MATH 32B Final Exam Spring 2019
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Sign your name on the line below if you do NOT want your exam graded using GradeScope. Otherwise,
keep it blank. If you sign here, we will grade your paper exam by hand and a) you will not get your
exam back as quickly as everyone else, and b) you will not be able to keep a copy of your graded exam
after you see it. '

Fill out your name, section letter, and UID above.

Do not open this exam packet until you are told that you may begin.

Turn off all electronic devices and and put away all items except for a pen/pencil and an eraser.

No phones, calculators, smart-watches or electronic devices of any kind allowed for any reason,
including checking the time.

If you have a question, raise your hand and one of the proctors will come to you. We will not
answer any mathematical questions except possibly to clarify the wording of a problem.
Quit working and close this packet when you are told to stop.

Spherical coordinates:

z = psin ¢ cosf
y = psin¢sind
zZ=pcos¢

dxdydz = p* sin ¢ dpdpdf
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Using spherical coordinates, set up but do not evaluate a triple integral that computes
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the volume of a sphere of radius 2 from which a central cylinder of radius 1 has been removed
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3. (12 points) Let ¥ denote th tex fleld F = 3 =
. 4 POl e crote £ VOrLex 1ie = .
P 22+ y? 2 +y?

(a) Suppose that Cg is the circle of radius R centered at (0,0) oriented counterclockwise.

By parametrizing Cp, compute jg F.dr. }BOX your answer—|

Note: you may not use the fundamental theorem of line integrals or anything about the winding
number in this problem. Also, the answer is not zero.
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(c) Fill in the blanks:
(i) If F =V f on a domain D then jg F-dr = 0 for every closed curve C in D.

c
(ii) feurl,(F)=0ona_ JI h/\-ﬂ v Cohnee Yed domain D then F is conservative.

(d) Is the vortex field F' conservative on the domam R2\ {(O O)}'? Explain your reasoning.
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4. (12 points) Let F = (2z,0,—2z).

(a) Verify that A = (yz, —zz,yz) is a vector potential for F'.
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(b) Let S be the portion of the sphere z* + y* + 2* = 13 where x < 3, oriented with outward-
pointing normal vector. Find the flux of F' through §. Hint: use the result of part (a).
|B0x your answer|

3\\'(\\\ ' 'Lé' ) j‘ .gl//

b

-

,_-;{\ﬁ{ Eo vt (D)

TS O T 5
suvfa e i‘t’,_‘_(;i-;”"l’-”z"f" '*"i‘,.‘,
s EEs .

- ,) // (0 (mm ( Lx\‘\(.i =0,
el

(c) Let S’ be the portion of the sphere z* + y* + 2% = 13 where z > 3, oriented with outward-
pointing normal vector. Find the flux of F' through &'. [Box your answerl
You don’t need to show your work for this part of the problem.
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5. (12 points) Given that C is a simple closed curve in the plane z-+y+z = 1 (oriented counterclockwise

when viewed from above) that encloses a surface area of 5, compute / F-dr for F'= (32,23, 4y).
c

[Box your answeri Hini: it may be helpful to remember that // G-dS = /f (G-n)dS.
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29
= {22z, 2y® 4+ sin? 2, 222 + 37).

6. (12 points) Let F
(a) Let D be the unit disk z* +y* < 1 in the zy-plane, oriented downward. Compute / F.dS.

It may be helpful to know that j;] sin®6df = . IEOX your answer

Hint: if D is parametrized via G(r,8) = {rcosé,rsin6,0) then N = +(0,0,7).
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(b) Let & be the top half of the sphere x? + y* + 22 = 1, oriented upward. Compute / / F.dSs.
s

| Box your answer| Hint: you should use your answer to part (a). If you cannot do part (a), let
A denote the value of the integral in part (a) and give your answer in terms of A
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7. (15 points) Multiple choice. Circle the corvect answer.
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Let S and H be the surfades shown to the
right. The boundary of S is the unit circle
in the zy-plane, while H has no boundary.

Let G = (z,y, 2). &
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(e) Which of the following statements(makeb sense and is true for any vector field F"in R® whose .

components have contlnuous second -order partial derivatives?

(V{curl F) =0 @v(curlF) = 0 ) div( I< curl( }.LI’fF) )
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8. (15 points) \/Iul’mple choice. Clrcle the correct answer.

Consider the region D in the plane bounded by the curve C as . |'/ .
shown to the right. For parts (a)—(c), circle the best answer. / \

(a) For F(z,y) = (z+1,y%), the integral / F -dris
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(b) The integral f (—ydz + 2dy) is
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Hint for (c): look at the location of D in the plane
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(d\ Let T ]R2 — R? be the linear transformation of the plane sending the triangle Wlth vertices
(\

(0,0), (1,0), (0,1) to the triangle with vertices (0,0), (1,

2), (—1,3), respectively. Find the
Jacobian of 1. —
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9. (10 points) Fill in the blanks in the big theorems of vector calculuss

3

The fundamental theorem of line integrals. If C is an oriented curve from P to @ in D then

fc Vf-dr=1(Q) - (P)

Green’s theorem. Let D be a domain whose boundary dD is a simple closed curve, oriented

U VN (W ¢ '\\'..\.f‘v}fﬂ . Then
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Stokes’ theorem. Let & be a “sufficiently nice” surface, and let F' be a vector field whose
components have continuous partial derivatives on an open region containing S. Then

// curl(F) - dS = a2 oh

The integral on the right-hand side is defined relative to the boundary orientation of 8.

The divergence theorem. Let S be a closed surface that encloses a region W in R®. Assume
. | !

that S is piecewise smooth and is oriented by normal vectors pointing | U WVOTA . Let F be
a vector field whose domain contains WW. Then
w AV E-dV ﬁ/ F-dS.
aw
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You may use this page for scratch work.
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