
+ 2 pts Partial credit

+ 1 pts Compute Jacobian but no other progress

6.36C6/6
v +1pts $$A = 0$$
v +1pts $$A = 1$$

Page 3

v +1pts $$A = -1$$
v + 1 pts $$A = 0$$ is inconclusive for any $$k$$
v +1 pts $$A = 1$$ is inconclusive for odd $$k$$
v + 1 pts $$A = -1$$ is inconclusive for even $$k$$
+ 0 pts Incorrect or blank
+ 2 pts Some progress but not specific, or partial

progress due to errors in (b)

6.4 6d(bonus) 5/0
v + 5 pts Correct
+ 3 pts Right idea, but some issues with explanation
+ 2 pts Believes non-saddles are always one type of
sink
+ 2 pts Believes non-saddles can be either source
or sink
+ 1 pts Believes non-saddles are always source
+ 1 pts On the right track, but with some
incomplete/incorrect elements

- 0 pts Nothing helpful



Final Exam, Page 2 of 15 Mar. 18, 2021

1. Circle TRUE or FALSE for each; no explanation necessary.

(a) [2 pts] The initial value problem
o =z, x(0)=0

has no solution because %L’L“ does not exist at z = 0.

TRUE

(b) [2 pts] Consider the 1st order ODE ¢y’ = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (1,4). c{ Y )
’

TRUE
(c) [2 pts] Consider the 1st order ODE y' = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (2, —5).
FALSE
(d) [2 pts] Consider a linear homogeneous nxn system y’ = Ay where A has a real eigenvalue

A that is repeated k times in the characteristic polynomial. Then there will be exactly k
Thearly independent solutions ¥ 1(t), ..., ¥ x(t) corresponding to A for this system.
\

FALSE



111a2/2
v - 0 pts Correct

- 2 pts Incorrect
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Final Exam, Page 2 of 15 Mar. 18, 2021

1. Circle TRUE or FALSE for each; no explanation necessary.

(a) [2 pts] The initial value problem
o =z, x(0)=0

has no solution because %L’L“ does not exist at z = 0.

TRUE

(b) [2 pts] Consider the 1st order ODE ¢y’ = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (1,4). c{ Y )
’

TRUE
(c) [2 pts] Consider the 1st order ODE y' = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (2, —5).
FALSE
(d) [2 pts] Consider a linear homogeneous nxn system y’ = Ay where A has a real eigenvalue

A that is repeated k times in the characteristic polynomial. Then there will be exactly k
Thearly independent solutions ¥ 1(t), ..., ¥ x(t) corresponding to A for this system.
\

FALSE



1.21b2/2
v - 0 pts Correct

- 2 pts Incorrect
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Final Exam, Page 2 of 15 Mar. 18, 2021

1. Circle TRUE or FALSE for each; no explanation necessary.

(a) [2 pts] The initial value problem
o =z, x(0)=0

has no solution because %L’L“ does not exist at z = 0.

TRUE

(b) [2 pts] Consider the 1st order ODE ¢y’ = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (1,4). c{ Y )
’

TRUE
(c) [2 pts] Consider the 1st order ODE y' = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (2, —5).
FALSE
(d) [2 pts] Consider a linear homogeneous nxn system y’ = Ay where A has a real eigenvalue

A that is repeated k times in the characteristic polynomial. Then there will be exactly k
Thearly independent solutions ¥ 1(t), ..., ¥ x(t) corresponding to A for this system.
\

FALSE



1.31co0/2
- 0 pts Correct
v - 2 pts Incorrect
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Final Exam, Page 2 of 15 Mar. 18, 2021

1. Circle TRUE or FALSE for each; no explanation necessary.

(a) [2 pts] The initial value problem
o =z, x(0)=0

has no solution because %L’L“ does not exist at z = 0.

