22W-MATH-32B-LEC-4 Final Exam

TOTAL POINTS

177 / 200

QUESTION1
25 pts

11(@)7/7
v - 0 pts Correct
- 5 pts described the image of S under G
- 3 pts Only described the corner points

- 7 pts Incorrect or incorrect work

1.2(b)s/s
v + 6 pts Correct Jacobian matrix

+ 4 pts Minor error in Jacobian matrix

v + 2 pts Correct Jacobian (determinant calculation)

+ 1 pts Minor calculation error in Jacobian

(determinant calculation)

1.3(c)10/10
v - 0 pts Correct answer (of pi*4/3)
- 0 pts Correct (given error in part a or part b)
- 2 pts did not take absolute value of Jacobian, so
off by sign
- 2.5 pts incorrect or missing Jacobian

- 10 pts Incorrect

QUESTION 2
25 pts

21(a)5/5
v + 5 pts Correct sketch of $$D$$ (more or less)
+ 2 pts Correct drawing but wrong region labeled

+ 0 pts Incorrect or blank

2.2 (b)10/10
v +10 pts Correct region(s)
+ 10 pts Used complement (correctly) instead

+ 0 pts Incorrect or blank

+ 5 pts One correct region
+ 3 pts Partial credit (e.g. only complement)

+ 0 pts These are curves, not regions

2.3(c)10/10

v +10 pts Correct answer

+ 10 pts Incorrect but based on incorrect answer to

part (b)
+ 7 pts Computational error(s)

+ 0 pts Incorrect or blank

QUESTION 3
25 pts

3.1(a)10/10
v +10 pts Correct
+ 8 pts Correct, except used the upward normal
+ 8 pts Partial credit (computation error)
+ 5 pts Partial credit

+ 0 pts Incorrect or blank

3.2(b)15/15
v + 15 pts Correct (either parameterization or div.
thm.)
+ 14 pts Wrong sign
+ 11 pts Partial credit (computation)
+ 5 pts Partial credit (parameterization)
+ 3 pts Partial credit

+ 0 pts Incorrect or blank
QUESTION 4
25 pts

41(a)5/5
v + 5 pts Correct drawing (more or less)

+ 3 pts Partially correct drawing (e.g. missing a lot of



the region, or both paraboloids go through 0)
+ 2 pts Wrong region labeled

+ 0 pts Incorrect or blank

4.2 (b)10/10
v + 10 pts Correct
+ 7 pts Forgot $$r$$
+ 6 pts Computation errors or bound errors
+ 3 pts Integrate over square or cylinder
+ 0 pts Incorrect or blank

+10 pts Wrong W but consistent with (a)

43(c)10/10
v +10 pts Obtain $$8$$ vol $$W$$
+ 0 pts Incorrect or blank

+ 7 pts Error computing divergence

+ 5 pts Partial credit: use/state divergence theorem

+ 2 pts Assume field has a vector potential and get

QUESTION 5
25 pts

5.1(a) 10/10
v +10 pts Correct
+ 0 pts Incorrect (see point adjustment for partial
credit)

5.2(b)12/15
v + 10 pts Correct answer (using integral from part
(@)
+ 5 pts Cited Fubini's theorem to change order of
integration
+ 0 pts None of the above

+ 2 Point adjustment

mentioned that region is vertically & horizontally

simple

QUESTION 6
25 pts

6.1(a)5/5

v + 5 pts Correct.
- 2 pts Minor mistake in form of quotient rule.
-1 pts Dropped a negative in derivatives.

+ 0 pts Incorrect.

6.2(b)1/5
+ 1 pts Parameterized curve
+ 2 pts Setup integral
+ 2 pts Evaluated integral correctly.
- 1 pts Minor mistake
+ 0 pts Incorrect
v + 1 pts Set up Green's theorem.
NOTE: you cannot use Green's theorem because
$$F$$ is not smooth at the origin, which is
contained in the circle.

ALTERNATE : Show that $$F$$ is conservative.
+ 4 pts Showed that $$F$$ is conservative by
finding potential function.
+ 1 pts Concluded result.
- 1 pts Minor mistake in calculation of potential

function.

@ Green's theorem cannot be used here because
$$F$$ is not smooth at the origin, which is contained

in the circle.

6.3(C)12/15
Green's Theorem Method
+ 2 pts Correct general formula for Green's theorem
+1 pts Choose $$R$$ so that $$C_R$$ is within
$3$Q%$3$
+ 10 pts Correct boundary to apply Green's theorem
+ 2 pts Conclude based on previous part

- 1 pts Minor mistake

Conservative Method
v +10 pts Show that $$F$$ is conservative
v + 5 pts Conclude that the integral is $$0$$
- 4 pts Significant error in finding potential function

- 1 pts Small mistake in computing potential function

+ 0 pts Incorrect or no valid justification

- 3 Point adjustment



Claimed that Green's theorem could be applied.

e Green's theorem cannot be applied here because
$$F$$ is not smooth at the origin, which is contained

in the curve.

€ This is a correct method

QUESTION 7
25 pts

71(@)7/9

+ 9 pts Correct (found a potential function or drew
level curves)

+ 0 pts Incorrect or no explanation
v + 7 pts Provided evidence that F was path
independent on the domain or that all circulation
integrals in the domain will be 0.

+ 7 pts Showed curl was O/cross partials condition,
**and** tried to determine if the **domain of the vector
field** was simply connected or not

+ 4 pts Showed curl was O or checked cross partials
condition. This is not sufficient to answer the

question.

