Math 32b — Lecture 3 — Winter 2022
Final Exam
Due via Gradescope no later than 8am Pacific daylight time on Thursday Mar/17/2022.

Sign and submit the following honor statement:

I certify on my honor that I have neither given nor received any help, or used any
non-permitted resources, while completing this evaluation.

Signed:

Print name:

This exam contains 10 pages (including this cover page) and 9 problems. There are a total of 135
points available.

e Use extra pages as you need them.
e Attempt all questions.
e The problems are in no particular order.

e The work submitted must be entirely your own: you may not discuss with anyone else, except
that...

e You may email the instructor killip@math.ucla.edu with any queries about what the ques-
tions are asking.

e This exam is open book. You may use your notes, the textbook, and any online resource that
does not involve interaction with another person.

e Posting problems to online forums or “tutoring” websites counts as interaction
with another person so is strictly forbidden.



1. (15 points) e Which of the following is a correct expression of the area of a certain triangle?

x 1 1 x
A:/ / ldydz B:/ / 1dydz
0 0 0 0
1 x x 1
C:/ / 1dx dy D:/ / 1dx dy
0 0 0 0

e Let R denote the rectangle with vertices

(0,0,0), (0,1,0), (3,0,4), and (3,1,4).

What is the value of / / 1dS ?
R

A3 B:2 C:V5 D:3 E:4 F:5

e The Jacobian for the change of variables z(u,v) =u — 5v, y(u,v) =2v is

A:2 B:5 C: -1 D:10 E : undefined



2. (15 points) A circular pond is described by the inequalities
x2+y2§1 and zy—1<2<0

Determine the volume of the pond.



3. (15 points) I traverse a bow-tie shaped path by walking in straight lines between the points
(-1,-1), (1,1), (1,-1), (-1,1), and then back to (—1,—1).

Demonstrate the use of Green’s Theorem by using it to compute the work I do against the field

2

ety



4. (15 points) A fine wire of density 100 g/m is formed into the following D shape comprised of
a line segment and a semicircle:

Labels are in meters. Determine the moment of inertia for rotations about the y axis



5. (15 points) An Egyptian-style pyramid P has corners at the points
(—=3,-3,0), (-3,+3,0), (+3,+43,0), (+3,-3,0), and (0,0,7).

We orient the faces of the pyramid outwards.
(a) Find limits of integration so as to write fffp f(x,y,z)dV as an iterated integral.
(b) We wish to find the flux of the vector field
14z
F=|2+22
3423
through the four triangular faces of the pyramid. Use the divergence theorem to relate
this to an integral over the (square) bottom of the pyramid.

(c) Use your result from (b) to compute the sought-after flux.



1

6. (15 points) For this problem, let A(¢) = .
Vsin? (@) — cos?(g)

Convert the following integral, given in spherical polar coordinates, to cylindrical coordinates.
3n/4 2w, A(9)
/ / sin(¢) dp df d¢
/4 0 0

You are not expected to evaluate it!



7. (15 points) Consider a pipe parallel with the z-axis given by 22 + y? < 2. The velocity of a
fluid flowing in the pipe is given by

0
0
4—.%'2—2/2

<L
I

(a) Determine f(v x ) - dr around the loop x = cos(f), y =sin(f), z =0, 0 < 6 < 2.

(b) Demonstrate the use of Stokes” Theorem to confirm your answer to part (a).
Be explicit about the surface you use and its orientation!



8. (15 points) Use the change of variables

r=c" y = ve®

9 pzln(z)
/ / % dy dz
7 Jx €z

to evaluate the following integral:



9. (15 points) Let R denote the three-dimensional region where 22 + y? > 1 and consider the
scalar function
f(z,y,2) = In(z? + %) defined on R.
(a) Is R simply connected?
(b) Determine F = Vf
(¢) Determine V- F and V x F
(d) Compute ¢ F - d around the circle defined by

(—324+y*=1 and 2z=0

oriented clockwise when viewed from above (i.e. from a point where z > 0).

