20W-MATH33B-1 Final Exam

JONATHAN CHAU

TOTAL POINTS

95 /100

QUESTION 1

1Question 110/10
v - 0 pts Correct
- 1 pts minus sign error
- 2 pts need to be in the form of "y =" form
- 3 pts algebraic mistake need to be In(x)
- 1 pts miscelleneous algebraic mistake
- 5 pts only the homogeneous equation substitution
was right
- 2 pts the position of "+c" needs to be in
denominator
- 8 pts tried

QUESTION 2

2 Question 215/15
v - 0 pts Correct
- 3 pts some portion particular solution wrong/not
found correctly
- 1 pts miscellaneous mistake
- 6 pts answer for part (b) wrong

- 2 pts general solution for 2(a) incomplete

QUESTION 3
Question 315 pts

313 (a)10/10
v - 0 pts Correct
- 4 pts Miscomputed one eigenvector.
- 2 pts You found fundamental solutions, but forgot
C_Tand C_2.
- 3 pts Miscomputed both eigenvectors.
- 1 pts Write down the general solution, not just

fundamental solutions.

3.23(b)5/5
v - 0 pts Correct

- 1 pts Justification?

- 2 pts Eigenvectors graphed in incorrect quadrants.

- 2 pts Indicate direction travelled on solution
curves.

- 2 pts The shape of your curves as t goes to infinity
or - infinity is wrong

- 3 pts Draw solution curves in quadrants cut out by
eigenvectors.

- 3 pts Draw the half-line solutions (the ones

corresponding to the eigenvectors).

QUESTION 4

4 Question 4 10/10
v - 0 pts Correct
- 2 pts Your third fundamental solution is
wrong/missing.
- 2 pts Your second fundamental solution is
wrong/missing.
- 1 pts e™{2t} not e™.
- 2 pts System of coefficients solved
incorrectly/solution to IVP missing/incorrect.
- 2 pts Your first fundamental solution is

wrong/missing.

QUESTION 5

5 Question 515/15
v - 0 pts Correct
- 2 pts Identify block matrices
- 3 pts Find eigenvalues for each block
- 3 pts Find (generalized) eigenvectors for each
block
- 4 pts Construct solutions for each block
- 3 pts Combine solutions.
- 1 pts Minor calculation error

- 2 pts Moderate error in solution for one block



QUESTION 6
Question 615 pts

6.16(a)5/5
v - 0 pts Correct
- 2 pts Knew to find zeros of RHS.
- 2 pts Correctly found at least one infinite family of
solutions.
- 1 pts Found half of the solutions or made a

computational mistake.

6.26(b)5/5
v - 0 pts Correct
- 2 pts Included equilibria
- 3 pts Solutions go in correct directions
- 1 pts Violates uniqueness

-1 pts Small error

6.36(c)4/5

- 0 pts Correct

- 2 pts Invoke hypotheses of existence and
uniqueness.

- 3 pts Bound by equilibria

-1 pts Minor error

- 1 pts Show it satisfies the hypotheses (show f and
f' are continuous).
v - 1 pts State that there are arbitrarily large or small
equilibria.

- 1 pts Invoke existence and uniqueness.

QUESTION 7
Question 710 pts

717(@)5/5
v - 0 pts Correct
-2 pts y_h /IF correct, didn't find y_p
- 2 pts minor mistake / gap
- 4 pts Major mistake/gap
- 5 pts blank
- 3 pts y_h/IF minor mistake/not simplified, didn't
findy_p
-1 pts y_h not simplifed
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-3ptsy_h="7?
-1 pts typo

727(b)3/3
v - 0 pts Correct:
- 1 pts minor mistake (e.g. forget to say C can be
anything), gap, logic flow not clear
- 2 pts some meaningful writings. not much detail
provided, many gaps.