72(b)1/8

+ 5 pts Observed that F is path independent

- 2 pts Incorrect interpretation of path
independence

+ 2 pts Observed that A & Q, and B&P have the
same potential value (observing the distances AB and
PQ are the same is not sufficient)
v + 1 pts Observed that C1 goes from A to B, while
C2 goes from Qto P

+ 0 pts Incorrect or no work

73(c)a/s
- 0 pts Correct
- 8 pts Incorrect or no reasoning
v - 4 pts Partially correct reasoning (does not
describe sign)

QUESTION 8

Page 3

25 pts

8.1(a)9/9
v - 0 pts Correct (F is not conservative)
- 9 pts Incorrect or no reasoning.
- 4 pts Did not prove path dependence/ or did not

prove that there is a curve with nonzero circuation

- 4 pts Invalid or no justification for why curl is non-

Zero

- 6 pts incorrectly stated curl = O (and did not check

simply-connectedness)

- 6 pts incorrectly stated level curves exist

g82(b)s/s
v - 0 pts Correct
- 8 pts Incorrect or no explanation
+ 4 pts Incorrect/unexplained answer, but

interpreted divergence correctly

8.3(c)8/s8

v - 0 pts Correct

- 1 pts interpreted CCW circulation correctly, but
said negative curl

- 8 pts Incorrect or no explanation.

+ 4 pts Incorrect/unexplained answer, but
interpreted curl correctly

- 3 pts correct reasoning but incorrect answer

(claimed that F was conservative)

- 2 pts correct reasoning (but did not (or incorrectly)

explain why $$\frac{\partial F_2}{\partial x}$$ is

positive)



Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

1. Let S be the diamond in the xy-plane with vertices A = (7,0), B = (2w, 7), C = (7, 27),
D = (0,7), and consider the change of variables

U+v u—v
Guo) = (5515

(a) (7 points) Describe, as a set, the region Sy in the uv-plane that G maps to S

_ Vo uw
S D;N
_ ’)lL'(’V"m/ u-v=
;7 U:v, \Aj—\),)‘(l 2u=3w, v=-1 SN Cl'(M:\T)‘
) U‘/\):m D: u.*\,—o UN =10 HZ[UI'K') b”(}r\”“‘)
oW _on WM 270 2 =L~ AL
B U5y, u; ,r;b 5 Ul U2 C=0x '\T:),D( )
= =4, W= -
2wty 29030
DU=3w, y=0U

{ So= {(uw)\ Wéuiﬂb/"ﬁﬁ‘fﬁmﬂ
ZuT, V=-TU ~

(b) (8 points) Compute the determinant of the Jacobian matrix, Jac(G)
Qn OH]
[Jg)= |

Juc (6) - det [

ou %j‘:, )_ TS 1

L 4 - der | 'J
'[t —5} L

(¢) (10 points) Use your work from the previous parts to compute

//S(if —y)?sin®(z + y) dz dy .
J[ e stsapixds -] vu o

27T
J J ij_ J)@“ZW*MN d,ud,\) ‘L“"}E [—L—S-TC
"j j v* (51w (5) dm dv
T

=@)n [ LK)
5 L vl = e

- ()% (%)
:(i)}j; U=(ﬂ}§_o+o) dv

Rk



11(@)7/7
v - 0 pts Correct
- 5 pts described the image of S under G
- 3 pts Only described the corner points
- 7 pts Incorrect or incorrect work
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

1. Let S be the diamond in the xy-plane with vertices A = (7,0), B = (2w, 7), C = (7, 27),
D = (0,7), and consider the change of variables

U+v u—v
Guo) = (5515

(a) (7 points) Describe, as a set, the region Sy in the uv-plane that G maps to S

_ Vo uw
S D;N
_ ’)lL'(’V"m/ u-v=
;7 U:v, \Aj—\),)‘(l 2u=3w, v=-1 SN Cl'(M:\T)‘
) U‘/\):m D: u.*\,—o UN =10 HZ[UI'K') b”(}r\”“‘)
oW _on WM 270 2 =L~ AL
B U5y, u; ,r;b 5 Ul U2 C=0x '\T:),D( )
= =4, W= -
2wty 29030
DU=3w, y=0U

{ So= {(uw)\ Wéuiﬂb/"ﬁﬁ‘fﬁmﬂ
ZuT, V=-TU ~

(b) (8 points) Compute the determinant of the Jacobian matrix, Jac(G)
Qn OH]
[Jg)= |

Juc (6) - det [

ou %j‘:, )_ TS 1

L 4 - der | 'J
'[t —5} L

(¢) (10 points) Use your work from the previous parts to compute

//S(if —y)?sin®(z + y) dz dy .
J[ e stsapixds -] vu o

27T
J J ij_ J)@“ZW*MN d,ud,\) ‘L“"}E [—L—S-TC
"j j v* (51w (5) dm dv
T

=@)n [ LK)
5 L vl = e

- ()% (%)
:(i)}j; U=(ﬂ}§_o+o) dv

Rk



12(b)8/8
v + 6 pts Correct Jacobian matrix
+ 4 pts Minor error in Jacobian matrix
v + 2 pts Correct Jacobian (determinant calculation)

+ 1 pts Minor calculation error in Jacobian (determinant calculation)
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

1. Let S be the diamond in the xy-plane with vertices A = (7,0), B = (2w, 7), C = (7, 27),
D = (0,7), and consider the change of variables

