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Mechanics formulas

e If D is a lamina with mass density &(z,y) then
— The mass is M =//D6(:c,y)dA
— The y-moment is My = /_/;)xé(a;,y) dA
- Thle z-moment is My = /Ly&(m,y) dA

M, Mz)

— The center of mass is (zom, ¥om) = (}\7’ T3

— The moment of inertia about the z-axis is I = f / 2 6(z,y) dA
D

— The moment of inertia about the y-axis is Iy = / / 2% §(z,y) dA
D

— The polar moment of inertia is Io = / / (2% + %) 6(z,y) dA
D

Probability formulas

e If a continuous random variable X has probability density function px (z) then

o0
— The total probability / px(z)dz =1
. -0

,
— The probability that a < X <bisPla < X <b] = / px(z)dz

a

— Tf f: R — R, the expected value of f(X) is E[f(X)] = fjo f(z)px (z) de.

o If continuous random variables X,Y have joint probability density function pxy(z,y) then

O o0
— The total probability / / pxy(z,y)dedy =1
—0Q Vv 00

— The probability that (X,Y) € D is P[(X,Y) € D] = / / pxy(z,y)dA
D

(o8] o0
— If f: R? — R, the expected value of f(X,Y) isE[f(X, Y)] = / / f(z,y) px,y(z,y) dedy
—o0 J —00
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1. (6 points) Let C be the boundary of the rectangle D = {-1<z<1, -2<y< 2} oriented
counterclockwise and let

F(z,y) = <e’°8 + 4%, sin(y?) — 2z> .

j{F-dr.
C
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Evaluate the line integral
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2. (14 points) The lamina D is a parallelogram with corners (—2,—1), (0,0), (1,6), (—1, 5) (where
distance is measured in meters) and with mass density 4(z, y) (2y — z) kgm™2. Find the .
total mass of D.
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3. (12 points) Find the area of the part of the paraboloid z = 16 — z2 — y? outside the cylinder
o2 +y? =4 and above the plane z = 7.
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4. (8 points) Let D C R? be bounded by a smooth, simple, closed curve C oriented counterclock-
wise, with outward poinfing unit normal n.

(a) Using the integration by parts formula or otherwise, show that for smooth scalar functions
f(z,y), g(z,y) we have the identity

//pngdA"//DgAfdA =j€fV9-nds—}égi-nds.

(Hz'nt Recall that Af = divV f)
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(b) Suppose that f(z,y), 9(z,y) are smooth, non-zero, scalar functions satisfying the equations

Af=Mf forall (z,y) € D,
Ag=pg for all (z,y) €D,

where A, 41 < 0 are real numbers. Suppose also that f(z,y), g(z,y) satisfy the boundary
condition

flz,y) =0 forall (z,y) €C,
g(z,y) =0 for all (z,y) € C.

Using your answer to part (a), show that whenever A 7 o we have

//D f(z,y)g(x,y) dA = 0.
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