Math 33A Final Exam

Ashwin Shrikant Ranade

TOTAL POINTS

96 /100

QUESTION 1
1Vector in kernel 5/5
v - 0 pts Correct
- 5 pts Blank or completely incorrect

- 1 pts Computation mistakes or incorrect form

QUESTION 2
2 Im and Ker of orthogonal projection 5/5
v - 0 pts Correct
- 5 pts Blank or completely incorrect
- 1 pts Computation mistakes or wrong dimension
- 1 pts Incorrect form (eg. basis not span)
- 3 pts Show some efforts but not enough (eg.
unfamiliar with the definitions or did not find a basis

for the plane)

QUESTION 3
Diagonal or rotation-scaling s pts

31(Q)a/4

v + 4 pts Correct

+ 2 pts Correct rotation-scaling with real entries
based on given complex eigenvalues (or diagonal
with complex eigenvalues)

+ 1 pts Rotation-scaling with real entries (or diagonal
with complex eigenvalues)

+ 2 pts Eigenvalues 4-i, 4+i

+ 1 pts Used characteristic equation but incorrect or
missing eigenvalues

+ 0 pts Incorrect

3.2(b)4a/4
v + 4 pts Correct
+ 2 pts Correct matrix based on computed
eigenvalues

+ 2 pts Eigenvalues 1and 3

+ 1 pts Used characteristic equation but incorrect or
missing eigenvalues

+ 0 pts Incorrect

QUESTION 4
Change of basis 10 pts

41(a)6/6
v + 6 pts Correct
+ 5 pts Minor error (matrix off by one or two entries)
+ 3 pts Stated B=S"1AS
+ 2 pts Computed S*-1
+ 3 pts Stated columns =[A v_i]_B
+ 2 pts B-coordinate vector computation
+1 pts Computed AS or S*1 A

+ 0 pts Incorrect

42(b)asa
v + 4 pts Correct (diagonal entries of upper
triangular B from part (a))
+ 2 pts Characteristic equation of A or B

+ 0 pts Incorrect

QUESTION 5
Eigenspaces of symmetric matrices are
orthogonal 10 pts

5.1(a)4/4
v - 0 pts Correct
- 4 pts Blank or completely incorrect
- 3 pts Show efforts but not correct (eg. mistakenly
took the transpose or unfamiliar with the definition of
symmetry matrix)
- 2 pts Incomplete solution (eg. not using A is

symmetric)



52(b)6/6
v - 0 pts Correct

- 6 pts Blank or completely incorrect

- 1 pts Not rigorous for some details (eg. what if one

the eigenvalues is O or one is the additive inverse of

the other one) or missing conclusion

- 4 pts Show efforts but not enough/correct (eg. use

spectral theorem directly instead of proving from part

a)

- 5 pts Try something but not complete or incorrect

(eg. A'is not necessarily invertible or orthogonal)

QUESTION 6
Eigenstuff 12 pts

6.1(a)3/3
v - 0 pts Correct
- 2 pts Missing eigenvalue
- 1 pts One incorrect multiplicity

- 3 pts Incorrect

6.2(b)5/5
v - 0 pts Correct
- 2 pts Incorrect basis for eigenvalue 1
- 2 pts Incorrect basis for eigenvalue O
- 5 pts Incorrect

- 1 pts Incorrect notation

6.3(C)2/2
v - 0 pts Correct

- 2 pts Incorrect, based on part b

6.4(d)2/2
v - 0 pts Correct
- 1 pts Incorrect justification

- 2 pts Incorrect, based on previous parts

QUESTION 7

7SVD 10/10
v - 0 pts Correct

- 8 pts Serious mistakes; serious conceptual

misunderstanding; perhaps U or V isn't orthogonal or

the dimensions are wrong.
- 3 pts A computational mistake
- 10 pts Incorrect
- 5 pts Multiple computational mistakes