U+v u—v
Guo) = (5515

(a) (7 points) Describe, as a set, the region Sy in the uv-plane that G maps to S

_ Vo uw
S D;N
_ ’)lL'(’V"m/ u-v=
;7 U:v, \Aj—\),)‘(l 2u=3w, v=-1 SN Cl'(M:\T)‘
) U‘/\):m D: u.*\,—o UN =10 HZ[UI'K') b”(}r\”“‘)
oW _on WM 270 2 =L~ AL
B U5y, u; ,r;b 5 Ul U2 C=0x '\T:),D( )
= =4, W= -
2wty 29030
DU=3w, y=0U

{ So= {(uw)\ Wéuiﬂb/"ﬁﬁ‘fﬁmﬂ
ZuT, V=-TU ~

(b) (8 points) Compute the determinant of the Jacobian matrix, Jac(G)
Qn OH]
[Jg)= |

Juc (6) - det [

ou %j‘:, )_ TS 1

L 4 - der | 'J
'[t —5} L

(¢) (10 points) Use your work from the previous parts to compute

//S(if —y)?sin®(z + y) dz dy .
J[ e stsapixds -] vu o

27T
J J ij_ J)@“ZW*MN d,ud,\) ‘L“"}E [—L—S-TC
"j j v* (51w (5) dm dv
T

=@)n [ LK)
5 L vl = e

- ()% (%)
:(i)}j; U=(ﬂ}§_o+o) dv

Rk



1.3(c)10/10
v - 0 pts Correct answer (of pi*4/3)
- 0 pts Correct (given error in part a or part b)
- 2 pts did not take absolute value of Jacobian, so off by sign
- 2.5 pts incorrect or missing Jacobian

- 10 pts Incorrect
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

2. Let D be the region in the first quadrant inside the circle of radius 1, and bounded by
the polar spiral » = 6 and the y-axis.

(a) (5 points) Sketch the region D.

-
N

R

(b) (10 points) Express the region D as a (union of) radially simple region(s).
=\ ond r=Q wreseost:

/\j d/\N\ﬁe, Ryl ke polor cooralivocter.
=, r= 9 2 9=\
=9 0= tpcowse 0 0L 1 ¢ qudmd

Pi={(r.9)| 0621, 0<r <o}
O>={w® | 120¢%, 0eren]

P> Div P2

(¢) (10 points) Use your work from the previous parts to compute
/ Va2 4yt dA
D
= [ e x2® 577- 1
Jg&b}o OLG{' ( («33“ dﬁ
{ pd %
o do + j g Jg de

Fiot comert 40 polos

Jly e

0o ° (
i} 1 - df %Yo{"é"%"‘g"
P \ L+%-5
”D‘r an || Ok




21(a)5/5
v + 5 pts Correct sketch of $$D$$ (more or less)
+ 2 pts Correct drawing but wrong region labeled

+ 0 pts Incorrect or blank
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

2. Let D be the region in the first quadrant inside the circle of radius 1, and bounded by
the polar spiral » = 6 and the y-axis.

(a) (5 points) Sketch the region D.

-
N

R

(b) (10 points) Express the region D as a (union of) radially simple region(s).
=\ ond r=Q wreseost:

/\j d/\N\ﬁe, Ryl ke polor cooralivocter.
=, r= 9 2 9=\
=9 0= tpcowse 0 0L 1 ¢ qudmd

Pi={(r.9)| 0621, 0<r <o}
O>={w® | 120¢%, 0eren]

P> Div P2

(¢) (10 points) Use your work from the previous parts to compute
/ Va2 4yt dA
D
= [ e x2® 577- 1
Jg&b}o OLG{' ( («33“ dﬁ
{ pd %
o do + j g Jg de

Fiot comert 40 polos

Jly e

0o ° (
i} 1 - df %Yo{"é"%"‘g"
P \ L+%-5
”D‘r an || Ok




2.2(b)10/10
v +10 pts Correct region(s)
+ 10 pts Used complement (correctly) instead
+ 0 pts Incorrect or blank
+ 5 pts One correct region
+ 3 pts Partial credit (e.g. only complement)

+ 0 pts These are curves, not regions
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

2. Let D be the region in the first quadrant inside the circle of radius 1, and bounded by
the polar spiral » = 6 and the y-axis.

(a) (5 points) Sketch the region D.

-
N

R

(b) (10 points) Express the region D as a (union of) radially simple region(s).
=\ ond r=Q wreseost:

/\j d/\N\ﬁe, Ryl ke polor cooralivocter.
=, r= 9 2 9=\
=9 0= tpcowse 0 0L 1 ¢ qudmd

Pi={(r.9)| 0621, 0<r <o}
O>={w® | 120¢%, 0eren]

P> Div P2

(¢) (10 points) Use your work from the previous parts to compute
/ Va2 4yt dA
D
= [ e x2® 577- 1
Jg&b}o OLG{' ( («33“ dﬁ
{ pd %
o do + j g Jg de

Fiot comert 40 polos

Jly e

0o ° (
i} 1 - df %Yo{"é"%"‘g"
P \ L+%-5
”D‘r an || Ok




2.3(c)10/10
v +10 pts Correct answer
+ 10 pts Incorrect but based on incorrect answer to part (b)
+ 7 pts Computational error(s)

+ 0 pts Incorrect or blank
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

3. The velocity vector field of a fluid is given by
v = (0,z° + 92, 2%
(a) (10 points) Find the flow rate of v in the negative z-direction through the disk