(e) Is F conservative? Justify your answer.
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Problem 1

1. Which of the following is a correct expression of the area of a certain triangle?

Answer: B

2. What is the value of [[, 1dS?

Answer: F

3. The Jacobian for the change of variables z(u,v) = u — 5v, y(u,v) = 2v is

Answer: A



Problem 2

First, parametrize the volume in cylindrical coordinates:

2?+1y2 <1 = <1 = 0<r<1
zy—1<2<0 = r?sinfcosf—1<2<0

Then, integrate using cylindrical coordinates:

V= / / / v
w
2r p1 0
:/ // rdzdrdf
0 0 r2sin @ cosf—1
27 1
:/ /7"(1—7‘2Sin9(3089)d7"d9
0 0
2y 1 !
/ [rz—rzsinﬂcosﬂ} do
0 4

0
271' 1
:/ (sin()cos@) do
0 4

1 27
=7 — 7/ sin Od(sin 6)
0

=7]

\o}

| —

W~



Problem 3
Path:

We can break this figure down into two regions, D; on the left and Dy on the right. The left loop of the
bow-tie is oriented correctly (counterclockwise), so we can directly use D; as the loop, while the right loop

is clockwise, so we have to subtract 0Ds.

W = F-dr— 7{
8D1 aDQ
By Green’s Theorem, this becomes

W = F'drf% F.dr
8D1 8D2

I G ()
=[] waa~ [[ waa

/ / xdyd:r—// zdydx

3
= —4/3

ox

00\[\3

oF,

F -dr

or

dy

=2zcos’y — x (—sin’y + cos’y) =z

This is the work done by the field as you travel along the path, so the work done by you is .



Problem 4

We can break the D shape into a vertical part and a semicircular part. The vertical part contributes no
rotational inertia since its distance from the y-axis is 0. The circular part can be parametrized by the
equation r(t) = (cost,sint), —w/2 <t < 7w /2.

I, = /aczpds
l

/2
= p/ cos?t - ||r'(t)]|dt
—m/2

/2
/ cos? tdt I ()] = [[(— sint, cos )| = 1
—7/2

/2
/ (14 cos2t)dt

I
A

1 w/2
=50 {t + = sin 2t]
2 —m/2



Problem 5

(a)

First, the limits of z are easy to find: 0 < z < 7. At each z-coordinate, the cross-section of the pyramid
looks like a square centered at (0,0). When z = 0, the side length is 6, and when z = 7, the side length
is 0. Thus, the side length can be given by a linear function s = 6 — 6z/7. Then, the limits of x and y
are —s/2 <1 <s8/2,—-s/2<y<s/2 = 32/7T-3<x<3-32/7,32/7T—-3<y<3-32/7.

Limits of integration: ’O <2<7,32/T—3<2x<3-32/7,32/7T—3<y<3 732/7‘

7 p3=3z/7 3-3z/7
J[[ @ =[ [ [ ey sy
P 0 J3z2/7-3 J3z/7-3

Let the sides be Sy, 53,53, and Sy, and the bottom be B. We wish to find the flux of the vector field
through the four sides, which is

//SlF'dS*//SQF'd5+//S3F-ds+//S4F.ds

By the Divergence Theorem,

//S]F.ds+//52F.dS+//SSF.dS+//S4F.dS+//BF.dS:///Pdiv(F)dV

Thus, the flux through the four sides is

//SIF'dSJr//S2F~dS+//SgF-dS+/L4F-dS ///PdiV(F)de//BF.dS

The bottom face can be parametrized by G(z,y) = (x,y,0),—3 <2 <3, -3 <y < 3. Then,

Iterated integral:

0G  0G
— X — =1(0,0,1
or oy (0.0.1)
This is pointing inside the pyramid, so we use N(z,y) = (0,0, —1) instead.
Furthermore,
. oF, 0F, OF3 2 2
div(F) = — 4+ —=—=0+0+32"=3
iv(F) 3x+8y+8z +0+3z 2