- 3 pts nothing meaningful

737(c)o/2
- 0 pts Correct
- 2 pts wrong
v -1 pts didn't put in normal form y' = F(y,t) =1/ ("2 -
ar2)y +..
v -1 pts didn't check/state that \partial F/ \partial y =
1/(t*2 - a*2) or calculation is wrong
-1 pts Gap

QUESTION 8

8 Question 8 8/10
- 0 pts Correct
- 4 pts gap: did not verify (A-al)*2 =0
- 4 pts minor mistake
v - 2 pts lack essential detail / some typos
- 4 pts based on your flow, you didn't use math
induction to give a proof for A"n

- 8 pts Major mistake



1. (10 points) Solve the homogeneous equation (Your final answer should be
iny = f(x.C) form, e.g y = 7=):

(—xy + ¥*)dx + rdy = 0.
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1Question 110/10
v - 0 pts Correct
- 1 pts minus sign error
- 2 pts need to be in the form of "y =" form
- 3 pts algebraic mistake need to be In(x)
- 1 pts miscelleneous algebraic mistake
- 5 pts only the homogeneous equation substitution was right
- 2 pts the position of "+c" needs to be in denominator
- 8 pts tried

Page 4



Last six digits of UID: _1pb 732
2. (a) (5 points) Find the general solution to the differential equation:
fq - 2 R |+0

y'=2+y=0
(e 1) v
+
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o
o~
-

(b) (10 points) Find a particular_solution to the differential equation
(Hint: split forcing term into two parts, check the table in P172
of your textbook):
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2 Question 215/15
v - 0 pts Correct
- 3 pts some portion particular solution wrong/not found correctly
- 1 pts miscellaneous mistake
- 6 pts answer for part (b) wrong

- 2 pts general solution for 2(a) incomplete

Page 6



3. (a) (10 points) Find the general solution (Ygenerat = C1y1(t) + Caa(t)) to
the following 2 x 2 system y’ = Ay , where

A:(—22 —32)
dd(A-2T)= X-A-2 =0

(2-2)(a*1) Xe 2
y G-

/_.—?:Tm
s 4 0 \ N
>\- < ],..4 -’Z\ X, \ (3‘\ 2. A \\{)" A "\:\_’
P X1~ 10 ) O O \"1 b

L & 1] AV ‘
Ne-t (<t N\ (a\ _fo\ (' 2\(x\ .

= R = 5 -

(% 73 A7) 30) V220517 U

'b) (5 points) Sketch the solutions on the phase plane. (i.e. Draw the
phase plane portrait)

‘.,D(\&\(




313 (a)10/10
v - 0 pts Correct
- 4 pts Miscomputed one eigenvector.
- 2 pts You found fundamental solutions, but forgot C_1and C_2.
- 3 pts Miscomputed both eigenvectors.

- 1 pts Write down the general solution, not just fundamental solutions.
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3. (a) (10 points) Find the general solution (Ygenerat = C1y1(t) + Caa(t)) to
the following 2 x 2 system y’ = Ay , where

A:(—22 —32)
dd(A-2T)= X-A-2 =0

(2-2)(a*1) Xe 2
y G-

/_.—?:Tm
s 4 0 \ N
>\- < ],..4 -’Z\ X, \ (3‘\ 2. A \\{)" A "\:\_’
P X1~ 10 ) O O \"1 b

L & 1] AV ‘
Ne-t (<t N\ (a\ _fo\ (' 2\(x\ .

= R = 5 -

(% 73 A7) 30) V220517 U

'b) (5 points) Sketch the solutions on the phase plane. (i.e. Draw the
phase plane portrait)

‘.,D(\&\(




323(b)5/5
v - 0 pts Correct
- 1 pts Justification?
- 2 pts Eigenvectors graphed in incorrect quadrants.
- 2 pts Indicate direction travelled on solution curves.
- 2 pts The shape of your curves as t goes to infinity or - infinity is wrong
- 3 pts Draw solution curves in quadrants cut out by eigenvectors.

- 3 pts Draw the half-line solutions (the ones corresponding to the eigenvectors).
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Last six digits of UID ‘bb 17372

4. (10 points) Find the solution y(t) to the following 3 3 system with given
initial condition y(0) 2, -2, 1)7;

(Hiut: Use rational zero theorem to find integer roots of the characteristic
polynomial)
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4 Question 4 10/10
v - 0 pts Correct
- 2 pts Your third fundamental solution is wrong/missing.
- 2 pts Your second fundamental solution is wrong/missing.
- 1 pts e™{2t} not e™.
- 2 pts System of coefficients solved incorrectly/solution to IVP missing/incorrect.

