1. (7 pts) Suppose that the vector # = (a, —2) and the vector @ = (2a,9) are orthogonal
vectors.
Also suppose that the matrix
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is invertible.
(a) Use this information to solve for a. :
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(b) Use your answer from part a) to compute the matrix A~!. (Be sure to show your
work) ] Gol qeiidt \ 04311 Y30 IR 1001 V3 73
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(c) Use your answer from part a) to compute the determinant of the matrix 2A.
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2A= [% o —3]
det (24) = Ldvt‘(_:f_ 3'3, = 2 br8-2x11)= 48
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2. (6pts) (Note: you may use a calculator or other technology to check for errors in the
problem, but you should be sure to show your work, so I can verify that you didn’t

exclusively use a calculator.)
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(a) Compute the singular values for A.
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Consider the matrix

(b) Compute the SVD for A. In other words, compute orthogonal matrices U and V'
and a matrix ¥ such that A = ULVT.
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3. (5 pts) Consider the following matrix A, which defines a linear transformation T' :
R? — R? given by T'(Z) = AZ.
21
4=[3 3]

(a) Given an independent list of vectors u,v in R?, is the list 7(@), T() also inde-
pendent. Justify your answer.
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(b) Given orthogonal vectors u,v in R?, are the vectors 7'(i), T(v) also orthogonal.
Justify your answer.
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(@) -T() 9 . so T@),T¥) not orthogonal
(c) If R is a region of the plane with area equal to 4 units?, what is the area of the
image of this region after it undergoes the transformation 77

det (A) =2%3 =4 :
A—rawﬂ’&rT = det (A) * gf\ijraal omea = bx4 2y watts
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4. (4 pts) Find an example of a matrix that is invertible and has at least one eigenvalue,

but is not diagonalizable. Be sure to explain why your given matrix has the desired
properties.

sl o

A sads mvertitle because det (4) = 4 0
A has e/yw\wdue 1 with algmu 1) =1
£a0) =AT-2A + | [ x=1y"
E =ML3 J -spam[ JM'H’\ (Cfe,omu(’)—l & l(ﬂwo’;‘bgmof)
Am(EN=1 <2

So A i not o([ajonw(izab/e
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5. (8 pts) For each of the following descriptions of a square matrix below, identify it as
either an invertible matrix, or not an invertible matrix. Justify your answer using a
theorem that we have learned in our class.

(a) A 3 x 3 matrix whose rows are the vectors 7, % and ¥ — @
—_—V—
V. S Qg PP
—y-" —

The thivd row of A & not lmeary indepondea,
S fomk LA) <3 A 5 not invertible

(b) A positive definite symmetric matrix. '
A s symmetniC D A7 square martny
A s positie defmte = all A >0
A s & squodt martrix and X0 S A s Mvesrtible

(¢) A matrix A which is similar to an orthogonal matrix B.

Let A, B R s ori’h@oz/\a,( o pank LB)E N
be nen pubries A, B are similax D romk(A) =rank (8) >n
R A

So A s mertible

(d) A matrix such that A7 = Aw for some vectors 7 # 1.
pu=ha=h, and W
Ax b doesn't hue e unigr Solurtien
So & & not hertifle
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6. (9pts) Suppose that T : R® — R? is a reflection through the plane P described by the
equation
—-z4+2y+2=0

(a) Arguing geometrically, find the eigenvalues for the transformation 7'
© 3f v i neemad to P (LD, It bewmes - ofter
reflecpon T 5o Nz -| @
@ 2f v is m te plame P (wi) It remens mmwyeoﬂ )
'j So Aa=1 (ou(jmu(l]:).)

(b) Find a basis for the each eigenspace of T.

£y Bi=spn [ ] 1t tre that ' opeadidar 30 P)
E, &(;Sf%il%],[i]] ( the F(W P

(c) Suppose that A is the matrix such that T'(Z) = AZ. Explain why how you know
that this matrix must be symmetric, even without calculating it.

o reflectron movtrs = A =4
& = 17| due to ceflevtion => AT=A"
Selle B wm Vo w5 ?}MW*A"‘C
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7. (8pts) There is a population of owls and squirrels living together in a forest. Let O
be the population of owls at time t, and S, be the population of squirrels at time ¢ in
thousands. Because the owls prey on the squirrels, both populations are dependent on
the other. This can be modeled by the discrete dynamical system such that

O] _J05 03][o0
B |~ |04 18] | 8

This coefficient matrix has eigenvalue 1.1 with eigenvector #; = (1,2) and eigenvalue
0.7 with eigenvector 7, = (3,2).

Use this information to answer the following questions.

(a) Suppose that Zj is a vector representing the initial number of owls and squirrels
and write Ty = ad; + bt,. Compute A'Zg in terms of a, b and ¢. 473
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i { t
ANV~ . Tiita 7t 3b
i LJ& beLz [ut-l*a] * [°~7t Bb
— _{n = + SEial
LS t - [ 1Pax 0713
4 Lm“b & X [1-1~lta+z~v-7f3b
(b) Compute lim_,0A'ZTo in terms of a and b.
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(¢) Use your answer from part c to describe the long term dynamics of this system.
For what values of a and b will the owl and squirrel populations decline and
eventually the animals will go extinct, and for what values of a and b will the
populations continue to grow? pepulation
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(d) Given that we start with an initial population where the animals do not go extinct,

what will be the ratio between the number of owls and the number of squirrels in
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the long term?
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