7 3-3z/7 3-32/T 3 3
// div(F)dV — // F-dS = / / / 322 dxdydz — / / F(G(z,y)) - N(z,y)dzdy
P B 0 J3z/7-3 J3z/7-3 -3.J-3

7 6 2 3 3

:/ 322 (6—z> dz—/ / (1,2,3) - (0,0, —1)dzdy
0 7 -3.J-3

=|6714/5



Problem 6

Cylindrical coordinates as a function of spherical coordinates:

Z = pcoso
r = psin ¢
0=146

Original integral:

3n/4 p2m pA(P) 3n/4  p2m pA(P) 1
/ / / sin ¢pdpdfdo = / / / — - p? sin ¢pdpdfde
0 0 /4 0 0 p

Now, we convert the spherical limits into cylindrical ones:

0 < 0 < 27 remains unchanged.
3
§¢gf — 1<cotp<l = —1<°<1 = —r<z<r
T
1

V/sin? ¢ — cos? ¢

Sketch of cylindrical limits:

z ==

IN =13

B

< — p¥sin?¢—pPeos?p <1 = r2—22<1

Thus,

3n/4  p2m A(o) 3m/4 27 A(o) 1
/ / / sin ¢pdpdfdg = / / / = - p* sin ¢dpdfd¢
0 0 /4 Jo 0 p
27 poo V1422 1
0 —oo J|z| 4z




Problem 7
(a)

r(f) = (cosf,sinh,0) = r'(f) = (—sinb, cosb,0)
Vxv=(-2y—0,—(—22-0),0-0) = (—2y,22,0) = (—2sin b, 2cos §,0)

2m
f(v X V) -dr = / (—2sin6,2cos6,0) - (—sin b, cosd,0)dbd
0

2m
= / 2d6
0

= [4r]

(b) Let S be the unit circle in the xy-plane, which is a surface bounded by the loop (call this [) in part
(a). Then, by Stokes’ Theorem,

j{(va)-dr:/SvX(va)-ds

S is parametrized by G(r,8) = (rcosf,rsin6,0), so

aG oG

N(r,0) = I 89

=(0,0,7)

Which is correctly oriented since it points in the positive z direction.

Furthermore,
V x (Vxv)=V x(-2y,22,0) = (0,0,4)

Putting it all together,

f;(va) dr—/ V x (V xv)-dS

27
/ /004 (0,0, r)drdf

:27r[2r}0

(@]



Problem 8

Jacobian:
oz Oz
‘Z le(eu)(eu)—ozem
ou ov
Limits:

e =7 = u=1In7
e"=9 = u=1In9
ve'! =e* = v=1

ve =" (Ine") = v=u

9 zlnz In9 u m
// %dydm:/ / %~62”dvdu
7 Jz T In7 J1 €
In9 1 u
2/ |:112:| du
In7 2 1

In9
O
=—|zu’—u
203 In7
s 1
= 6(ln9) 6(1n7) 2ln9—|—21n7




Problem 9
(a) R is not simply connected because a loop such as x? + 32 = 2 would not be able to be tightened into

a point.
(b)
2x 2y
F=Vf={—5—5 5,0
g <f62+y2 7’ +y? >
(©)
2 2 _ .2 2 2 _ .2
V.F = (y xQ), ( 92)’0
(= +y%)" (2* +y?)
i j k . ,
VxF= |2 & 2=(00-2 (e +1°) " 20— (<20 (e +47) " 29) ) =[0,0,0)
F F F

(d) The region bounded by the circle can be parametrized by the surface G(r,0) = (3+r cos 6, rsinf,0),0 <

r<1,0 <60 <27 Then,
oG  0G
N(r,0) = — x — = (0,0
(r0) = S5 x 52 = (0,0,7)
However, this is pointing in the positive z direction, which is the wrong orientation, so we use N(r, §) =

(0,0, —7) instead.
By Stokes’ Theorem,

]lfF.dr://Scuﬂ(F)-ds

= /O% /;(0,0,0) (0,0, —r)drdf
-

(e) F is not conservative because its domain is not simply connected.

10
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