D ={(z,y,0) | 2" +y* < 1}

pavawml%@ D:

G(0) = { w58, 56, 0>, 0 <&M
nmpwn-e Mod?vc olmctwvuvl—% S N =40, 0,->

iy
” "'““J o, (945D, 0 - <0, 0 -1> df
) o

:Sm o dB

9

(b) (15 points) Find the flow rate of v in the positive z-direction through the hemi-
sphere
S={(z,y,2) | #"+y"+2°=1,2 > 0}

PovowAize S
=5 ($.0)=¢< ooesng, smdemd, oo>4>> 0£0<I% 0L < 4
__3,3_ = (- S\V\G@\Y\q) W(‘J, D> —% - ( 00590@(1)/ S\V\QUJD‘P ,—3M¢>
K(d? )5y x -S>
=( oowwcp SO -S> x (-swesnd, owlsmd, D>
= LsvibeoR, sinsn | snO s ¢ (050G >

= {snPont, SVeN'), owpsng >
v= <0, 7&»3’, 225> =<0 onp , w’ P>

J S v—ﬁ dﬁzj 2 WZO an’h cod'$=- Lom'Geef. VNS, Uspsinp> ded
S s/ o j [0+2TDC953136\MP3 d

:)’" gn'band + oo Psnd ol df m,[’—@;@‘]%
- [% Eososp + 0us'panp] 80/ T[] 3



3.1(a)10/10
v +10 pts Correct
+ 8 pts Correct, except used the upward normal
+ 8 pts Partial credit (computation error)
+ 5 pts Partial credit

+ 0 pts Incorrect or blank
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

3. The velocity vector field of a fluid is given by
v = (0,z° + 92, 2%
(a) (10 points) Find the flow rate of v in the negative z-direction through the disk

D ={(z,y,0) | 2" +y* < 1}

pavawml%@ D:

G(0) = { w58, 56, 0>, 0 <&M
nmpwn-e Mod?vc olmctwvuvl—% S N =40, 0,->

iy
” "'““J o, (945D, 0 - <0, 0 -1> df
) o

:Sm o dB

9

(b) (15 points) Find the flow rate of v in the positive z-direction through the hemi-
sphere
S={(z,y,2) | #"+y"+2°=1,2 > 0}

PovowAize S
=5 ($.0)=¢< ooesng, smdemd, oo>4>> 0£0<I% 0L < 4
__3,3_ = (- S\V\G@\Y\q) W(‘J, D> —% - ( 00590@(1)/ S\V\QUJD‘P ,—3M¢>
K(d? )5y x -S>
=( oowwcp SO -S> x (-swesnd, owlsmd, D>
= LsvibeoR, sinsn | snO s ¢ (050G >

= {snPont, SVeN'), owpsng >
v= <0, 7&»3’, 225> =<0 onp , w’ P>

J S v—ﬁ dﬁzj 2 WZO an’h cod'$=- Lom'Geef. VNS, Uspsinp> ded
S s/ o j [0+2TDC953136\MP3 d

:)’" gn'band + oo Psnd ol df m,[’—@;@‘]%
- [% Eososp + 0us'panp] 80/ T[] 3



3.2(b)15/15
v + 15 pts Correct (either parameterization or div. thm.)
+ 14 pts Wrong sign
+ 11 pts Partial credit (computation)
+ 5 pts Partial credit (parameterization)
+ 3 pts Partial credit

+ 0 pts Incorrect or blank
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

4. (a) (5 points) Let W be a solid region in R* bounded by the paraboloids z = 2% + 2>
and z = 2? + y? + 43 Sketch W. Qs .
py = R
- ” W 78)4 l&z X, —’%

97

g

X
(b) (10 points) Let W be a solid region in R* bounded by the paraboloids z = 2x2 4 2>
and z = 22 + y? + 4. Find the volume of W.

u,amj ojh\/ldviwiz onprelvucted - m
5 Yy 2 ;j [)"1_ _[‘_*_‘32 ds
7= 2ty 5 tJ s

A2 vy C
N —'J ” rdedrdg [ LR)

0 VYo ¥

' - 20 (=0
[ e deds

o o

0 o)

- Y‘L J) tu‘—rad,rdﬁ

(¢) (10 points) Let OW denote the boundary of W, oriented by outward-pointing nor-
mal vectors. Compute

// <x+xy+sin(z),:v3+3y— %2>4Z+COS(IU)> -dS
ow

. 5 — ([T
B\\j L dq\,wxeuw e ,J j _$r54 3¢ drdd

o F - )| e e ,

div(F)= thy+3-4¢ 4 =3
Il s®an- [ 6 a2

0 ar?

