Math 32A. Winger 2020
Multivariable Calculus

Final Exam
Instructions: You have 3 hours to complete this exam. For full credit. show all work and

justify vour answers. Box your answers. Write your solutions in the space below the questions.
Write your name and UID clearly in the space below

Name: 3\4‘5{' 4 CL\C‘! e}
Student ID number: 105 31 2 3 =

Question | Points | Score

1 8
2 15
3 12
4 16
5 12
6 10
7 3
3 15
9 1

Total: 97

Scorc is computed out of 96. The last qucestion is bonus.




Problem 1. Spts.
Write *T" for true or ‘F’ for false. (You do not need to show any work for this question.)

(a) P If u,v.w are three dimensional vectors and w is non-zero and u-w = 0 and v-w —
then u and v are parallel.

(h) l For a vector valued function r(t) = (x(t),3(t), z(1)), we always have || (t)|| > |+"(t)].

(c) E For any vector valued function r(t), we have
d /
:ﬁ(r(t) x r(t)) = 2r'(t) x r(t).

(d) _E For a function f in two variables, if lim, ,o f(x,0) = 0 and lim,_ f(0,y) = 0, then
lim(z4)~0,0) f(z,y) = 0.

(e) l Let f be a function in two variables, and P be a critical point. Suppose that
frzs fry, fuy, fyr are continuous near P. (This means thev are continuous at P, and
also there is a disk around P on which they are continuous.) Then if Jrx(P) f (P) —
(fz4(P))? > 0 then P is cither a local minimum or a local maximum.

2 (W)= [r 1) « O]+ [r()xr ()]



Problem 2.

Write the letter representing the correct answer in the box on the left. (You do not need to
show any work for this question.)

(a) [3pts.] The vector valued function r(t) = (5 +sint,2,4 — cos(t)) traces a circle centred at
a point (a, b, c) with radius r. Find a+b+c+1r.__

A3  BG6 C10 D1

CQ/\-‘.Q/ = LS)Z) q')
fm43051~\

S+ 2+%+ =122

(b) [3pts.] The vector valued function r(t) = (5+sint, 2,4 —cos(t)) traces a circle. This circle

15 parallel to which of the following planes.
A z+z=0 B. zyplane C. yz plane E. None of the above

(c) [3pts.] Given a particle traversing the path r(t) = (t,sin(t),* + 2t). Find the speed of
the particle at t = 0.

A1 B. V2 C. 2 D. -2

V)= (&, snl0), 7224
2(40): <), cos(t), 2427

7l0)= {1, 1,23

SPeeA = \\ 7(”“" J |+ 1’9)_1:@



(d) [11)_9] Find the curvature of y — r? + cos(r) at (0.1).

SAD B. 2 C. 5 D. 4 E 0 F V6
\" " 147)
4/« )= 4006 % = TAY
U < (1+ ()"
:(“-_2‘,_5 n X ['(C)"O |
(x): 2-cosx To): 1 © (04

(e) (3pts.] Find the projection of (2,3) along the vector d.-1.
A0 B. -1 E

1 1 1y /1
- =5 D. 3.-3) (E (-1h

aY; ,!.{_-)‘_ N 3

Sk
S

«
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Problem 3.
For each function f(x.y) and value c. choose which of the pictures on the last page of this
exam A, B.C.D E F.GG H. I K best matches the f(r,y) = ¢ contour. (The figures are at
the end, so it's easier for you to remove the page to look at.)

) [2pts) f(a.y) = 28079 c =1

st k)

L

(L) 2pts] f(a,y) = (5ey — 1% c=0

S % —I—O
)

Seg \D\
17 5%

) [2pts.] f(x,y) = 25 +uH)+00D) o — 9
s (205 2 1‘)a0 o

< = ‘ L | 7
S.y](z(‘l‘\/l.)‘og‘): o X +7 =-0.09l, S_O'O',. ' )A

2(\(’4\7 20 0= D n,

xh\’"o o= 0,%_
(d) [2pts)] f(z,y) =2V="*¥, c=5
)("4 r nl'—‘/\‘;
% T - AT
T =
P () o -

(e) [2pts)] f(z,y) = 2m(F-2+2l) ¢ — 1.

s(5-2hls2lyl)= O
$llalyl= 0 e, \V/ E\I
=2)x|s2lq)=-2 T 3
T 2,1, 2, ..
1 = i, /\\\

(f) [2pts.] f(z,y) = sin(2zy)?, ¢

S~h(27\-{) O
ZK\I 0, n, 21‘ . /Aﬁi \
\/: O/’{, ',?I,




Problem 4. ’
Consider the function f(z,y) = 2 y: - 1y + bz

(2) [2pts.] Compute the gradient of f at point (1, —1).