- 2 pts Your first fundamental solution is wrong/missing.
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5. (15 points) Find the general solution(fundamental set) y(f) to the follow-
ing 6 x 6 system:

(0.0 0100 0
012 100 0
, |ol-1 000 0
y=lol0 0i1o0 o 1%
0lo o0loo =2
\0j0 0f0 2 0

(Hint : This is a block matrix. Try find a 1 by 1, 3 by 3, and 2 by 2
block.)
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5 Question 515/15
v - 0 pts Correct
- 2 pts Identify block matrices
- 3 pts Find eigenvalues for each block
- 3 pts Find (generalized) eigenvectors for each block
- 4 pts Construct solutions for each block
- 3 pts Combine solutions.
- 1 pts Minor calculation error

- 2 pts Moderate error in solution for one block
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Last six digits of UID: _1lbb 7%7

6. Consider the autonomous equation:
Y =siny + cosy

(a) (5 points) Find all equilibria of the differential equation.

|

' -
Ay=o \ . y= 3o
( \l C"l“"'b"“' \1 - T + f\fL ﬂ ' u-’( |
Ay e "Cosy ) ey ,*,.L&iJ
\'-e
¥
NETe

(¢) (5 points) Prove that if y(t) is a solution, then y(t) is a bounded
function. (In other words, given a solution y(t), there exists m, M
such that, m < y(t) < M for all t € (—o0, +0))

Lcl \1’ . _( (4' \1\ - Sie \, 4(0‘,\1 (oS ™ (,.r\s' 'S conhovous evenpihene
! Y o a“ 4’ e ds G0, €9},
‘We.l\ t U,‘{) = oSy~ siny f ( )

So wniqueness Heocemn  applies

0 c L \: 2
Let m ,: and [ y
‘/ue fe A Uniquenes s che,.,\, Y(ﬂ Connst ((ess ond Qs ;‘,|\J ,.,..;\‘

(.;AA Y(*) (arf\)+ Clross ¢nd qe abave m: \.:L.

T\‘\’[({or(" Y(*) 'S l‘c*\/((ﬂ ™ ond M .‘U‘A 'S '“\\.\_
y }."\'- 'l‘ t‘ .{‘\l'\(*l'\:-\ -

A




6.16(a)5/5
v - 0 pts Correct
- 2 pts Knew to find zeros of RHS.
- 2 pts Correctly found at least one infinite family of solutions.

- 1 pts Found half of the solutions or made a computational mistake.
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Last six digits of UID: _1lbb 7%7

6. Consider the autonomous equation:
Y =siny + cosy

(a) (5 points) Find all equilibria of the differential equation.

|

' -
Ay=o \ . y= 3o
( \l C"l“"'b"“' \1 - T + f\fL ﬂ ' u-’( |
Ay e "Cosy ) ey ,*,.L&iJ
\'-e
¥
NETe

(¢) (5 points) Prove that if y(t) is a solution, then y(t) is a bounded
function. (In other words, given a solution y(t), there exists m, M
such that, m < y(t) < M for all t € (—o0, +0))

Lcl \1’ . _( (4' \1\ - Sie \, 4(0‘,\1 (oS ™ (,.r\s' 'S conhovous evenpihene
! Y o a“ 4’ e ds G0, €9},
‘We.l\ t U,‘{) = oSy~ siny f ( )

So wniqueness Heocemn  applies

0 c L \: 2
Let m ,: and [ y
‘/ue fe A Uniquenes s che,.,\, Y(ﬂ Connst ((ess ond Qs ;‘,|\J ,.,..;\‘

(.;AA Y(*) (arf\)+ Clross ¢nd qe abave m: \.:L.

