Math 32B Final Counterclockwise

TOTAL POINTS

75 /90

QUESTION 1
1Fubini's Theorem 6/6
v + 6 pts Correct answer (2/3)(e”8 - 1).
+ 2 pts (Partial credit) New x limits are O to 4.
+ 2 pts (Partial credit) New y limits are O to sqgrt(x).
+ 1 pts (Partial credit) New y integral is
sqrt(x)*exp(x™(3/2)).
+ 1 pts (Partial credit, only applies if new limits are
incorrect) Reasonably correct picture.
+ 0 pts No points.
+ 3 pts (Partial credit) Incorrect limits: O <= x <=4,

sqrt(x) <=y <=2

QUESTION 2

2 Stokes' Theorem g /8

v + 8 pts Correct answer 402.

+ 4 pts (Partial credit) Answer for _inward_ pointing
normal 362.

+ 0 pts No points.

+ 7 pts (Partial credit) Correct method and
orientations, but arithmetic error

+ 3 pts (Partial credit) Line integral over C1is equal
to sum of line integrals and surface integral, with
some (incorrect) choice of signs.

+ 2 pts (Partial credit, only if no other points apply)

Mention or state Stoke's theorem.

QUESTION 3
3Line integral 10/12

v + 4 pts Correct parametrization

+ 2 pts Partial credits for parametrization
v + 4 pts Correct integral formula

+ 2 pts Partial credits for integral

+ 4 pts Correct calculation

v + 2 pts Partial credits for calculation

+ 1 pts AlImost makes no sense.
+ 0 pts Nothing correct

-1 pts Tiny calculation error

QUESTION 4

4 Moment of inertia 11/14

v + 1 pts a) Correct limits $$0\leq\rho\leq\frac1{10}$$
v + 1 pts a) Correct limits $$0\leq\theta<2\pi$$

+1 pts a) Correct upper bound $$\phi\leq \pi$$

+ 2 pts a) Correct lower bound $$\phi\geq
\frac{2\pi}3$$
v + 1 pts b) Correctly using part (a) to obtain limits
(credit given even if limits wrong, provided they are
consistent)
v +1 pts b) Correct integrand $$5(x*2+y"2)$$ (must
substitute $$\delta=5%$$ into formula from formula
sheet to gain credit)
v + 2 pts b) Correctly converting $$x*2 + y*2$$ to
$$\rho"2\cos"2\theta\sin"2\phi +
\rho"2\sin"2\theta\sin*2\phi$$ in spherical
coordinates
v + 1 pts b) Correctly simplifying $$5(x*2+y*2)$$ to
$$5\rho”2\sin*2\phi$$
v + 2 pts b) Correct Jacobian $$\rho”2\sin\phi$$ in
spherical coordinates

+ 1 pts b) Correct answer of
$$\frac{\pi{240000\,\mathrm{kg)\,\\mathrm{m}*2$$
(units required for points, only awarded if rest of
computation correct)
v + 1 pts Solution thoroughly explained, using full
sentences
v + 1 pts Correct picture(s) of region (bonus point,
only awarded if points lost elsewhere)

+ 0 pts No credit due

QUESTION 5



5 Probability 14 /14
v + 14 pts Full points
+ 0 pts No points
+ 2 pts Correctly labeled region (all or nothing)
+ 3 pts Correctly set-up integral (max 6 pts)
+ 2 pts Correctly set-up integral
+ 1 pts Correctly set-up integral
+ 3 pts Evaluation of integral (max 6 pts)
+ 2 pts Evaluation of integral

+ 1 pts Evaluation of integral

QUESTION 6
6 Divergence Theorem 14 /14

v + 4 pts Correct divergence
v + 7 pts Correct parametrization of $$
\mathcal{W}$$
v + 3 pts Correct evaluation of correct triple integral
(implicit in the grading process was that this rubric
item meant that you could have also correctly
computed the volume using high school geometry)
+ 2 pts Bonus: Drew accurate picture (must include
both cylinders and both planes, and accurate
portrayal of their intersections [the larger cylinder and
two planes meet in a single point])
+ 0 pts No credit