: jm J2 (1 t4->47) drdl®

0 )

= Jm [—IY¢+ I'V,}l d &
? (-]

-
-

n
JOL -32+64 d6

@\



41(a)5/5
v + 5 pts Correct drawing (more or less)
+ 3 pts Partially correct drawing (e.g. missing a lot of the region, or both paraboloids go through 0)
+ 2 pts Wrong region labeled

+ 0 pts Incorrect or blank
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

4. (a) (5 points) Let W be a solid region in R* bounded by the paraboloids z = 2% + 2>
and z = 2? + y? + 43 Sketch W. Qs .
py = R
- ” W 78)4 l&z X, —’%

97

g

X
(b) (10 points) Let W be a solid region in R* bounded by the paraboloids z = 2x2 4 2>
and z = 22 + y? + 4. Find the volume of W.

u,amj ojh\/ldviwiz onprelvucted - m
5 Yy 2 ;j [)"1_ _[‘_*_‘32 ds
7= 2ty 5 tJ s

A2 vy C
N —'J ” rdedrdg [ LR)

0 VYo ¥

' - 20 (=0
[ e deds

o o

0 o)

- Y‘L J) tu‘—rad,rdﬁ

(¢) (10 points) Let OW denote the boundary of W, oriented by outward-pointing nor-
mal vectors. Compute

// <x+xy+sin(z),:v3+3y— %2>4Z+COS(IU)> -dS
ow

. 5 — ([T
B\\j L dq\,wxeuw e ,J j _$r54 3¢ drdd

o F - )| e e ,

div(F)= thy+3-4¢ 4 =3
Il s®an- [ 6 a2

0 ar?

: jm J2 (1 t4->47) drdl®

0 )

= Jm [—IY¢+ I'V,}l d &
? (-]

-
-

n
JOL -32+64 d6

@\



4.2 (b)10/10
v +10 pts Correct
+ 7 pts Forgot $$r$$
+ 6 pts Computation errors or bound errors
+ 3 pts Integrate over square or cylinder
+ 0 pts Incorrect or blank
+10 pts Wrong W but consistent with (a)
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Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

4. (a) (5 points) Let W be a solid region in R* bounded by the paraboloids z = 2% + 2>
and z = 2? + y? + 43 Sketch W. Qs .
py = R
- ” W 78)4 l&z X, —’%

97

g

X
(b) (10 points) Let W be a solid region in R* bounded by the paraboloids z = 2x2 4 2>
and z = 22 + y? + 4. Find the volume of W.

u,amj ojh\/ldviwiz onprelvucted - m
5 Yy 2 ;j [)"1_ _[‘_*_‘32 ds
7= 2ty 5 tJ s

A2 vy C
N —'J ” rdedrdg [ LR)

0 VYo ¥

' - 20 (=0
[ e deds

o o

0 o)

- Y‘L J) tu‘—rad,rdﬁ

(¢) (10 points) Let OW denote the boundary of W, oriented by outward-pointing nor-
mal vectors. Compute

// <x+xy+sin(z),:v3+3y— %2>4Z+COS(IU)> -dS
ow

. 5 — ([T
B\\j L dq\,wxeuw e ,J j _$r54 3¢ drdd

o F - )| e e ,

div(F)= thy+3-4¢ 4 =3
Il s®an- [ 6 a2

0 ar?

: jm J2 (1 t4->47) drdl®

0 )

= Jm [—IY¢+ I'V,}l d &
? (-]

-
-

n
JOL -32+64 d6

@\



4.3(c)10/10
v +10 pts Obtain $$8%$$ vol $$W$$
+ 0 pts Incorrect or blank
+ 7 pts Error computing divergence
+ 5 pts Partial credit: use/state divergence theorem

+ 2 pts Assume field has a vector potential and get O
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Final Exam Mar 14, 2022

Math 32B-Lec4, UCLA

5. (a) (10 points) Let D be the region in R? given by

D={(z,y) |0<z<1,2** <y <1}

Let 0D denote the boundary of D, with the boundary orientation. Use Green’s
theorem to rewrite the following circulation integral as a double integral over D.

z2e¥
j{ z3 — 3ysin(z) — y, 3cos(x) + 2z + -dr
oD 2

v 4t UG!M??MW

ok _d 5wax+>7s+%—g_—~

(V758
oA = '5%\V\7$+7f7§e,5\t § (73 539\\'\%-'3 30%7507&1‘—7‘—6— >-dr
.QE- S %3 SNA -
0y ~ eﬁx AR HJ 5+7sef3 A
= - 23551 ¢ v
B asig 4240 i
N 65 u‘l’
=3 tAL

(b) (15 points) Use your work from the previous part to compute

r2eY
]{ 23 — 3ysin(z )—y 3 cos(z) + 2z + -dr
aD 2

A — _Z\_C_ dr SN o 7 losth
? (7& 55sms tj 30K 42%+-5 = V- M%OSJ\ %V% Mw?y "

Mame ) J"va 5+xe oy b4

p
L., Jy [

7&'5 0 ¢ 33/1
3 <[ Garazet), oy
3 fﬂ [ g ey

' O Tt AN

/
7> - o
\6‘—78 “') x = q/%
S A <zs=f+%§l’/z'@




5.1(a) 10/10
v +10 pts Correct

+ 0 pts Incorrect (see point adjustment for partial credit)
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Math 32B-Lec4, UCLA

5. (a) (10 points) Let D be the region in R? given by

D={(z,y) |0<z<1,2** <y <1}

Let 0D denote the boundary of D, with the boundary orientation. Use Green’s
theorem to rewrite the following circulation integral as a double integral over D.

z2e¥
j{ z3 — 3ysin(z) — y, 3cos(x) + 2z + -dr
oD 2

v 4t UG!M??MW

ok _d 5wax+>7s+%—g_—~

(V758
oA = '5%\V\7$+7f7§e,5\t § (73 539\\'\%-'3 30%7507&1‘—7‘—6— >-dr
.QE- S %3 SNA -
0y ~ eﬁx AR HJ 5+7sef3 A
= - 23551 ¢ v
B asig 4240 i
N 65 u‘l’
=3 tAL

