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1(i) We have

W = {(x, y, z)|x2 + y2 + z2 ≤ 3, y > x > 0, z > 0}
= {(r cos θ, r sin θ, z)| r2 + z2 ≤ 3, sin θ > cos θ > 0, r > 0, z > 0}

= {(r cos θ, r sin θ, z)| 0 < z ≤
√
3− r2, π

4
< θ <

π

2
, r > 0}.

∫
W
z d(x, y, z) =

∫ π
2

π
4

∫ ∞
0

∫
[0,
√
3−r2]

zr dz dr dθ

=

∫ π
2

π
4

∫ √3
0

∫ √3−r2
0

zr dz dr dθ

=

∫ π
2

π
4

∫ √3
0

1

2
(3− r2)r dr dθ =

∫ π
4

0

9

4
− 9

8
dθ =

9π

32
.

1(ii) We have

W

={(x, y, z)|x2 + y2 + z2 ≤ 3, y > x > 0, z > 0}
={(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)|
0 < ρ ≤

√
3, ρ sinφ sin θ > ρ sinφ cos θ > 0, ρ cosφ > 0, 0 ≤ φ ≤ π, 0 ≤ θ ≤ 2π}

={(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)|
0 < ρ ≤

√
3, sin θ > cos θ > 0, cosφ > 0, 0 ≤ φ ≤ π, 0 ≤ θ ≤ 2π}

={(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)| 0 < ρ ≤
√
3, 0 ≤ φ < π

2
,
π

4
< θ <

π

2
}.

∫
W
z d(x, y, z) =

∫ π
2

π
4

∫ π
2

0

∫ √3
0

(ρ cosφ)ρ2 sinφdρ dφ dθ

=

∫ π
2

π
4

∫ π
2

0

∫ √3
0

ρ3 cosφ sinφdρ dφ dθ

=

∫ π
2

π
4

∫ π
2

0

9

4
cosφ sinφdφ dθ

=

∫ π
2

π
4

∫ π
2

0

9

8
sin(2φ) dφ dθ

=

∫ π
2

π
4

9

8
dθ =

9π

32
.
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2(i) We have

W = {(x, y, z)|x2 + y2 + z2 ≤ 3, y > 0, z ≥ 1}
= {(r cos θ, r sin θ, z)| r2 + z2 ≤ 3, sin θ > 0, r > 0, z ≥ 1}
= {(r cos θ, r sin θ, z)| 1 ≤ z ≤

√
3− r2, 0 < θ < π}.

∫
W
z d(x, y, z) =

∫ π

0

∫ ∞
0

∫
[1,
√
3−r2]

zr dz dr dθ

=

∫ π

0

∫ √2
0

∫ √3−r2
1

zr dz dr dθ

=

∫ π

0

∫ √2
0

1

2
(2− r2)r dr dθ =

∫ π

0
1− 1

2
dθ =

π

2
.

2(ii) We have

W

={(x, y, z)|x2 + y2 + z2 ≤ 3, y > 0, z ≥ 1}
={(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)|
0 < ρ ≤

√
3, ρ sinφ sin θ > 0, ρ cosφ ≥ 1, 0 ≤ φ ≤ π, 0 ≤ θ ≤ 2π}

={(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)|
0 < ρ ≤

√
3, sin θ > 0, ρ cosφ ≥ 1, cosφ > 0, 0 ≤ φ ≤ π, 0 ≤ θ ≤ 2π}

={(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)| 0 < ρ ≤
√
3, ρ cosφ ≥ 1, 0 < φ <

π

2
, 0 < θ < π}

={(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)| secφ ≤ ρ ≤
√
3, 0 < φ <

π

2
, 0 < θ < π}.

∫
W

1√
x2 + y2

d(x, y, z) =

∫ π

0

∫ π
2

0

∫
[secφ,

√
3]

1

ρ sinφ
ρ2 sinφdρ dφ dθ

=

∫ π

0

∫ π
2

0

∫
[secφ,

√
3]
ρ dρ dφ dθ

=

∫ π

0

∫ 0.955317

0

∫ √3
secφ

ρ dρ dφ dθ

=

∫ π

0

∫ 0.955317

0

1

2
(3− sec2 φ) dφ dθ

=

∫ π

0
1.432976− 0.707107 dθ = 2.280385.

2


