Math 32B Midterm 2D

Y

TOTAL POINTS

31/40

QUESTION 1
1Green's Theorem6/6

v + 2 pts Correct application of Green's Theorem
v + 1 pts Correct computation of
$$\mathrm{curl}_z\mathbf{F} = -2-2y$$
v + 1 pts Correct limits for the rectangle (must have
all four correct to receive credit)
v + 1 pts Correct answer of $$-16$$ (requires correct
integrand and limits to receive credit)
v + 1 pts Solution clearly explained (and at the very
least should mention Green's Theorem)

+ 0 pts No credit due

+ 1 pts Applied Green's Theorem correctly but with

wrong orientation. (Partial credit)

QUESTION 2

2 Change of variables 13 /14
v + 2 pts Linear change of variables
v + 3 pts Appropriate linear change of variables
v + 2 pts Correct (u,v) region
+ 1 pts Correct Jacobian
v +1 pts Use Jacobian
v + 2 pts Correctly substitute u and v in &/integrand.
v + 1 pts Calculate correctly
v + 1 pts Clear and organized solution, units
v + 1 pts Accurate diagram, or accurate description
of (x,y) region
+ 1 pts Partial credit for error in finding (u,v) region,
Jacobian, or &(x(u,v),y(u,v))
+ 0 pts No credit due
+ 1 pts Sanity check: recognize that a negative
answer is incorrect (does not apply if "corrected" by

taking absolute value)

Used negative Jacobian.
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QUESTION 3
3 Surface integral 4/12

+ 4 pts Correct parametrization and parameter
domain

+ 2 pts Partial credits for parametrization

+ 4 pts Correct tangent vector and normal vector
calculation
v + 2 pts Partial credits for tangent and normal

+ 4 pts Correct double integral calculation
v + 2 pts Partial credits for double integral

-1 pts You are almost there.

+ 1 pts AImost nothing correct.

+ 0 pts Nothing correct

QUESTION 4

4 Integration by parts 8/8
v + 1 pts Clear explanation
v + 3 pts (a) correct
v + 4 pts (b) correct
+ 0 pts Incorrect
+ 2 pts (a) incomplete argument, but right idea
+ 2 pts (b) incomplete argument, but right idea
+ 2 pts (a) slight error
+ 3 pts (b) slight error/unfinished
+ 1 pts (a) started correctly, e.g. wrote integration by
parts formula

+ 1 pts (b) started correctly
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Mechanics formulas
e If Dis a lamina With mass density d(z,y) then
— The mass is M = //;J(x,y)dA
— The y-moment is M, = / A zd(z,y)dA
- T];e z-moment is My = / /2; yé{z,y)dA
— The center of mass is {zcm, yom) = (%, %)
— The moment of inertia about the z-axis is I = / /;; v? 8(z,y) dA

— The moment of inertia about the y-axis is I, = / / 2% 5(z,y) dA
D

— The polar moment of inertia is Jy = / / (22 4 4?) 8(z,y) dA
D

Probability formulas
o If a continuous random variable X has probability density function px (z) then
o0
— The total probability / px(z)dz =1
. oo ,
s b
— The probability that a < X <bisPla < X < b} = / px(z)dz
: a
[oe]
— If f: R — R, the expected value of f(X) is E[f(X)] = / flz)px(z) dz.
e If continuous random variables X, Y have joint probability density function px,y(z,y) then
! 0 00
— The total probability / / pxy(z,y)dzdy =1
-0 v =00

— The probability that (X,Y) € Dis P[(X,Y) € D] = / / pxy(z,y)dA
D

— If f: R? = R, the expected value of f(X,Y)isE[f(X,Y)] :/ f Hez,y)pxy(z,y) dedy
—00 v —CO
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1. (6 points) Let C be the boundary of the rectangle D = {-1 <z <1, —2 <y < 2} oriented
counterclockwise and let

F(z,y) = <e“:B +y%, sin(y?) — zg;> ,
Evaluate the line integral
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2. (14 points) The lamina D is a parallelogram with corners (-2, —1), (0,0), (1,6), (—1,5) (where
distance is-measyred in meters) and with mass density 6(z,y) = (2y — z) kgm™2. Find the
{ total mass of Dl
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3. (12 points) Find the area of the part of the paraboloid z = 16 — 2> — y? outside the cylinder
22 + y? = 4 and above the plane z = 7.
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4. (8 points) Let D C R? be bounded by a smooth, simple, closed curve C oriented counterclock-
wise, with outward pointing unit normal n.

(a) Using the integration by parts formula or otherwise, show that for smooth scalar functions
f(z,vy), g(z,y) we have the identity

//DngdA—//DgAfdA:fcfvg.nds_ﬁgw,nds_

(Hmt: Recaoll that Af = div Vf)
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(b) Suppose that f(z,y), g(z,y) are smooth, non-zero, scalar functions satisfying the equations

Af=M\f forall (z,y) € D,
Ag=pg forall (z,y) €D,

where A, ¢t < 0 are real numbers. Suppose also that f(z,¥), g(z,y) satisfy the boundary
condition

flz,y) =0 forall (z,y) €C,
g(z,y)=0 forall (xz,y)€C. .~

Using your answer to part (a), show that whenever A % p we have
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