(b) (15 points) Use your work from the previous part to compute

r2eY
]{ 23 — 3ysin(z )—y 3 cos(z) + 2z + -dr
aD 2

A — _Z\_C_ dr SN o 7 losth
? (7& 55sms tj 30K 42%+-5 = V- M%OSJ\ %V% Mw?y "

Mame ) J"va 5+xe oy b4

p
L., Jy [

7&'5 0 ¢ 33/1
3 <[ Garazet), oy
3 fﬂ [ g ey

' O Tt AN

/
7> - o
\6‘—78 “') x = q/%
S A <zs=f+%§l’/z'@




5.2(b)12/15
v +10 pts Correct answer (using integral from part (a))
+ 5 pts Cited Fubini's theorem to change order of integration
+ 0 pts None of the above

+ 2 Point adjustment

mentioned that region is vertically & horizontally simple

Page 29



Math 32B-Lec4, UCLA Final Exam Mar 14, 2022

6. Consider the vector field on R* — {(0,0)} given by

T y
F =
<$2+92’5B2+y2>

(a) (5 points) Compute % o — %—1;1.
3E:  0-4an). 24 oh_ 8
M AR ) H aﬂ
OFc__ o-x(:;? = W (XH&) - (KH&)}

3 Gowy G

(b) (5 points) Let C' be the circle of radius R centered at the origin, oriented counter-
clockwise. Compute ch - dr.

Snee C » o s\w»?be cloved  oave,

'XC~R
')o/ D'OF dr o9

0

(c¢) (15 points) Let @ be the closed curve below, oriented counterclockwise. Compute

J, F-dr. Wo alss -(15 +o fud o
S B % o siwple dsed v ?""“’fh\“’f' WM(&l
owne, ol (om use GremS = peyrall b +C
JoF- ([ (2590 4a B R I o
B 'JJ % 2 ) ! %mfrw_;.fﬁd“&m
dmed ot
ijaa b JoF o]




6.1(a)5/5
v + 5 pts Correct.
- 2 pts Minor mistake in form of quotient rule.
- 1 pts Dropped a negative in derivatives.

+ 0 pts Incorrect.
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6. Consider the vector field on R* — {(0,0)} given by

T y
F =
<$2+92’5B2+y2>

(a) (5 points) Compute % o — %—1;1.
3E:  0-4an). 24 oh_ 8
M AR ) H aﬂ
OFc__ o-x(:;? = W (XH&) - (KH&)}

3 Gowy G

(b) (5 points) Let C' be the circle of radius R centered at the origin, oriented counter-
clockwise. Compute ch - dr.

Snee C » o s\w»?be cloved  oave,

'XC~R
')o/ D'OF dr o9

0

(c¢) (15 points) Let @ be the closed curve below, oriented counterclockwise. Compute

J, F-dr. Wo alss -(15 +o fud o
S B % o siwple dsed v ?""“’fh\“’f' WM(&l
owne, ol (om use GremS = peyrall b +C
JoF- ([ (2590 4a B R I o
B 'JJ % 2 ) ! %mfrw_;.fﬁd“&m
dmed ot
ijaa b JoF o]




6.2(b)1/5

+ 1 pts Parameterized curve
+ 2 pts Setup integral
+ 2 pts Evaluated integral correctly.
- 1 pts Minor mistake
+ 0 pts Incorrect

v +1 pts Set up Green's theorem.

NOTE: you cannot use Green's theorem because $$F$$ is not smooth at the origin, which is contained in the

circle.

ALTERNATE : Show that $$F$$ is conservative.
+ 4 pts Showed that $$F$$ is conservative by finding potential function.
+ 1 pts Concluded result.

- 1 pts Minor mistake in calculation of potential function.

o Green's theorem cannot be used here because $$F$$ is not smooth at the origin, which is contained in the

circle.
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6. Consider the vector field on R* — {(0,0)} given by

T y
F =
<$2+92’5B2+y2>

(a) (5 points) Compute % o — %—1;1.
3E:  0-4an). 24 oh_ 8
M AR ) H aﬂ
OFc__ o-x(:;? = W (XH&) - (KH&)}

3 Gowy G

(b) (5 points) Let C' be the circle of radius R centered at the origin, oriented counter-
clockwise. Compute ch - dr.

Snee C » o s\w»?be cloved  oave,

'XC~R
')o/ D'OF dr o9

0

(c¢) (15 points) Let @ be the closed curve below, oriented counterclockwise. Compute

J, F-dr. Wo alss -(15 +o fud o
S B % o siwple dsed v ?""“’fh\“’f' WM(&l
owne, ol (om use GremS = peyrall b +C
JoF- ([ (2590 4a B R I o
B 'JJ % 2 ) ! %mfrw_;.fﬁd“&m
dmed ot
ijaa b JoF o]




6.3(C)12/15
Green's Theorem Method
+ 2 pts Correct general formula for Green's theorem
+1 pts Choose $$R$$ so that $$C_R$$ is within $$Q$$
+ 10 pts Correct boundary to apply Green's theorem
+ 2 pts Conclude based on previous part

- 1 pts Minor mistake

Conservative Method
v +10 pts Show that $$F$$ is conservative
v + 5 pts Conclude that the integral is $$0$$
- 4 pts Significant error in finding potential function

- 1 pts Small mistake in computing potential function

+ 0 pts Incorrect or no valid justification

- 3 Point adjustment

Claimed that Green's theorem could be applied.

9 Green's theorem cannot be applied here because $$F$$ is not smooth at the origin, which is contained in

the curve.