- 7 pts Wrong dimensions but otherwise close

QUESTION 8
TF 20 pts

81(@)2/2
v - 0 pts True
- 2 pts False

8.2(b)2/2
- 2 pts True
v - 0 pts False

83(c)2/2
v - 0 pts True
- 2 pts False

- 2 pts No answer

84(d)o/2
v - 2 pts True
- 0 pts False

85(e)2/2
- 2 pts True
v - 0 pts False

86(f)2/2
v -0 pts True
- 2 pts False

8.7(g)2/2
- 2 pts True
v - 0 pts False

8.8(h)2/2
v -0 pts True
- 2 pts False



8.9(i)2/2
- 2 pts True
v - 0 pts False

8.10(j) 2/2
v -0 pts True
- 2 pts False

QUESTION 9

Fill in the blanks 20 pts

9.1(@)2/2
v-0ptsJ
- 2 pts Not J

9.2(b)o/2
-Opts A
v -2 pts not A

9.3(c)2/2
v-0OptsF
-2ptsnotF

9.4(d)2/2
v -0ptsB
-2ptsnotB

95(e)2/2
v - 0 pts None
- 2 pts not None

96(f)2/2
v -0ptsH
-2ptsnotH

9.7(g)2/2
v-0ptsE
-2ptsnotE

9.8(h)2/2
v -0 pts H and/or K
- 2 pts neither H nor K
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9.9(i)2/2
v -0pts J
-2 pts not J

9.10(j) 2/2
v-0ptsD
-2ptsnotD
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1. (5 points) Suppose that A is a 5 x 4 matrix of the form

I
A= |0 Uy U5 74
L]
T
Given that the vector _32 is in the kernel of A, write ¥ as a linear combination of the vectors
8
Uy, Uz, and ¥s. |£ox your answe;l
— - > =
-7‘V‘-\—ZV-L—'2V?*?VQ = 0O
.;:' ——————— reve—————
\ = - =N
N oy o= 5 (-?v ,-2v1+2v3>

e

2. (5 points) Suppose that the linear transformation 7" : R® — R3 is the orthogonal projection onto
the plane 3z; + 25 — 223 = 0. Find a basis for im(T') and a basis for ker(T). l_ox your a.nswer_.l

=S t
X).: -gwn*‘lY; le4 ® ¢ X3 =

vee CTY = all wectes L fo

X1z =55+ %t N ‘)la:\a
- _‘3 “'t - ' [\('3107* (xl/)(z|)(3?zo
):-15*1{ z 9 l Lol 2+ %, 1 Xq, x3% = O
€
Basis Lor ¢lane | i ] [ ] - Yasr's Q;r .M(’ﬂ X -3%XL x O
/ [ 2%y x%a = 0
s \ \ as: (s

. 2
,‘{It,ﬁ, \f”f"'{ “z' g -;‘. ‘ (fro( { -1 o v -3 o] i o '/1
Sy o 1 o 1 A o | 'h

/ 4 ; l(Ulll
V. e

= 2 *lit =0

A

* 1 = Coaa vorable = t

[-Hzf] -3

J -vat | = Svdf{"i \So basis G e

5 = N S basis or

cVecke Ll~310%. 4—3,%\\\ £ | ° _3

2 =3 ¥ T & v -1 1
0Ll £-% =Wk Pagel >

-—L\')_,*O l/



A= s DS-'

3. (8 points) For each of the 2 x 2 matrices A below, there is an invertible matrix S such that

"B = S1AS is either a diagonal matrix [g g or a rotation-scaling matrix [Z _ab]. Find B in
each case (you do not have to find S). choratteristic  gelyromal® Uy
Fiad -eigenvalues.. ht- tnh+dun <0
3 1
() A=|_5 5 A= Qo+ (15+2) =0
X " o 2t=3h & (F =0
; . 4 ) o
Fm& ergensfice o J?,Z 81'91-\—“\"'!'4' i 9% ,—H’ gtl?
¢ .o = Wr(A-KT2) lae CA=f1+ 9)Ta) = : — .