QUESTION 7
7 Vector line integral 5/12

+ 4 pts Write F as a sum of vortex field and a
conservative field

+ 2 pts Vortex field has integral 2pi over this C
v + 2 pts Compute curl_z F_2 orshow F_2 is
conservative
v + 3 pts Conclude (e.g. by Green's theorem or using
that F_2 is conservative) that the integral over C of
F_2is0

+ 1 pts Arrive at correct answer, 2pi, by valid
method

+ 0 pts Incorrect

+ 2 pts Mostly correct argument that integral of F_2
isO

+ 1 pts curl_z F_2 minor error

Page 2

(1) can't apply Green's theorem to F_1 because

of singularity; (2) "More matter with less art."

QUESTION 8
8 Surface integral 7/10

v + 3 pts Decompose flux integral
+ 1 pts Partial credit for decomposition
v + 2 pts Do component integrals
+ 1 pts Partial credit for component integrals
v + 1 pts Combine integrals
+ 2 pts Used divergence theorem (part (b))
+ 1 pts Correct (and justified) div(F) (part (b))
v + 1 pts Clear and well-explained solution
+ 0 pts No credit due

Too many words—you don't need to give that
much detail. Better too much than too little,
though. You need to show that the normals will
cancel; that's the point of the problem—it's not

obvious.
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Mechanics formulas

e If D is a lamina with mass density §{x,y) then
— The mass is M = // 3z, y)dA.
D
— The y-moment is My = // x 6{z,y) dA.
D

— The z-moment is M, = // yo(z,y) dA.
D

M, Mx)

— The center of mass is (zoM, yoM) = (-117[’ 573

— The moment of inertia about the z-axis is I, = // y* &(z,y) dA.
D

— The moment of inertia about the y-axis is I, = // z? §(z, y) dA.
D

~ The polar moment of inertia is Ip = /-/T;(zz:2 +y?) 8(z, y) dA.
e If W is a solid with mass dénsity d{(x,y,z) then

~ The mass is M = ///W Mz, y,2z)dV.

— The yz-moment is My, = ///W:cé(:c, y,2)dV.

~ The xz-moment is M, = ///;vyé(:n,y,z)dV.

— The zy-moment is My, = /f/ z20(z,y,2)dV.
w
My, M, Mn,y)

— The center of mass is (zcm, YoM, 2CM) = (7\7[-, M

— The moment of inertia about the z-axis is I, = /// (y? + 2%) 8(z,y, 2)dV.
w

— The moment of inertia about the y-axis is [, = // (2 + 2%) 8(z,y, 2) AV
w

— The moment of inertia about the z-axis is I, = // (z? + y) 8z, y, 2) dV.
w
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Probability formulas

e If a continuous random variable X has probability density function px(z) then

oo

— The total probability / px(z)dz = 1.

—00

b
— The probability that a < X <bisPla< X <b] = / px(z)da.

o
— If f: R — R, the expected value of f(X) is E[f(X)] = / f@)px(z)da.
—00
e Tf continuous random variables X, Y have joint probability density function px,y (,y) then
o0 o0
— The total probability / / pxy(z,y)dedy =1
—o0 J—00

— The probability that (X,Y) € D is P{{X,Y) € D] = // px.y(z y)dA.
D

oo deol
— If f: R2 — R, the expected value of f(X,Y) is E[f(X,Y)] = / / flz,y) px,y(z,y) dedy.
—00 o —0O0
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2. (8 points) Let § be a part of the unit sphere 22 + y% + 22 = 1 oriented with outward pointing
normal, with four holes bounded by the curves Ci,Ca, C3,Cy oriented as in the following picture:
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3. (12 points) Let C be the part of the ellipse 22+ 42 = 1 bewteen y = 0 and y = 5 in the first
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o \ Pos
4. (14 points) The solid W lies in the region where z? +y? 4+ 22 < 100 and v/3Z < ——\/.EZ + 92,
where distance is measured in meters, and has constant density é(z,y, z) = 5kg m-