TRUE

(b) [2 pts] Consider the 1st order ODE ¢y’ = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (1,4). c{ Y )
’

TRUE
(c) [2 pts] Consider the 1st order ODE y' = y/y? — 25. The existence and uniqueness theorem
guarantees that there is a unique solution through the point (2, —5).
FALSE
(d) [2 pts] Consider a linear homogeneous nxn system y’ = Ay where A has a real eigenvalue

A that is repeated k times in the characteristic polynomial. Then there will be exactly k
Thearly independent solutions ¥ 1(t), ..., ¥ x(t) corresponding to A for this system.
\

FALSE



1.41d 2/ 2
v - 0 pts Correct

- 2 pts Incorrect
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Final Exam, Page 3 of 15 Mar. 18, 2021

2. [8 pts] Consider the first order non-linear differential equation
v

$y/ +y= 3343/3
where y is a function of z > 0. Solve for y(z) having initial value y(1) = —1 by following these
steps:
1. Define a new function z(z) := zy, find 2/(z) = %, and substitute to turn the given

differential equation into a new one for 2/, z, and x.
2. Solve the new differential equation for z(z) (it should be easier).

3. Knowing z(x), find y(z).

0 Write your answer as an explicit function y(x).

Lot 2(4‘():3:3/ z’(:(): :3 > 3: Z'Cx’)




2Q25/8
- 0 pts Correct

- 1 pts Sign error / doesn't satisfy the initial condition

- 1 pts Misc. error

- 2 pts Didn't write y explicitly

- 2 pts Computational error

- 3 pts Didn't use the initial condition (or applied it in a way that doesn't make sense)
v - 3 pts Error in part 1that throws off the rest

- 4 pts Subsequent parts unfinished

- 4 pts No constant in part 2

- 8 pts Incorrect or blank

@ vy is also a function of x, so (xy)' =xy' +y
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Final Exam, Page 4 of 15 Mar. 18, 2021

3. [10 pts] Suppose we have a second order linear, homogeneous differential equation
z’ 4+ ax’ + bz = 0.
We can solve directly using the characteristic polynomial for this equation (call this polynomial
p1(A\)) OR we can transform this into a system of 1st order linear equations and solve using

the characteristic polynomial for the corresponding matrix (call that polynomial pys(A), M for
matrix).

Prove that these two approaches are equivalent. That is, prove that pi(\) = pas(A) AND that
our resulting general solution for x is the same. You may assume that the eigenvalues are real
and distinct (although this is not necessary).

® = \=a b Chodhite)

Dddie u- z 9 Uizt
Up = Up'="= —ale-buy,

-—
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]gy O we lpow zCR: C (zeu
RO ooy LY (o )

iy 461). foon

) (s —RB)=0
Y 0 alOLD): AQ{O ~ wf) (- i (7 R

Netetlet () 75 L. odp Prwm SN,
o U=, () + Cee C’)

veall x(F)zur) = Ce @)+[zg (f)
0 e o = resef %@K@



3Q310/10

v - 0 pts Correct

- 2 pts Did not rule out possibility that top entry of an eigenvector is $$0$$

-1 pts Minor errors

- 3 pts Moderate errors

- 5 pts Did not consider eigenvectors at all

- 5 pts Believed eigenvectors could be chosen at will

- 6 pts Did not consider $$p_1$$ at all, and thus did not consider top row at all

- 5 pts Believed $$p_1$$ solution had eigenvectors, and thus never considered top row

- 6 pts Showed $$p_1=p_M$$, and made no further claims

- 1 pts Correctly found eigenvectors, but did not mention reduction to top row only

- 5 pts Claimed one eigenvector was $$\begin{pmatrix} 1\\ 1\end{pmatrix}$$, nothing mentioned about the
other

- 3 pts Correctly found eigenvectors, but claimed that combining vectors and scalars could reduce to the other
solution

- 4 pts Did not find eigenvectors, and claimed that they could be combined with scalars to arrive at $$p_1$$
solution

- 3 pts Eigenvectors would not work if O is an eigenvalue, also did not properly indicate top row and absorption
of constants

- 4 pts Began work on eigenvectors but could not finish

- 6 pts Believed both versions led to eigenvectors both being $$\begin{pmatrix} 1\\ 1\end{pmatrix}$$

- 8 pts Complete misunderstanding of matrix version, or did not attempt matrix version at all
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Final Exam, Page 5 of 15 Mar. 18, 2021