o

} =ler (297 g} = 'l(‘“"‘_“"ﬁ's) L—"—)\_ﬁjil -
KA-—;I (-M’) - {(—ql,(;)ll ) {\ «'ci\)l _ [;-2?1 ) 1{\:?‘1 - |
g |

== LA N

v -1
Unea Q\‘()Q.\u,,i {‘,,“z)r s g

o | 2 |
- E ) % 1 | \ 2
{ o R 9 o -9
!
|
o 5 —4 _
(b) = [2 _]} C‘-{d& " Ac B = Ae ﬂ
c.\\[,\rar.M.n'S\'n‘c Qolynernial AT = A A det A= 0 duk () = c}u&(@\
| 2= (g x (5B =0
A*-Yhad =0
r'"\\\ (‘)\_27 (Jl »-\7:0

‘)1\‘: 3, \.)L‘L - \

T -V °
o b
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4. (10 points) Let T'(Z) = AZ be the linear transformation with matrix

4 -3 2
A=|[-2 3 2
5 -5 4
(a) Let B be the basis of R? given by
R = s AS 1 0 0 3
"71 = |1 3 62 P 0 ) -‘3 = [=1] . ‘;
0 1 0

Find the matrix of T in the basis B. :
(Another way to say this is: find a matrix B such that [T'(Z)|s = B[Z)5.)

N L v T(Y)) = fu -3 2 \ ) Ls-z" \

o] R
. T 7‘ = r\‘ - :v

chl)—.l.“l g gHgI:H (7@l L"]P :[ I

L'

5 -5 4y

7 Z ‘
1 : Yy r oAUl trA = U
[ q’BP {Oj{ Cirec
Y
2

+eB =

o
S o N
oW

(b) Find the eigenvalues of A, repeating any eigenvalues according to their algebraic multiplic-
ities. (So if Ay = 17 has algebraic multiplicity 2, list it twice.)
Hint: use your answer from part (a), which should be nice enough that you don’t need to
compute a determinant for this part. (siee :le @ motees o sianitar)

The 7 MAO4nce A re siondav , §o  dame €ryenvaiUes

/ So ‘)u)-“ '“0(& @ 0'"0-761\(71/‘,
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5. (10 points) Make sure to fully justify your answers on this page.

Suppose that A is a symmetric n x n matrix (this is an assumption for both (a) and (b) below).

(a) Show that A7 -w = ¥+ Ad for any two vectors ¥ and W in R™.
Hint: remember that another way to write the dot product is & - ¥ = Ty,
AT

2\ T T_s 5
(\'\7 -\:: = (AV\) _\:)—‘ = 'Q‘T Aw R Note Ais Symmedrn'c o = A,
: - q
Min [T AYT =N AU = W CAT)

—n ~ ' —t — ?
. | 0
“Ju\ = ddldis = W, . AU (W"-—\'\ou* boss < gc,m.rqlan'l»b _

(b) Suppose that v and W are eigenvectors of A with eigenvalues A and p, respectively. Show
that if A # p then @ is orthogonal to 0. '

ATIL - \_)'LT ‘ A—J = ‘IC))

3)'(&731"\:‘(017) —;'(A—C\: ';.s(V:)

Note & *C(ad) . 3. (aD), W o). Te

3

. AT 5 N COAT )
T thvY = V. (7))
D

B 5 ) = P (5 - %)
6 . b (DT R(WT)
) . o ~5)
o - (wm- Jo) Cw oV
- =

h x \AI‘J—'J’IT&OrQQ w eV

—

-
\A‘J&pt 1@ / TJ—S C'\(\()\ \) Qd 0("\'\'\0 QO(\ d\’
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6. (12 points) Define

co o

A=

O O = O
oo oo
O = O

(a) Find the eigenvalues of 4 and state the algebraic multiplicity of each eigenvalue.
(No justification needed for this part.)

