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including checking the time.

Do not open this exam packet until you are told that you may begin.
Turn off all electronic devices and and put away all items except for a pen/pencil and an eraser.

Remove hats and sunglasses.
No phones, calculators, smart-watches or electronic devices of any kind allowed for any reason,

If you have a question, raise your hand and one of the proctors will come to you. We will not

answer any mathematical questions except possibly to clarify the wording of a problem.

Quit working and close this packet when you are told to stop.
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in the boxes on the right,
Part I: Multiple choice. Please write your answers (A, B, C, ...) in

i tial equation exact.
1. (3 points) Determine values of the constants a and & that make the differen q

A a=2b=-1
(Boa=1,6=-2
C.a=2b=1

D.a=-1,b=2
E. None of the above,

(32%y - bz®y*) dz + (az® -22761/2) dy=0

(

2. (3 points) Consider the initial value problem

Which of the following is true?

¥ = (v — 1) sin®(ty),

A. =1 <y(t) < 1 for all ¢ for which y is defined.
B. y(t) < sin®(t) for all ¢ for which y is defined.

( C Y(t) > 1 for all ¢ for which y is defined.

D. y(t) > > = 1 for all ¢ for which y is defined.

E. None of the above.
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4. (4 points) Determine if the equation

(y+8z) dz+ (lnz—-3)dy=0 (2)
is exact (you may assume that we are working in a rectangle R in the plane such that z > 0 for
all (z,y) in R). If it is exact, find the solution.

A. F(z,y) =ylnz + 422 — 3y 3¢ \
y 1 EEEE
B. F == 4 d X
(@.y)=-75+-+8 v
y 1 7
C. 2 + pe +8=C 3@ _L
D)ylnz+422 -3y =C 5* . X
E. The equation is not exact. h ; ,—
aF \I i "E T :" i e ' j.‘}v‘»,{,l "(\ - \S“‘-/ + 'L{X F \\J
11'}( = X v X
\.“F B 1 - {
:?T- - {2/‘4 X-v =5 r & RV S WY
7h! Ty ‘}/\\ Y - ?T 4 r.‘.(‘()
af / . J
£ _:, S g \{\*\ . _\"-' -
dJ X \‘.I ,~ 7 ) r;:.‘ . ax D
P

5. (4 points) Which of the following integrating factors is suitable for the differential equation

(z+2)sinydz + z cos ydy =0? (3)
A, ecosz )(S‘Y"‘?/ ":\,4:.}‘!1')/
B. sinz )
@xez XCoiy ¢ Deary Loy
Pact 1 |
." D~) 14 E / ¢ + ( N5 >
X Casy + CAsL
E. None of the above. — , / /
X 8 \/
(ceDlesg) el s
- PN < JE i \ .
v Y } 3
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6. (4 poi i b ety
(4 points) The function iz, y) = Zi Is an integrating factor for the equation

(2® +y* — z)dz — ydy = 0. (4)

Use this to solve the differential equation. You may assume that we are working in a rectangle

R which does not contain the point (0, 0). (‘ ‘ X J | v \

A Flz,y) = z — arctan(a® + ) \ | - Ty e V7
B. F(z,y) = z - L In(z? +1?) ] LI 4
(C:)'B - % In(z? +y*) =C MW ) ) ’:f
D. z - arctan(z? +42) = C } ) \ Ky =X 74y
E. None of the above XS o P T A , gu - ’ZL/
e P L 6 UL
Y XY {

~
/

\J

7. (3 points) True or false: there exists a differential equation of the form y' = f(t,y) such that f
hins continuous partinl derivatives on a rectangle R containing (0,0) and such that

y=2A and yp=3t (5)

are both solutions in I,
A. Tfalso, Tho existence theorem forbids it.
{(13) Inlse, 'The uniqueness theorem forbids it.
¢! Tyuoe. The existence theorem guarantees it.

D. ‘Ivue. The uniquencss theorem guarantees it.
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Part II: Free Response. Write up a full solution for each problem. A correct anSWer.with an
incomplete or incorrect solution will not receive full credit.

8. (6 points) Find the general solution of the linear equation

Y —-2y= 413e*,

IBox your answer] | z 2t

>/ = ;Ly-tl’f‘tﬁ

Yo o
st - 7

h

| 1
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9. {b p01}1ts) Consider two tanks, labeled tank_4 and tankB. Tank A contains 150 gal of solution
in which is dissolved 12 Ibs of salt. Tank B contains 300 gal of solution in which is dissolved
I o - . . . ¥ » .
28 Ibs of salt. Pure water flows into tank A at a rate of 4 gal/s. There is a drain at the bottom
q of tank 4. The solution leaves tank A via this drain at a rate of 4 gal/s and flows immediately
~  Into tank B at the same rate. A drain at the bottom of tank B allows the solution to leave tank
B at a rate of 1 gal/s. Set up, but do not e , a system of differential equations involving
the variables x (amount of salt in tank A), ¥ (amount of salt in tank ), and ¢ (time in seconds).
Do not forget to include any initial conditions. [Ea\: your entire answerj
VD s / n i\
1~ / o \ ul, [, a1
B LI T N AL S
L WA ?I\ . -— = {5 A U s
q - S i P
N ! dt /N
Y - :
SRE] )
i '.’.’ v d \ I:i <8 \
~ N v i ‘_L_’ _ ‘ B }
l T ) - L2 A J
N { ) ! ) L K ; /
s J N =
“y Y
150 ) ¢
I -
3 4 x
cX D e
PR \ ua \
. -
3 [$ f . 3\ \ S 4
"\j R P i Uanlf & ‘/I-.!f (’t
1) L S i dy Y% N
1% 50 230 * 5L
o’ .
ﬁ”‘ ¢ oty /A1 uf . . {
J ‘"’I{“-'d cond i fion) ¢
- X(*):- N
Y ()= 23 PR——
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10. (5 points) The differential equation

Y +2t(y) =0

is, an example of a second order differential equation. The change of variable v =1y (so that
v' =y") turns this equation into &

first-order separable equation. Using this change of variable,
findthe particular solution which satisfies

y(1) = g— y'(0)=1.

- v n N2 _ ¢
| Box your answer | lf 24 (. 717 =0
o if)

WVt 26y =0

I
|
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11. (6 points) The differential equation

vy = -y + 3¢t | (6)

1s an example of a Bernoulli equation with degree n = —2.

(a) The change of variables z = 3° turns this equation into a first-order linear differential
equation. Using this, w

tite the linear equation above in the form 2’ = a(t)z + f(¢). (I will
not be grading your work for this problem, just your answer). l Box your a.nswer.]

| 1, voo_y?2 ot 2, -k
K-y © ! |
dy 3 dz ) .

(b) Solve the differential equation. Your answer should be in the form [y(t) = --- |

{1 "
E_?_h < A7
dt
- Ir
d? 1),
D - 4 QA
) ? /
, A L
f i . ] =4 P )
sl > 1%
4 { |
: \ ¥ i
\ T PR S R P f
; < 7 { \ f Yid\p3 &) ¢
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L= . '\ /
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