4. Suppose that we have some matrix A who satisfies A2 = oA, where o # 0 is some scalar.

(a) [5 pts] Using the definition of e*4, prove that

giuee K-l o/40  HmieTma
w@,evww % AA?' }\(0(/&) 0((14) oA
2 e APz A(XA) = A

at 1

A

NOTE. e
siwe oz | +—’—-o(é +’~(0(*>z

k-
oA Ay S
{’Leh usf’%laoéﬂ Q’f‘”jm 38 ’ then ¢ —l zlo( J.O((-.fz,la’f
éA:hM*%AZ *"4 %«{ Sl

-——I+H\ +—~(0(A>+3< (0( >?J< ot |
9T4(£+f(—ét+ :is >A I+(/> []

(

(b) [5 pts] Use the previous part (even if you could not show it) to compute e** for the matrix

1
11].
1

g
>
”,.1
-
—_— -~
~
s
I
®
— = =
— =




414a5/5
v - 0 pts Correct

- 1 pts Incorrect definition of matrix exponential.
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Final Exam, Page 5 of 15 Mar. 18, 2021

4. Suppose that we have some matrix A who satisfies A2 = oA, where o # 0 is some scalar.

(a) [5 pts] Using the definition of e*4, prove that

giuee K-l o/40  HmieTma
w@,evww % AA?' }\(0(/&) 0((14) oA
2 e APz A(XA) = A

at 1

A

NOTE. e
siwe oz | +—’—-o(é +’~(0(*>z

k-
oA Ay S
{’Leh usf’%laoéﬂ Q’f‘”jm 38 ’ then ¢ —l zlo( J.O((-.fz,la’f
éA:hM*%AZ *"4 %«{ Sl

-——I+H\ +—~(0(A>+3< (0( >?J< ot |
9T4(£+f(—ét+ :is >A I+(/> []

(

(b) [5 pts] Use the previous part (even if you could not show it) to compute e** for the matrix

1
11].
1

g
>
”,.1
-
—_— -~
~
s
I
®
— = =
— =




424bs/5
v - 0 pts Correct
- 1 pts Incorrect value of $$\alpha$$.
- 0.5 pts Using $$\alpha A$$ instead of $$A$S$ in the formula.
- 0.5 pts Matrix computation errors.

Page 19



for meas 1

’M,d”.: ~}3,2E —quau/ez:j— Cl
RRY Mo 2.

Final Exam, Page 6 of 15

Mar. 18, 2021
5. Consider a system of two masses m; and mo connected by springs with spring constants

k1, ka2, k3 as shown below, where all of the motion takes place in a liquid with damping constant
c. The horizontal motions of m; and msg are tracked by x and y respectively.

Y
—

—
k‘l k2

k3
Soo~—

(a) [6 pts] Construct the system of 2nd order differential equations for z(t) and y(t), and

convert this system into a system of 1st order linear systems written in matrix format

U’ = AU. You can leave the constants m1, Mo, k1, ke, k3, ¢ in your answer.
. n — ]

Note . foel {P’T(C =mx" or =my" (

7938 | o

sof 2 Hg/aec /w(:,)

|
m, " = /zzac%zs,/est),cn
—_ -
bransbe to  T'-Aa W'z = Uy o
" : Ra 5y k2, _C
‘/(,\: X L(_z': X "’V—é— -m, 2‘;4—7/’, m, —
U= =) S SO TR Ty
L) ' ’ !
uw, = 3= = Uy
R A ek, e
W ..gs‘ Mo Mo 7"‘13 ¥
= R k _ky  _C
Lf Tn:_u'—a%{kb "‘1:. > uj
we S€e



515a3/6
- 0 pts Correct
- 1 pts Minor errors with mass
- 2 pts Errors with signs
- 2 pts Had damping terms for other masses
- 4 pts No attempt at damping terms
v - 3 pts Had damping attached to position instead of velocity
- 4 pts Had $$c$$ present on all terms?
- 4 pts Had damping listed as a constant, tried to write as inhomogeneous?
- 5 pts Serious mistakes
- 2 pts One damping term incorrect
- 2 pts Attached $$x_1,x_2%$ to $$c$$ in the matrix (but in the correct places)?
- 2 pts Missing one $$\frac{k_2)}{m_i}$$ term
- 2 pts Simple mistake with $$x'$$ vs $$y'$$
- 3 pts No mass terms
- 2 pts Included $$x,x',y,y'$$ terms in the matrix
- 2 pts Errors with $$k_i$$'s
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Question 5 continued ... Final Exam, Page 7 of 15 Mar. 18, 2021