\)1‘ s D ( olgebrac m-ﬁh;p\,(nj 2)
‘.)l y & 1 (G‘Yge ‘bv.'(’( m-u‘#.’p\.'a.w‘ 2)

-

(b) Find a bésis for each eigenspace.
€, = Ur (A= Ey) = e A) _ Ranh AY ~Viss KimClercAY) = 22 dim € €))

Ly . Ten Xa =0

Xy =5 =

el CA) - [ c;\o ) "‘3:{,’ " .x ke CA) =
“

Sree voralbleg ;

}—0 o \;)&y‘ii -((-or' 6. /C’\“’ dey = o} ' '.-S‘M[ -E:Y:_[_.m

X W
\”—
”
t‘NV\
9 oW
]
W
=0
geo —
e
T

€, . bor (A - NTw) = b (A-T4) . L [—o‘ gy (:—( daohy ;im(,{’:ﬂ\\oﬂ“( ) =\

© &~ g

Q’aoo

.Tw\'v-'a\\q, \.tu(A lq} 9(711,"[ ?’I \

—

g . : ‘-_v’_-h‘r”
90 ‘)asu (:of ?,_ ‘Lu\/'e‘q Jx =\ ¢S [ ': -( \

e —————— e

e o= ——

(c) State the geometric multiplicity of each eigenvalue.
jeru ( I ) Z ( evgeavalue = o)

gemq ( ‘-)'L 15

U

1]

l ( eigen valha = ‘)

(d) Is A diagonalizable? Justify your answer.
NQ 5 S; N i Qe = 1 A \ L L‘l =N . T\\Q_ \,QN\\J“‘\QA J i'MQ(\S\:MJ. DC dar
Q 19¢ c\ﬂac(’,‘g 15 24\ = 3, "J\\ A% 13 lQ A3N T\b\an -%\rm L\‘ V‘Qi(j_p(,»“ to
' ()
e RY e diveasion e ave Vivieg in Aor A ") ble .
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5 70

e % -1 ; )
('] n "NLre dy ot
0 \ :f:__ OdS Y \) LJ
—
Ur(’? r

7. (10 points) For this question, it may be helpful to know that/

=0
210 ~1/v2 1/v6 1/V3)[2 0 0] [-1/v2 0 _ 1/v2
[1 1 1} =[ 0 —2/V6 1/\/5} [0 0 0} {1/\/6 —2/v/6 1//6] .
01 2 1/v2 1/v6 1/v3] [0 0 3] [ 1/v3 1/V3 1//3

Find a singular valud decomposition A = USV" of the matrix ~(
A - U SV 2y /lr = S DS
2Lx% < @ax 9 (1x3) 4 . - E (1) _11} ) R

U = something, 3 = something, V' = somethingg‘.

Write your answer in the formy

T (o =~ : e —!
ot [‘;\‘][‘\ l"& :Y’; " ?\l dea (ATA-hTy) ,c\qx[l\n_ﬁ

P! o 2

? 1

U o e, TA-h T - $
se ubacror  expans: Al AR - o L’b 2o0x L) b [J—Jl ° (=) JQ‘XZ " 1

o . - QZ"\)‘) + (=) ((2-) CL-x) 1)

6 = <24+ 4 (- J13(7~ -2 - J1\J11-l)
L enladh ¢ trmR)(a? -)‘b*!)-\}tl*"bh_l‘(""'l"hﬁ‘h -

-ul\r-vrurlr‘a[ o - "- \)13 *_5 ()l “‘w‘)‘ ‘)1 C().L -5‘)1_ \-(,.) - D ()l - O l1|3
Fll\b Qrger\\aqsot. ;)L".Z. a_ll:‘s_g_'