(a) Write W using spherical coordinates.
(b) Find the moment of inertia of W about the z-axis. (Do not forget to use the correct units.)
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5. (14 points) A shot put throwing sector D C R? is bounded by the curves @ = 0, y = 3z and
22 + 4% = 400 in the first quadrant. On any given throw, the position af which my shot lands
mayize__gg_c_i_elled by a pair of random variables (X,Y) with joint probability density

3 2 Y ’

- if (z,y) €D
pxy(e,y) = (@? +¢%)2

0 otherwise,

so that the distance I throw is VX2 +Y?. Find E[vX?+Y7?].
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Math 32B - Lectures 3 & 4

6. (14 points) Let S be the boundary of the region W bounded by the cylinders g2 422 =1,
22+ 22 = 9 and the planes y = 3, y = « oriented With outward pointing normal. Find the flux
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7. {12 points) Let C be the curve ] 2
2 (lsx>iye™)

bl g
(e = 2" +xe) ~ 7
U ===
& e DX c Qxyr yZeKV
XY X7 /1' xy
)y( T L, A (X vy e
GKV

Find % F - dr where
i 7
Y

. 3 v x
F(z,y) = <7$2+2/2 + cos(z”) + ye™?, Py

T Yo appty/ b((’pp'j Theaem (enipute (oflz or F and F, !

Y .
=& +:Ue“/>.

(Hint: Try writing F as a sum of two vector fields that we know how to integrate around C.)

- S R N o2 5 p

Te el F=f oy B suh that B el | e ey
N x2<}\7~ ; J "

any Fz = 4 (\{exy) Xex\/ 7 /

We @y edbiiy  Show thay o B

C

‘ wie Lo A
BY  Green's Theorey Newrg 81 HEA 50 ¥ carif = 2B L2E LY
&hde= 87 ;50 , = nRF
JF s X y P s X 3y
- — =T & ; O s
2= el €)= ) SKew Yo
(_,X1{>)(7'_J1 (x’-i\/l _}2
é.‘_f-‘ = %Y (:_Z. ’\’LO§(AK3~)J :_w) _ _sz_ \/2)
T e R roray:

., dF _2F ? oy =
Luﬂ;p‘;z_t. - _%l s = ._(*-(7( i S N s
Y (Y4¥7)* i wQ;”r‘/z I p elefore by (rreen's Theome m ))é,uY\ZF|d&: ‘joodhz 0.:%‘“

No : . .
My ol R, WO an Pin the Valwe owr  he  corve by proving that F, & consenative

ond e i . 2
hus }[ Fo-dfzo b)/ %I\(‘ fundamenta) "*h?(y(‘pl of 1](61\0( Hﬂf |mf§'lﬂfﬁ. FL [5 ConsefgHle

M are abie Yo Pind 4 Podew it Function o {;‘,_‘ We and this by

s Finding dhe Yamiad integy alh
Comoneny o T A\t ey frem enopm 9 anial infegiy 0P

10 ean et
o = Jrarv= Yyedx= ey ew
jF;\&Y . j xeXVdy = ex7 4 G, and We S+ e e fup(Hons Cquat to €y Ohhe

[

Floyd

X - oK
Te ger e /H'—‘U)O =£ \/+ IO and Per g zo and P20 W gbtain Ay follbihng mfm (al
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T\’]Qmﬁore) Sine We were  Qble To Obdain g Pettntin PUnCfipn For t)

g

C

F,o ).: ) : . _—
J)L = df =0 \?\) The Fundamenia) H)eof“em of V\edof‘ e Imfgrqf% M(’r((—‘orf-')

by Y
/- the \lf\éqrﬂr\/ propecty  OF the Vecter line fpkegra] We - A€ able fo Say

For =8 7y = 5 > - N
E ’FFLJ ﬁandf:jZF.l Tl + §cg”'dr = 0 becasse \5})({:‘ Wr=0 by

T

Grea's 4heorem ang }( é’d?no by +he Fundamentq) Theorm oF Vevtor line integrals,

There porg, l—ji)?-af :O\} U o @
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8. (10 points) Recall that a polyhedron is a solid bounded by several planar surfaces, for example .