T\‘\’[({or(" Y(*) 'S l‘c*\/((ﬂ ™ ond M .‘U‘A 'S '“\\.\_
y }."\'- 'l‘ t‘ .{‘\l'\(*l'\:-\ -

A




6.26(b)5/5
v - 0 pts Correct
- 2 pts Included equilibria
- 3 pts Solutions go in correct directions
- 1 pts Violates uniqueness

-1 pts Small error
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Last six digits of UID: _1lbb 7%7

6. Consider the autonomous equation:
Y =siny + cosy

(a) (5 points) Find all equilibria of the differential equation.

|

' -
Ay=o \ . y= 3o
( \l C"l“"'b"“' \1 - T + f\fL ﬂ ' u-’( |
Ay e "Cosy ) ey ,*,.L&iJ
\'-e
¥
NETe

(¢) (5 points) Prove that if y(t) is a solution, then y(t) is a bounded
function. (In other words, given a solution y(t), there exists m, M
such that, m < y(t) < M for all t € (—o0, +0))

Lcl \1’ . _( (4' \1\ - Sie \, 4(0‘,\1 (oS ™ (,.r\s' 'S conhovous evenpihene
! Y o a“ 4’ e ds G0, €9},
‘We.l\ t U,‘{) = oSy~ siny f ( )

So wniqueness Heocemn  applies

0 c L \: 2
Let m ,: and [ y
‘/ue fe A Uniquenes s che,.,\, Y(ﬂ Connst ((ess ond Qs ;‘,|\J ,.,..;\‘

(.;AA Y(*) (arf\)+ Clross ¢nd qe abave m: \.:L.

T\‘\’[({or(" Y(*) 'S l‘c*\/((ﬂ ™ ond M .‘U‘A 'S '“\\.\_
y }."\'- 'l‘ t‘ .{‘\l'\(*l'\:-\ -

A




6.36(c)4a/5
- 0 pts Correct
- 2 pts Invoke hypotheses of existence and uniqueness.
- 3 pts Bound by equilibria
- 1 pts Minor error
- 1 pts Show it satisfies the hypotheses (show f and f' are continuous).
v -1 pts State that there are arbitrarily large or small equilibria.

- 1 pts Invoke existence and uniqueness.
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717(@)5/5

v - 0 pts Correct
-2 pts y_h /IF correct, didn't find y_p
- 2 pts minor mistake / gap
- 4 pts Major mistake/gap
- 5 pts blank
- 3 pts y_h/IF minor mistake/not simplified, didn't find y_p
-1 pts y_h not simplifed
-3ptsy_h="7?
-1 pts typo
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7. Let a be a positive integer(it is a fixed unknown number ). Consider the
following differential equation:

(t2-a?)y =y+2—-t—ad

(a) (5 points) Find the general solution to the above differential equa-
tion.

(b) (3 points) Consider the above differential equation together with the
mitial condition y(a) = b (imtial value problem), where b is a real
number. Prove that,

e if b = a, there are infinite many solution to the initial vaiue
problem. (i.e. go through the initial condition.)
® if b # a,there is no solutions to the initial value problems.

, _ (t-=)\%
US,“) Vg yd.:n N * ot '\"), \vm., 5 ‘1’ + (,((“‘\‘ I
@) = s C (LD sa S YO doeet degend on

AeCr
atl S-,‘ $ie C\r\u‘iﬁ 4>

(2 points) Does the abovc (weird) result contradict with the exis-
tence and uniqueness theorem? Why?

TLL amve  resullt condodicts il He exisloce o-d

Lo lng 5y

£
H—(owm Lhtn ¥ < O, Leceaust {(*\ Coanmt €xis? o a4 LA and all coluse

4 Jt’ a + 1 ¢ = _
5},{# a{ (0\, O\l P C,.rls ~d v t-_-/& b, Contredil ¥ j be Heorem at oo

C\‘”"-l\"’”’(i +L¢ reau 4 AOP) N" (or4m|«g4 ‘H‘{ Heore~ wLn.n +7a
b(_(“us(_, \’ 'S Coa*mubua '[bl all J’e (D\,“‘)

Roa? contimueny fae b 7200
& CJ—' T Continwe ‘ }(.r*v\-wxrb (o 0‘)-

&’W-»’\( Py 6y Y7o

bour: & :m“\c e LT L o O SR

(oo

(O‘C) mél(u*l’\j A "‘;"‘*‘ i) S {u‘.,-...

