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1. (5 points) Suppose that A is a 5 x 4 matrix of the form

L
A= |8 & & o
B

7

Given that the vector

_g| Isin the kernel of A, write ¥ as a linear combination of the vectors
8

U1, Us, and vs. LBox your answer. l

(5 points) Suppose that the linear transformation 7" : MS is the orthogonal projection onto
the plane 321 + 25 — 223 = 0. Find a basis for im(7T") and a basis for ker(T"). [130}( your a.nsvverﬂ
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3. (8 points) For each of the 2 x 2 matrices A below, there is an invertible matrix S such that

"B = S"'AS is either a diagonal matrix & 9 or a rotation-scaling matrix 6 —b . Find B in
0 b : b a

M; 32 |
A1) 5 soa

(3-2) 52y +2 =0

each case (you do not have to find S).
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4. (10 points) Let T'(Z) = AZ be the linear transformation with matrix

4 -3 AN
A=|[-2 3
5 =5
(a) Let B be the basis of R3 given by N v
1 0 '
_’1 =11 ) 62 =10 = Sp
0 1L

Find the matrix of 7" in the basis B.
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(b) Find the eigenvalues of A, repeating any eigenvalues according to their algebraic multiplic-
ities. (So if Ay = 17 has algebraic multiplicity 2, list it twice.)

Hint: use your answer from part (a), which should be nice enough that you don’t need to
compute a determinant for this part.

b o
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5. (10 points) Make sure to fully justify your answers on this page.

Suppose that A is a symmetric 7 X n matrix (this is an assumption for both (a) and (b) below).

(a) Show that A7 -4 = ¥+ AW for any two vectors ¥ and @ in R™.
i

Hint: remember that another way to write the dot product is - = " ¢.

gD - (AR

- T pT
= N AN

GTAR N s

= V- (AR) /

3
vy -
L

(b) Suppose that ¥ and W are eigenvectors of A with eigenvalues A and u, respectively. Show
that if X # p then 7' is orthogonal to .
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6. (12 points) Define

A=
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(a) Find the eigenvalues of A and state the algebraic multiplicity of each eigenvalue.
(No justification needed for this part.)

/)u\ = ‘ Qsﬁ M‘AH’: 2

(b) Find a basis for each eigenspace.
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(c) State the geometric multiplicity of each eigenvalue.

'/\ S | (ﬁoo .va - \

/X - C/ %lgo n-uﬁ‘ < 1
2

(d) Is A diagonalizable? Justify your answer.
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(10 points) For this question, it may be helpful to know that

210 90 0] [-1/v2 0 1/4/2
11 1) =) 0 /36 1/v3| |0 0 0| | 16 —2/v6 1/V6|.
01 2 V2 16 143 [0 0 8] | 1/v3 143 1/V3
= ; D 57
Find a singular value decomposition A = UZW of the matrix
| i 6~
= [1 1 1]‘

Write your answer in the form | U = something, 3 = something, V = something.
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8. (20 points) True/False (circle the correct answer). You do not need to justify your answer.

Remember that True means always true. If a statement is sometimes true, but sometimes false,
mark it False.

(a) Every 5 x 5 matrix has a real eigenvalue.

( iI_‘ryé False

(b) If Ais an n x n matrix such that im(A) = {0} then A is invertible.

True @a_lsy T Fo
(U,’—\U') = 0 A' U

¢) If A is symmetric and U is orthogonal then UAUT is symmetric. = 1) AT
v/

@ Falée

(d) If A is a symmetric matrix and ) is one of its eigenvalues, then ) is also one of the singular
values of A.

= True ’False)

8 6 7 4 81 _'

(e) The matrices |5 3 0| and |5 1 6| are similar.
911 23 4 2

True Farlé.e“’i\)

(f) If ker(A®) = ker(A*) and 7 is a vector in ker(4%), then 7 is automatically in ker(A%).

v 5 True | False

(g) If Ais a4 x 7 matrix then rank(A) + dim(ker(A4)) = 4.

True False )

(h) If A is a symmetric n x n matrix such that A® = 0 then 4 = 0. BN > |

( “True > False ) O
(i) If A is an upper triangular n x n matrix such that A" = 0 then A = 0. AA

Trug False)-)

(i) If Ais an nxn matrix such that ||AZ]| = ||Z|| for all Z in R™ then A is an orthogonal matrix.

True \ False
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9. (20 points) Fill in the blanks with the matrices below (just write A, B, etc. in each blank). You
may use some items more than once, and there are some items that you will not use at all. If
none of the matrices on this list makes the statement true, write NONE.

00 0 1 10 0 =1 11 -1 0
T I B T e B o R
000 010 1 0 0 110 O
G=10 00 H=10 01 J=10 10 K=10 11 =18 -1 0
000 000 0 0 1 000 B 0 —1

(a) Suppose that MZ = b is a linear system with 3 equations and 3 unknowns. If the system

has a unique solution then the reduced row echelon form of M equals ) .

(b) Suppose that R is a 3 x 2 matrix and that S is a 2 X 3 matrix. If im(R) = ker(S) then

SR=__ I~ . o S SR
1:' ’[ * T

\ \
~' \

11

(c) If M is a 2 x 2 rotation by m/6 radians counterclockwise, then M Wies
{/ﬁ.’(}"* Ve 2R

(d) M= B is a 2 x 2 matrix such that im(M) = ker(M).
(6) M = _ Neneo isa 3 x 3 matrix such that im(M ) = ker(M).

(f) X\ = 0 is the only eigenvalue of Y . Furthermore, the algebraic multiplicity of A is
3 and the geometric multiplicity of A is 1.

h) M=%, ® is a matrix with rank 2 whose kernel is not {0}.

(i) If M is an orthogonal 3 x 3 matrix then M TM =MMT =__ )

() ) has complex (non-real) eigenvalues. 3" v [ = ©
’>\ = \__ '|
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You may use this page for scratch work.
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