Let W C R® be a polyhedron with boundary § composed of k planar surfaces Sy, S, ..., S so

that .
S=81U32U"'U_§k.

We orient & with the outward unit normal.

For each j = 1,...,k define the constant unit vector a; so that a; is equal to the outward unit
normal to S on the surface S;. Define the constant vector N; = Area(S;) a;.

(a) Let F = Ny + Ng+ -+ Ny. Show that

B2 = // F. dS.
JSS

(b) Using your answer to part (&), show that F = 0.

& A N ~ J N A>: >
8 Tt ke tpat  NENTE FeFL se ve T do st J)FodST FOF

We  dlo Koouf i J)sﬁ';-é?

y—

2 A B S " > 2 A
Ds Fids, ag JjFoq,;As undd '\:'Q;_Usld‘J; We (N do- this becawe G, is a Constgm  unit Nama

- \ | > “
8! 2145 4 JJS Fodea 40 4 J)skF .ds‘K We capy Ceucie I ntegra)
2 3 ¢ :

Veu“ and ? E A(mL),)AJJ ’\/Jhiﬁ\\ Vo & Scoar multipred by & Lopgiant Uad normal VeCer, Lo iF e dot W
J=1 K constant
4

-~ « a2 \, b7
lonskant  Vecrors do gener 4, C‘ME,CH”MS;)G; we Vi Ob A A Conspant  Sapr Vawg, TS alows us to Puy

ES

- D s % — - e
Foa, oW op e e gfay A% Hheye 5 e derendency, Vheverore, sine We haw Jj Foad= F.Z‘ﬂs ds

We. o ackudly say thad Jie Jdsi= Areals) becayse s an Tnegray ewr e suree,  Thieore, we Obtain

-)J F'}S 0 A = = ' hY
i d‘ At (5), whic, on be Viftken  as  Fo M] \)\I the deeinition abave, ( [\7}-=Affﬂ( 5;)0\‘;)

for any Plae? Se1FaG3,
-

We o ' =
VEC RN v Sy A v Simban 'F 5w = B . N
N ' J ® N ko, T\\Qf'(h% fe Ve con Wirite b SUTNY: ey as

2 A
\U Pl Z F'ﬁk ANd since  Hhis  Sumgakion 1S No depend 3 , & 3 =B
-5 P P 0 OPENAER(Y o F, e can Urike J)SFId.j: F'JZ—‘N
10 o ; & Koo }
A + by (k’F—\Mh‘M m e Plo blm\J F !\|+}11>f AN zZ N\; , Theffpofe We can subbiiiute F in P&fé N ‘o
J‘:\ J=1

-~

9o -}) e = R0 = IR Y DG.@D,;
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b) Afres Preving “?u_zﬁj)sg,dgj we (an Shou Hhat for 5 bomga Py hedron

N
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aaue 6 “Poiyhedron 16 Similer o a SPWre ip ks lofge end  He  nitng)

Veckor at Euelypont~ o0 A4
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A ot Wi feimgls o The Nermal  Yeckofs e
Suifate afea  BF . AN Plines
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Staled il Suth a Way *hq} "}.p;r Uﬂl"!’(S afe Propeciiongt do Ahe

wlfate 5, o summing UP 0V 9F fhose MOrmal Yerws Wi ypsult i a e oF o

/ ~ j; & A >k -

AN B= Z N g N7 Ae (504, 50 B2 005)a; =0 becave oF the ook amied aboye,
NES R

RS Wwen We @n Shoy  Apar

S 8 > > K a
hat !jJSF 45 0 becquse J)j F-ds= o Z hreacs;na; = 0 kecoae alf o7 e

J=1
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apnd Wil Can : e
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