(b) [4 pts] Think about the actual motion of such a damped system. If ¢ is very small
(think ‘underdamped’), use your physical intuition to deduce the types of eigenvalues
A must have (regardless of the exact values of the constants). Be as specific as you can
be. Real or complex? If real, positive/negative/zero/unsure? If complex « + i3, posi-
tive/negative/zero/unsure for both a and 57

‘f[w, @fagnua/aes will both be Cotvf/eif

o Sihte I+ S Lthde'ro/?@/ O(lz 7 a{up

dMi the 859”“24"\ e a{ Five be ako(mEM O;foc
eaakc?éte‘f/ o #CS I il

.o s wﬁof""ﬂ éemwge, e —9 @) dé' 14’9‘90

(c) [4 pts] Consider the same questions for the case when c is very large (think ‘overdamped’),
again using your physical intuition as far as possible.

abdfé e Volues Lo ‘WU be

[ oranvalugs will be neﬁafve )
) Wo{é’ wust B O (p( +— QO

4

@ «



525ba/a
v - 0 pts Correct
- 1 pts Believed in a fixed sign for $$\beta$$
- 2 pts Complex, unsure of $$\alpha$$ sign
- 2 pts Claimed $$\alpha>0$$
- 2 pts Claimed $$\alpha=0%$$
- 4 pts Nothing helpful
- 2 pts "Complex and negative"
- 1 pts Claimed $$\alpha>0%$$ to maintain the minus sign in the quadratic formula
- 3 pts "Small distinct eigenvalues, $$\alpha>0,\beta<0$$"
- 1 pts Claimed $$\alpha\leq 0$$ only
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Question 5 continued ... Final Exam, Page 7 of 15 Mar. 18, 2021

(b) [4 pts] Think about the actual motion of such a damped system. If ¢ is very small
(think ‘underdamped’), use your physical intuition to deduce the types of eigenvalues
A must have (regardless of the exact values of the constants). Be as specific as you can
be. Real or complex? If real, positive/negative/zero/unsure? If complex « + i3, posi-
tive/negative/zero/unsure for both a and 57

‘f[w, @fagnua/aes will both be Cotvf/eif

o Sihte I+ S Lthde'ro/?@/ O(lz 7 a{up

dMi the 859”“24"\ e a{ Five be ako(mEM O;foc
eaakc?éte‘f/ o #CS I il

.o s wﬁof""ﬂ éemwge, e —9 @) dé' 14’9‘90

(c) [4 pts] Consider the same questions for the case when c is very large (think ‘overdamped’),
again using your physical intuition as far as possible.

abdfé e Volues Lo ‘WU be

[ oranvalugs will be neﬁafve )
) Wo{é’ wust B O (p( +— QO

4

@ «



535Cc3/4
- 0 pts Correct
v -1 pts Implied only two eigenvalues
- 2 pts Real, but sign wrong (or unmentioned/unclear)
- 4 pts Nothing helpful
- 3 pts Believed complex with negative $$\beta$$

- 2 pts Believed half of the eigenvalues were complex
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Question 5 continued ... Final Exam, Page 8 of 15 Mar. 18, 2021

To consider a case where c¢ is ‘moderate’, suppose that the constants mq, ms, k1, ks, k3, C
have been chosen so that the resulting linear system is as follows:

0 1 0 0
, -2 =2 1 o
= 0 0 0 1 o

3 0 -4 -2

1
(d) [4 pts] Verify that A = —1 is an eigenvalue with associated eigenvector vV = _11 .
Té,b s omly, free fﬁ

(A>T <0
Checkivgt (=07 =

| o O ' (-1
-2 o |l 7| = [-2++ PN
o 1 z o, |7 O
3 ' ,I
S-Y+%|
kel ad 2 f1) o T assecisfeel
’ ' q?%aﬁf

(e) [6 pts] In fact, A = —1 is a repeated root. Verify that W= ((1)) is a generalized eigen-
0

vector for A\ = —1 corresponding to (A — \I)2.

