Exercise 1 (11+415=26 points).

This problem has 2 parts, the second part is depending on the first one. Please turn the page
when you finished with the first one.

Part 1 (11 points)
Let S be the surface which is a quarter of the unit sphere in R? centered at the origin, i.e
S={(z,y,2) eR*: L? +¢*+2° =1, y>0,2>0}.

Let moreover D1 stand for the half disk in the 2Oy plane given by Dy := {(z,y) € R?: z®+4* <1, y > 0}
and let D stand for the half disk in the zOz pane given by Da:= {(z,2) e R2: 22 + 22 < 1, 2 > 0}

(1)-1.5p Sketch the surface S and the disks D4 and Dy in a single figure in 3D

(2)-1p Give a parametrization of § using D; as base domain, i.e. we are looking for a map G : D; — R?
such that § = G(D;). Hint: notice that S can be parametrized as a graph. Do not use spherical
coordinates!

(3)-2.5p Compute the outward normal vectors to S (the ones that are not pointing towards the origin),
using the parametrization from (2). Determine the points on S, where the parametrization is not
regular. Hint: you need to check whether the normal is pointing outwards and where is it vanishing

(4)-2p Using integration, compute the surface area of S. Hint: you can use the normal computed in (3)
then use polar coordinates.

(5)-2p Looking at Dy and D, as surfaces, give their (trivial) parametrizations (using base domains D; and

Ds, respectively), such that the associated normal vectors are outwards (pointing to the negative
z-axis and to the negative y-axdis, respectively). Compute these normal vectors

(6)-2p Using integration, compute the volume of the 3D solid object bounded by .S, Dy and D>
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Exercise 1 - Part 2 (15 points)

(1)-2p Give a parametrization of 85, the boundary of the surface S, which follows the natural orientation,
' in correspondence with the normal vectors from Part 1/(3). Hint: these are two half circles.

(2)-2p Let us consider the constant vector field F(z,y, z) = (5,6,7). Find a vector potential of F, i.e. a
vector field A : R® — R® such that F = curl(A). Justify your answer! ‘

(3)-3p Compute f F-dS and A dr.
s asg

(4)-2p Compute f F'- d8, using the orientation from Part 1/(5).
; by .

(6)-1p Use the divergence theorem and (3) and (4) to compute / F-ds, Wher;‘using the orientation
from Part 1/(5). i
Let G(z,y,2) = (2% + 92,0, 2%).
(6)-1p. Compute the flux of G on Dy, using the orientation from Part 1/(5).
(7)-1p Compute the flux of G on Da, using the orientation from Part 1 /(5).

(8)-3p Using the divergence theorem, compute the flux of G on S, using the orientation from Part 1/(3).

.
UG bap e (O pank o oDy ¢ % e SR G =(wh ot )

(m & o 00, TR GO= (-t 05 Smt)

@) A= Cmm,m

PEY WA,
o) = % <%1ﬂr3 92&1 D~ 9*\8 I ’*?- 9
Pﬁi DT’L HJ d '6 ‘{)

‘ - (ex; 323 5 |
Cloarky | by csem nﬁ?ﬁ&%& Alay Oﬁ%wém m@s‘L‘ﬂz A= (625 f—x—;.‘z-

have dhe W ?9935""&“"9" AM{{\W

“ e ib:gcw&m.élg = " 2 o A ae amectn and
(\J e Shelcas (e bt w_j[ oA wiste R3),

Trorafre 5 b (6 QoG §5 rpule ondy i gty
o L Ade = yc@ et 5—3‘“&) (..gw\,‘t vk Q) dt
i ) Gk

M {w—t - Frek | . 0) (sfmt 0 LD
,_,5 ootk ¥ bsint di ~ST G dk = erJrf Lot

= BT+ L+ LLQ\ML&}T 12’;:

&% Q,ﬁ*»f 4%@3&?—‘9(&:{{_




@Jig}?-c@él: g (Szgl:{;) 0,0, -0)dA =—¢ M&(D{):’ﬂ .

.3{3%*33\:@45:&5 - ], e =0
\l }'m }gr' LsM@%j
Y => ?&5""‘37]-

Q Sjg G( 15 = Sg((x N,l\oU% = SS bwg 10;0) - (0, 0,-1) d#t =Q

& SBDL&.&S -,-,SS{DS@,MQOKA-VSSDLQX;O;a‘:)(o;-»\;o}déq:@_
SS\%@-&B: SSS\W({)QJLVC(Q&V ’SS@Q&‘OQS 'Tgﬁ)&&%: jgw( &XJC@oW: ‘

_ SS @x%&g:\o\\/ = 55 g\r:;? d=dAl,y) =

W’* 5&5%\“ Xy dr“rbc,j) + XJD A3y )O(A(xg‘j\
= (% eiod o (A-re drdo *H@ ) drdf
[Lpglar endli nides
_ 0 % TL (A~ "ﬂj

'(T‘Ss’im g W’%’MVO




Exercise 2 (12 points).

Let us consider the function f(z,y) = In(~/22 + y2} on a subset of the plane, which we aim to find
below.

(1)-1p Determine the domain of definition of f. Is it simply connected? Justify your answer!
(2)-1p Compute Vf on the domain of f. -

(3)-2p Compute Af on the domain of f, where we use the notation Af = div(V f).

(4)-2p Show that div(fVf) = |Vf||? on the domain of f.

(5)-2p For r > 0, define D, := {(z,y) € R? : 2 +4? < r?}, and we orient its boundary 8D counterclock-

wise. Computejtg Vf-dr
8D,

(6)-2p Consider the normals to 8D, that are pointing outwards (not towards the origin), and compute
the flux of V f through 8D,.

(7)-2p We would like to give a sense to / AfdA. Suppose that we have the 2D divergence theorem
. D,
given as: for a vector field F : D, — R? we have

f div(F)dA= ¢ (F.N)ds,
D, 8D,

where NV is the outward pointing unit normal vector to 8D,. Using this theorem, what should be
the value of f AfdA? Justify your answer!
. D,
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Exercise 3 (12 points).

Let us consider the potential function ¢(x,y) = = + zz%7 and the vector field Fiz,y) = Volz,y).

(1)-2p Determine F' together with its domain of definition.
(2)-2p Show that F is incompressible at any point of its domain. Hint: compute its divergence!

(3)-2p Show that F is irrotational at any point of its domain, i.e. curl F{z,y) = 0.

(4)-2p Let C := {(x,y) € R?: z?+y? =1} be the unit circle in R?, centered at the origin. Show that F'

is tangential to C, except at the points (&1, 0).
(5)-1p Compute the flux of F through C.

(6)-2p Compute f F - dr, where C is oriented clockwise.
c' :
(7)-1p Let R denote the circle with radius 1, centered at (1,1), oriented counterclockwise.

F-dr.
R

Compute
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