Q WCA A - %\,-;)MX,_.L 1 SQﬂp :} N, =k ‘0’7\'—.5‘:}‘
. l

Lo] { =

QL*--M(ATA—'LTQ-VUKD ‘ 01 \
Vb :S‘V““[o\i
° LI ) -\

onr T {11 ] e[

0 + Monormal

—\

Clyon Dasig -
qen DCsIg - 41,\,\:7 , L!;O.»(" !.\f‘7\f7
,.."‘l ES— ———
N = ' I
— \ —
Vo= ?‘\, Ay
=X
Mo B e ‘°"“ } A - ’x Y_ -&
\ = vy Jd 7 3
\

T2 V3 =hv, (WL don't  Nawve $Qace Cor D\ vector, o‘w.u\
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0 O ! - more = IR e | \ 5 = ) , I >J
) \ o1 _ N L Vi : d h
8. (20 points) True/False (circle the correct answer). You do not need to justify your answer.

Remember that True means always true. If a statement is sometimes true, but sometimes false,
mark it False.

———

(a) Every 5 x 5 matrix has a real eigenvalue.

g
-~

True—~ False

(b) If A is an n x n matrix such that im(A4) = {0} then A is invertible.

True

(c) If A is symmetric and U is orthogonal then UAUT is symmetric. (| +\\;nlz>

LAV = 0T AT T
\\/’ AL / - L =f U )
— False

= VU Ap'

(d) If A is a symmetric matrix and ) is one of its eigenvalues, then X is also one of the singular

=\ <> values of A,
AN R Lo False
1y =N

. 8 6 7 4 8 1
(e) The matrices |5 3 0| and |5 1 6| are similar.
g1l 23 4 2
True @
| (f) If ker(A%) = ker(A4%) and ¥ is a vector in ker(A®), then 7 is automatically in ker(A%).
‘ False
(8) If Ais a4 x 7 matrix then rank(4) + dlm(ker
[ ) @D go sos”
T A veaave A" - S g
(h) IfAisa syrﬁmetric n X n matrix such that A" =0 then A=0. / ’ Sy
s s
S
& Tru\@ False h= O
(i) If A is an upper triangular n x n matrix such that A” = 0 then A = 0.
@ W o e e N
[(D'X{ ‘( - ‘[?\ 0‘» True ( False
0o v o J N =

(i) If Ais an nxn matrix such that ||AZ|| = ||Z|| for all # in R” then A4 is an orthogonal matrix.

@ False
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9. (20 points) Fill in the blanks with the matrices below (just write A, B, etc. in each blank). You
may use some items more than once, and there are some items that you will not use at all. If
none of the matrices on this list makes the statement true, write NONE.

00 0 1 1 0] 0 =1 11 -1

L m=fy o= o[ 7] ==ho 04
000 010 1 0 0 110 =1 B
G=1000 H=10 01 J=1010 K=1011 L=|0 =1

000 000 0 0 1 000 0 08 =1

( 1T Comverr @ g,),_./b

(a) Suppose that Mz = b is a linear system with 3 equations and 3 unknowns. If the system

J

has a unique solution then the reduced row echelon form of M equals

GA0T-[]

(b) Suppose that R is a 3 x 2 matrix and that 5 isa 2 x 3 matrix. If im(R) = ker(S) then

sg=_ G RREARS st R R
o & x %’( ; = 7 3 “'
k (IEE <3 =S
(c) If M is a 2 x 2 rotation by 7/6 radians counterclockwise, then M s F ;
=ZH8- B =T 5 bty o P
0 o V][ Vil rvsT ?.10)
(d) M= 2 is a 2 x 2 matrix such that im(M) = ker(M). {, AR R (2]
A (e) M= None is a 3 x 3 matrix such that im(M) = ker(M).
H “(‘ (f) A =0 is the only eigenvalue of \'-\ . Furthermore, the algebraic multiplicity of X is

3 and the geometric multiplicity of A is 1.
@ul C )=t

(h) M= H is a matrix with rank 2 whose kernel is not {0}.

3 ., LI

(i) If M is an orthogonal 3 x 3 matrix then MTM = MM ol —

v R)L-L 4 r\ I

(3) has complex (non-real) eigenvalues.  (p Z)
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You may use this page for scratch work.
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