€ This is a correct method
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7. You must explain your reasoning. Consider the following radial vector field F':

(a) (9 points) Is F a conservative vector field?

tv te oruler patin Cpdumuon olme  wm Tt vestr fielol.
sne He veobr fell B perpwncioda o the Pt el e
ﬁmW\aLwW%MWﬁMMC»
Trotvre, ﬁcf.df‘ -0, TWib B the Wse when Cs as auy
vodiaus |, ki weows E—Tb consenative |

(b) (8 points) Suppose that for the two curves C; (left) and Cy (right), we have

F-dr=5
C1

What is fCQF.dr?
SN lfh a0 wﬂﬁQ/fVWHVQ, Jc;(fdf con o seun OO
J'(f.olr‘ whsted 190 N the veChr field. Thor stort owd

ejjwt oty lung, thy Same distone fhwa, F &

o oppwitt diretttens bwt Wawe the Fame V‘/‘W

N B s
(c) (8 points) Which is greater, [, (F-n) ds or [, (F-n) ds? Or are they equal?
[ B do s e el of A Mool eiwgonsst o F ol C
5 b seb e horonul part o G doge nst- cochibike

J *
$ Ic\(s,m\s ot VRslor> withh Wouqur wegnitudled %ﬁn\bfb‘b LFYI de
ooy e, Qigonal et o C4 svon Hat ot 4, [ B do Therefre.

oven, G G lngor thon O, Uo‘ﬁ‘ﬁ ds = jc)?-\?l‘ ds.




71(@)7/9
+ 9 pts Correct (found a potential function or drew level curves)
+ 0 pts Incorrect or no explanation
v + 7 pts Provided evidence that F was path independent on the domain or that all circulation integrals in the
domain will be 0.
+ 7 pts Showed curl was O/cross partials condition, **and** tried to determine if the **domain of the vector
field** was simply connected or not

+ 4 pts Showed curl was O or checked cross partials condition. This is not sufficient to answer the question.
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7. You must explain your reasoning. Consider the following radial vector field F':

(a) (9 points) Is F a conservative vector field?

tv te oruler patin Cpdumuon olme  wm Tt vestr fielol.
sne He veobr fell B perpwncioda o the Pt el e
ﬁmW\aLwW%MWﬁMMC»
Trotvre, ﬁcf.df‘ -0, TWib B the Wse when Cs as auy
vodiaus |, ki weows E—Tb consenative |

(b) (8 points) Suppose that for the two curves C; (left) and Cy (right), we have

F-dr=5
C1

What is fCQF.dr?
SN lfh a0 wﬂﬁQ/fVWHVQ, Jc;(fdf con o seun OO
J'(f.olr‘ whsted 190 N the veChr field. Thor stort owd

ejjwt oty lung, thy Same distone fhwa, F &

o oppwitt diretttens bwt Wawe the Fame V‘/‘W

N B s
(c) (8 points) Which is greater, [, (F-n) ds or [, (F-n) ds? Or are they equal?
[ B do s e el of A Mool eiwgonsst o F ol C
5 b seb e horonul part o G doge nst- cochibike

J *
$ Ic\(s,m\s ot VRslor> withh Wouqur wegnitudled %ﬁn\bfb‘b LFYI de
ooy e, Qigonal et o C4 svon Hat ot 4, [ B do Therefre.

oven, G G lngor thon O, Uo‘ﬁ‘ﬁ ds = jc)?-\?l‘ ds.




72(b)1/8
+ 5 pts Observed that F is path independent
- 2 pts Incorrect interpretation of path independence
+ 2 pts Observed that A & Q, and B&P have the same potential value (observing the distances AB and PQ are
the same is not sufficient)
v + 1 pts Observed that C1 goes from A to B, while C2 goes from Q to P

+ 0 pts Incorrect or no work
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7. You must explain your reasoning. Consider the following radial vector field F':

(a) (9 points) Is F a conservative vector field?

tv te oruler patin Cpdumuon olme  wm Tt vestr fielol.
sne He veobr fell B perpwncioda o the Pt el e
ﬁmW\aLwW%MWﬁMMC»
Trotvre, ﬁcf.df‘ -0, TWib B the Wse when Cs as auy
vodiaus |, ki weows E—Tb consenative |

(b) (8 points) Suppose that for the two curves C; (left) and Cy (right), we have

F-dr=5
C1

What is fCQF.dr?
SN lfh a0 wﬂﬁQ/fVWHVQ, Jc;(fdf con o seun OO
J'(f.olr‘ whsted 190 N the veChr field. Thor stort owd

ejjwt oty lung, thy Same distone fhwa, F &

o oppwitt diretttens bwt Wawe the Fame V‘/‘W

N B s
(c) (8 points) Which is greater, [, (F-n) ds or [, (F-n) ds? Or are they equal?
[ B do s e el of A Mool eiwgonsst o F ol C
5 b seb e horonul part o G doge nst- cochibike

J *
$ Ic\(s,m\s ot VRslor> withh Wouqur wegnitudled %ﬁn\bfb‘b LFYI de
ooy e, Qigonal et o C4 svon Hat ot 4, [ B do Therefre.

oven, G G lngor thon O, Uo‘ﬁ‘ﬁ ds = jc)?-\?l‘ ds.




73(c)a/8
- 0 pts Correct
- 8 pts Incorrect or no reasoning

v - 4 pts Partially correct reasoning (does not describe sign)
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8. You must explain your reasoning. Consider the following vector field F"

.