, e / O Yo

[ o ~ - _— ’ C,é e)

cledk; + (4D O - Q o) e
0



545d4/a
v - 0 pts Correct
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Question 5 continued ... Final Exam, Page 8 of 15 Mar. 18, 2021

To consider a case where c¢ is ‘moderate’, suppose that the constants mq, ms, k1, ks, k3, C
have been chosen so that the resulting linear system is as follows:

0 1 0 0
, -2 =2 1 o
= 0 0 0 1 o

3 0 -4 -2

1
(d) [4 pts] Verify that A = —1 is an eigenvalue with associated eigenvector vV = _11 .
Té,b s omly, free fﬁ

(A>T <0
Checkivgt (=07 =

| o O ' (-1
-2 o |l 7| = [-2++ PN
o 1 z o, |7 O
3 ' ,I
S-Y+%|
kel ad 2 f1) o T assecisfeel
’ ' q?%aﬁf

(e) [6 pts] In fact, A = —1 is a repeated root. Verify that W= ((1)) is a generalized eigen-
0

vector for A\ = —1 corresponding to (A — \I)2.

, e / O Yo

[ o ~ - _— ’ C,é e)

cledk; + (4D O - Q o) e
0



555e6/6
v - 0 pts Correct
- 1 pts Incorrect value of $$(A - \lambda 1)*2$$.
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Question 5 continued ... Final Exam, Page 9 of 15 Mar. 18, 2021

(f) [6 pts] \ﬁfg that A = —1+2z is 8 complex eigenvalue with associated complex eigenvector
_3 61 CA \I)Z (A+(2)X )z=0
(0 [ +2
@‘M <= —Z —l 'l ) O ;;.S.g;
- IS

S o 4 --u

(-2)(12) -
212 -s(-1-2) -3-6
gg—C)[/ 2.)+IS

+2) q(~3~£) #5(-1-2})

2 ~4i f-§+’0/ 3-6 O\
SR @it 6i ~[2+IS (@) 2
o |=0

°

So T /5 a cawfét @?Qnmoé‘*/ VQ?Y \=-(+2;

\!

rd t6i 2 +24i -(5 - 30

(g) [2 pts] What is the fourth (and final) eigenvalue for A? f
uaa ¢

X: -152; CcoyT/ez( Con®



565f6/6
v - 0 pts Correct
- 3 pts Checked eigenvalue but not eigenvector
- 3 pts Computed A- lambda | but did not apply to the vector
- 6 pts Incorrect or no work
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Question 5 continued ... Final Exam, Page 9 of 15 Mar. 18, 2021

(f) [6 pts] \ﬁfg that A = —1+2z is 8 complex eigenvalue with associated complex eigenvector
_3 61 CA \I)Z (A+(2)X )z=0
(0 [ +2
@‘M <= —Z —l 'l ) O ;;.S.g;
- IS

S o 4 --u

(-2)(12) -
212 -s(-1-2) -3-6
gg—C)[/ 2.)+IS

+2) q(~3~£) #5(-1-2})

2 ~4i f-§+’0/ 3-6 O\
SR @it 6i ~[2+IS (@) 2
o |=0

°

So T /5 a cawfét @?Qnmoé‘*/ VQ?Y \=-(+2;

\!

rd t6i 2 +24i -(5 - 30

(g) [2 pts] What is the fourth (and final) eigenvalue for A? f
uaa ¢

X: -152; CcoyT/ez( Con®



5759 2/2
v - 0 pts Correct
- 2 pts Incorrect / no answer

- 1 pts Click here to replace this description.
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Mar. 18, 2021

Question 5 continued ... Final Exam, Page 10 of 15

(h) [10 pts] Write down the general solution for the system W’ = AW. Here are all of the

eigenvalue/eigenvector pairs you have been given:

1
) PR, R, 7(11),w
142
. -5
A=-1+420 = F=|

-1
15

O = O =

) (for (A — /\1)2)

we ‘ZWU\] f[t& SO/(A,AW &f u,{.: Aw u«);lw

W=-lc 5 a Wefe*’/w[ 700{ y

U, she CAI)é W, =eV= ( )w a soln

Y >3 . ..
fe | (oeipe)_
-~ [+2) > alf\O( ZC"F) e ﬁ

(There is more space on the next page)
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(More space for computations)