S when
a)fe w3, ™ Solutions .
c:o- L),a( \-'SL‘ ‘h-(l( coC Ne . solutions \’ Y( 4 : H ‘ . e o

~3

» J‘c«..




727(b)3/3
v - 0 pts Correct:
- 1 pts minor mistake (e.g. forget to say C can be anything), gap, logic flow not clear
- 2 pts some meaningful writings. not much detail provided, many gaps.

- 3 pts nothing meaningful
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7. Let a be a positive integer(it is a fixed unknown number ). Consider the
following differential equation:

(t2-a?)y =y+2—-t—ad

(a) (5 points) Find the general solution to the above differential equa-
tion.

(b) (3 points) Consider the above differential equation together with the
mitial condition y(a) = b (imtial value problem), where b is a real
number. Prove that,

e if b = a, there are infinite many solution to the initial vaiue
problem. (i.e. go through the initial condition.)
® if b # a,there is no solutions to the initial value problems.

, _ (t-=)\%
US,“) Vg yd.:n N * ot '\"), \vm., 5 ‘1’ + (,((“‘\‘ I
@) = s C (LD sa S YO doeet degend on

AeCr
atl S-,‘ $ie C\r\u‘iﬁ 4>

(2 points) Does the abovc (weird) result contradict with the exis-
tence and uniqueness theorem? Why?

TLL amve  resullt condodicts il He exisloce o-d

Lo lng 5y

£
H—(owm Lhtn ¥ < O, Leceaust {(*\ Coanmt €xis? o a4 LA and all coluse
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C\‘”"-l\"’”’(i +L¢ reau 4 AOP) N" (or4m|«g4 ‘H‘{ Heore~ wLn.n +7a
b(_(“us(_, \’ 'S Coa*mubua '[bl all J’e (D\,“‘)

Roa? contimueny fae b 7200
& CJ—' T Continwe ‘ }(.r*v\-wxrb (o 0‘)-

&’W-»’\( Py 6y Y7o

bour: & :m“\c e LT L o O SR

(oo

(O‘C) mél(u*l’\j A "‘;"‘*‘ i) S {u‘.,-...

S when
a)fe w3, ™ Solutions .
c:o- L),a( \-'SL‘ ‘h-(l( coC Ne . solutions \’ Y( 4 : H ‘ . e o

~3

» J‘c«..




7.37(c)o/2
- 0 pts Correct
- 2 pts wrong
v -1 pts didn't put in normal form y' = F(y,t) =1/ (t*2 - a"2) y +...
v -1 pts didn't check/state that \partial F/ \partial y = 1/(t"2 - a*2) or calculation is wrong
-1pts Gap
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1A
C
e&h

A= oI*L(

‘4A
€

8. (10 points) Calculate ¢!, where A

A"

- €

o~

*J

(Hint: Use truncation formula)

7 1 {-\A"
;g Sy g > 8 ”
3w A sz '3 '
S LA~ XE At
e 4 ‘ \\7 sl
. ‘\‘
o <)
&(:\1‘1,\‘.:"\3
R
oI (s %)
o C°
at
i (0) =ik T
= y-y\o 5 o

R
s 15 B
at

O &~

Last six digits of UID:

bb 72372

a b
0 a

v

o o
[»-0)
>

def (A-AL) = \'- 2aX 4e?

*z

(28)(3)-0 w5

(A—>1)\¢1:v,
(85 (2)=(s) o= (3
¥= ¢ () + ¢, [(3) + 4

.




8 Question 8 8/10
- 0 pts Correct
- 4 pts gap: did not verify (A-al)*2 =0
- 4 pts minor mistake
v - 2 pts lack essential detail / some typos
- 4 pts based on your flow, you didn't use math induction to give a proof for A*n

- 8 pts Major mistake
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