(a) (9 points) Is F a conservative vector field?

Wﬁ%ﬁwcmmww‘?@u‘w-

[ F.dr of i two boviconial, ks camsel k- vecsise S 0>

we o ditfret dehoWD. [ ap o e At verfl port B TG
wouse the vestr feld deeo wot gt Hwt. [Fdi of tht Left
vl port b ST beCSe R Qe qeed m e suve dirtgton
oo 4he vkt feld, Terehe jSM T-df #0, whih weans

(T wer corserviive) Rjoae

(b) (8 points) Is divergence of F at P = (-1, —1) positive, negative, or zero?
Lok +hart oo o st disk D, ovond P by Green’s Thesram:
‘ —
0y (B)(P) = gy O, B 1 0°
e ol s wvoto D, bemwed [ e, v~ oo —fia
0& E -I'an\n D =0 W otw(ﬁ ot P=C\. ) s ﬂ

(c) (8 points) Is curl, F at @ = (1,1) positive, negative, or zero?

WW e O\,S‘MAMCU\%D;WJ‘Q/% Greens Thesram:

arly (F)(B) = M:(D,) ab,t' ar

SYL D o Grdl onemted C?defacU.uX% owmd. %'f/b veCkr {-‘:‘ddjf
P o e a g magwrtude on e At with on wpword dire cten, %D)Foh

shonid, b, Pt Treredwe, (el (F) ot 620, 0 shatd be postg,




8.1(a)9/9
v - 0 pts Correct (F is not conservative)
- 9 pts Incorrect or no reasoning.
- 4 pts Did not prove path dependence/ or did not prove that there is a curve with nonzero circuation
- 4 pts Invalid or no justification for why curl is non-zero
- 6 pts incorrectly stated curl = O (and did not check simply-connectedness)

- 6 pts incorrectly stated level curves exist
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8. You must explain your reasoning. Consider the following vector field F"

.

(a) (9 points) Is F a conservative vector field?

Wﬁ%ﬁwcmmww‘?@u‘w-

[ F.dr of i two boviconial, ks camsel k- vecsise S 0>

we o ditfret dehoWD. [ ap o e At verfl port B TG
wouse the vestr feld deeo wot gt Hwt. [Fdi of tht Left
vl port b ST beCSe R Qe qeed m e suve dirtgton
oo 4he vkt feld, Terehe jSM T-df #0, whih weans

(T wer corserviive) Rjoae

(b) (8 points) Is divergence of F at P = (-1, —1) positive, negative, or zero?
Lok +hart oo o st disk D, ovond P by Green’s Thesram:
‘ —
0y (B)(P) = gy O, B 1 0°
e ol s wvoto D, bemwed [ e, v~ oo —fia
0& E -I'an\n D =0 W otw(ﬁ ot P=C\. ) s ﬂ

(c) (8 points) Is curl, F at @ = (1,1) positive, negative, or zero?

WW e O\,S‘MAMCU\%D;WJ‘Q/% Greens Thesram:

arly (F)(B) = M:(D,) ab,t' ar

SYL D o Grdl onemted C?defacU.uX% owmd. %'f/b veCkr {-‘:‘ddjf
P o e a g magwrtude on e At with on wpword dire cten, %D)Foh

shonid, b, Pt Treredwe, (el (F) ot 620, 0 shatd be postg,




82(b)s/s
v - 0 pts Correct
- 8 pts Incorrect or no explanation

+ 4 pts Incorrect/unexplained answer, but interpreted divergence correctly
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8. You must explain your reasoning. Consider the following vector field F"

.

(a) (9 points) Is F a conservative vector field?

Wﬁ%ﬁwcmmww‘?@u‘w-

[ F.dr of i two boviconial, ks camsel k- vecsise S 0>

we o ditfret dehoWD. [ ap o e At verfl port B TG
wouse the vestr feld deeo wot gt Hwt. [Fdi of tht Left
vl port b ST beCSe R Qe qeed m e suve dirtgton
oo 4he vkt feld, Terehe jSM T-df #0, whih weans

(T wer corserviive) Rjoae

(b) (8 points) Is divergence of F at P = (-1, —1) positive, negative, or zero?
Lok +hart oo o st disk D, ovond P by Green’s Thesram:
‘ —
0y (B)(P) = gy O, B 1 0°
e ol s wvoto D, bemwed [ e, v~ oo —fia
0& E -I'an\n D =0 W otw(ﬁ ot P=C\. ) s ﬂ

(c) (8 points) Is curl, F at @ = (1,1) positive, negative, or zero?

WW e O\,S‘MAMCU\%D;WJ‘Q/% Greens Thesram:

arly (F)(B) = M:(D,) ab,t' ar

SYL D o Grdl onemted C?defacU.uX% owmd. %'f/b veCkr {-‘:‘ddjf
P o e a g magwrtude on e At with on wpword dire cten, %D)Foh

shonid, b, Pt Treredwe, (el (F) ot 620, 0 shatd be postg,




83(c)s/s8
v - 0 pts Correct
- 1 pts interpreted CCW circulation correctly, but said negative curl
- 8 pts Incorrect or no explanation.
+ 4 pts Incorrect/unexplained answer, but interpreted curl correctly
- 3 pts correct reasoning but incorrect answer (claimed that F was conservative)

- 2 pts correct reasoning (but did not (or incorrectly) explain why $$\frac{\partial F_2}{\partial x}$$ is positive)
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