5 bt BT CEAS Pameb)

e

1420 SO %QW( sgé\‘f‘rm
° "L”] = | s Uy + G Uyr
< e [ccfsl ja ,

Cqll
{ (o4 +Qicosdt +isikdt _Qsmat

of
/ _
-2 ~Scos2t ~ §isinkt _¢ i) ’
= C [ -3ot it -3 sm2t +€ st _ (' ('> f e '+tt

(§ coslt +15¢ sz('

24 -2s»2f
1 C% st 5
2.‘( ZS;LZ- 1CUSZ+ "’Slh)—t e w3 C%z“*é‘s h
- C% %u- -Gsi u2+ [5costte

lSce'b?:P 15's|h2{' ( _¢€ 11:0;?;‘;;:&1"
B ’fe ~6cosd - dsint
50 4= Ye[aa-)J g= Im2e8] ot
Z_J 2sm Leostt +sindt
-t -gsin2t
£ '3“"”*6’ "H ze | "bowslt-5 w2t
e et 1S sin2t

l

(i) [4 pts] Convert your solution for U into a set of solutions for x(t) and y(t), and describe
the long-term behavior of such solutions in the zy-plane.

= b{ ‘2[&‘} I8 =y so:
:CGL>~ e [( G 14) + G (ot “suet )+ (as2t *5‘"2‘?7

5&)“ e [C (L(/*lt> 1'[5( ?>£0221’-+é$zﬁ2/~> +£([é%bt- lklﬁ
i@“ D:GL)&(}) o {000 , @ ._50 %
x ()30, 4IHPO



5.85h 10/10
v - 0 pts Correct
- 2 pts error in solution associated to generalized eigenvector w
- 3 pts incorrect solution associated to w
- 5 pts Does not give real valued solutions associated to complex conjugate pair of eigenvectors
-1 pts incorrect solution associated to v
- 2 pts error in solutions associated to complex conjugate pair
- 4 pts incorrect/incomplete solutions associated to complex conjugate pair

- 10 pts Incorrect / no work
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(More space for computations)

5 bt BT CEAS Pameb)

e

1420 SO %QW( sgé\‘f‘rm
° "L”] = | s Uy + G Uyr
< e [ccfsl ja ,

Cqll
{ (o4 +Qicosdt +isikdt _Qsmat

of
/ _
-2 ~Scos2t ~ §isinkt _¢ i) ’
= C [ -3ot it -3 sm2t +€ st _ (' ('> f e '+tt

(§ coslt +15¢ sz('

24 -2s»2f
1 C% st 5
2.‘( ZS;LZ- 1CUSZ+ "’Slh)—t e w3 C%z“*é‘s h
- C% %u- -Gsi u2+ [5costte

lSce'b?:P 15's|h2{' ( _¢€ 11:0;?;‘;;:&1"
B ’fe ~6cosd - dsint
50 4= Ye[aa-)J g= Im2e8] ot
Z_J 2sm Leostt +sindt
-t -gsin2t
£ '3“"”*6’ "H ze | "bowslt-5 w2t
e et 1S sin2t

l

(i) [4 pts] Convert your solution for U into a set of solutions for x(t) and y(t), and describe
the long-term behavior of such solutions in the zy-plane.

= b{ ‘2[&‘} I8 =y so:
:CGL>~ e [( G 14) + G (ot “suet )+ (as2t *5‘"2‘?7

5&)“ e [C (L(/*lt> 1'[5( ?>£0221’-+é$zﬁ2/~> +£([é%bt- lklﬁ
i@“ D:GL)&(}) o {000 , @ ._50 %
x ()30, 4IHPO



595i4/4
v - 0 pts Correct
- 4 pts Incorrect / no work
- 2 pts Does not indicate long term behavior or incorrect assessment
- 2 pts Incorrect solutions x(t), y(t)
- 1 pts Does not indicate long term behavior approaches (0,0)

- 1 pts error in one of the solutions
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6. Consider the following non-linear system of 1st order differential equations:
r=y-2
y = Asinz — 2y +4

where A is some arbitrary constant.

(a) [4 pts] Find the equilibrium points (there should be infinitely many of them).

shkp | Solve x=94--0 © ={=)

gB ‘ :(451711-26‘1‘(/ =0 @ = CA(x’y)

() 42029
@ /fD ‘6:2/ /f;;sz:O

ofe  AsnE=0 =T, o b
%{19)7 (7&»//’ fum r’

n1) b one2



616a4/4
V+2ptsy=2
v + 2 pts $$x = \pi k, k\in\mathbb Z$$
+ 1 pts Only finitely many solutions for x

+ 0 pts Incorrect or blank
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[8 pts] In the case that A = 8, use linearization to determine the type of each equilibrium
p'nthuyu answer clearly covers all of the points.

3y g%* Sf < )
Sws -

ot g ok 2 (277:,)_ )

SDCosTn

Seostty

@“ n ewy, codM= 8, > o “7‘>

QZ. f‘é (_W»\/Z> e &Hw@n n s el

/
@db// S =~ 30 w'= © W
fer (o® / (\8 ~Z>




626bg/s
v + 4 pts Even multiples of $$\pi$$: saddle
v + 4 pts Odd multiples of $$\pi$$: spiral sink
+ 0 pts Incorrect or blank
+ 4 pts Med. partial credit (e.g. sign error/results backwards)
+ 2 pts Partial credit

+ 1 pts Compute Jacobian but no other progress
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(c) [6 pts] There are precisely three values for A that can cause the linearization technique
———
to be inconclusive at certain equilibrium points. Find these three values, and for each of
them state which equilibrium points have inconclusive behavior.

(Wcanclosie whae T*-Up= =0 o sl D=0

=4 so U-40=0
| SO D = ’ g;l/c.S ﬂam/wbe. A@Aﬁ vior.
Neote D ~AcosTn = |

@Man A= O. D= O >0 s0 Lo have fleeuh{z/’«;%/a:i»:‘/afzz)
Lok ¢5 OL Ognlﬂ aaa( g vot 59&017‘( so thx @ 5

{le ? W &t/é/&h.
@T A '6 ja_wgrh obich  res D-=! \FvnAZi(Z[ ? ’,m
i CL)'Q at (T, 2) (QCG’( n

LZLW/’U' Sﬂue, I'I'I&SOM te 7L LID 0 Cc\'ﬂle ,_‘(/,Za,‘tht, /)"'é
@ b A- D= Wn wL by wers D- \P' n el Qiépjg o /60
when A=l y U@)’() have hmchsive g

it Jorin 77; 2 n e
sthee it /.es o >f/l¢( 74D= curve

SO - nemclosite éelmmv 4 A=l O



636C6/6

v +1pts $$A = 0%$$

v +1pts $$A = 1$$

v +1pts $$A = -1$$

v +1 pts $$A = 0$$ is inconclusive for any $$k$$
v +1 pts $$A = 1$$ is inconclusive for odd $$k$$
v + 1 pts $$A = -1$$ is inconclusive for even $$k$$

+ 0 pts Incorrect or blank

+ 2 pts Some progress but not specific, or partial progress due to errors in (b)
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(d) Bonus: worth 5 points max If A is some fixed value that is not one of the three ‘bad’
values you’ve found above, is it possible that all of the equilibrium points exhibit the
same behavior? Explain,

This 5 net fmié/e. This 15 bemuse

%Brflu /{71@7‘7‘7)“%’“7/ D=-A cosTm, A
en A#O-/ or | DW{(/ c)zci/éué bofreeh Qf’ﬁ -4 o
D oy z

on tuldler M S oolel 7 erh shee

cleporclts % pel o OF3 |
/ 1l s oo, costtn=—/. Since D osorbhs
‘S Q}f:’o/cd‘é?r'h = [ I’P n iR, {L—Q kﬁaw‘o)’ W;/{OX;/A?A

/Ze/ﬂwﬂ be. otae. and. £ /
batwean @ Spé(z%fbm* CDLO)/ avd oty @m& ?c_sp kj;:y
(b0 b o G Uil
Hot all %w'/f Yum po ;



6.4 6d(bonus) 5/0
v + 5 pts Correct
+ 3 pts Right idea, but some issues with explanation
+ 2 pts Believes non-saddles are always one type of sink
+ 2 pts Believes non-saddles can be either source or sink
+ 1 pts Believes non-saddles are always source
+ 1 pts On the right track, but with some incomplete/incorrect elements

- 0 pts Nothing helpful
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