= Lxoy el U =K 2x-y=§,2y-x D

-\07 = ‘27 -
W, - 2-CN*82¢-n0-1
<3, 1
(b) [Bpts.] Find the critical point(s) of f.
)/:2>(+€
K ==
7 X-'l('):-z
7:2('27)*5'

t-49g+ 95 B
75‘7'.1 C 2Jl)

\,-,\

() [3pts.] For each critical point you found, determine
maximum, or saddle point.

‘C,(.(:Q /DYT: —Zl'py‘r - ——’

D(-2, 1) = 4.4, -4.,)"
: 2¢-2)-(¢-N"
T -q -

:; EZ'): :ao[c”e.[pomf.7

whether it is a local minimum, local




(d) [2pts.] Draw a picture of the region z <0, y > 0,
intercepts of interest. 4

< 4

3,0) to,o) #

(e) [6pts.] Find the maximwm value
r<0,y>0,y<zr+5.

tn x=0
10,4) -0~ _0.0
:_t’-
mox at t=0 g oy. o

On \".O
-P(tjo)=.tlfo_o+5t
:.tz-; ST
Moax ot 120 #(00)- o

t:'SJLC'gJO): 0]

Oon ‘/:X+S
Ft, tas)- t-ttr ) tltes) s ¢

AAAI0t-25-t S5t e st
= (7410t +20)

max ot f.=-“3, {(-5,0)= 0

Y < 7+ 5. Label the axes and any

of f on each segment of the boundary of the region

on x =0
O at (0,0)

on \/'—O
O ot €0,0) and (-5,0)

on \1:;(+§
O at (-5.0)




.

Problem 5.
Consider the function f(r,y) = 1%+ 20y — 24> 10r.

(a) [2pts.] Compute the gradient of f at point (-2, 1).
'Ex :SXL'*z\,-\ O

ﬁ\/: 2%-“"\]’

VJ'\'—<3X1+27~—IO’2>( -4\-’3

Vﬁ(_z’.):@(—nu 2 |D}2(-z)(t :f( 1)) :\( 4,-3> ,

(b) [3pts.] Write down the equation for the tangent plane to the surface this function defines
at the point (=2,1).

z-.f(a,b)+«[\,(0\,be-0~)*f\,(a)b)(\,»b)
6 FGr2) -8y
6"'4)( -+ 8 '8\1+ 8

W

2 = 4x 'S\/—tlz

EEREISTS

{2, 1y- (1P 42 (¢ )-20y-10¢-2)

“8-4-2420 = 6



(c) [5pts.] Find the critical points of f.

VLT N N =0
O 27 |O 3)(2'1-)(-'0'-0

zx_41;0 AT S Ry

X ST o
Vo= 2(%) 6
T4 —% S L I I
7—,12-)( -6, 6
= 2 B. Bf
- 6, 67 /3) 2

AN

| crP (% g/(,)&(-2)-/)\

(d) [2pts.] Use the second derivative test to determine whether they are local maxima, minima
or saddle points.

WC”\": QX D(%/l;/c’:):'pxx,'cy7 —@xy)L

-fyyz -4 :é(—%)c_q) _9? (_Q/J, %)‘Saolo“epo'mt
'ny'-z 1'40"*'—'4‘*‘-0 (~2,-|)l10co\' o X

D(2,-D26(-2)¢9y- 5
=+ 3-¢4
YT o0
fose02m 2



Problem 6.
Consider the function f(x,y.z) = 3r + yz + 3cos(c + y + 2).
(a) [2pts.] Compute the gradient of f.

S A
l\7: 7—’33'.,«(“\,*17
“7_‘-7—‘55'”\()“\1*1\

\Mv't : (5'35'4«(»(:7 +2), 2“39'-n(x-r?+z))~! -35'./)(;(47-”-))5

(b) [2pts.] Find the directional derivative of fin the (1,1, 1) direction at the point (2, —1, —1).

:
-y _ *— &
Dc\\njr\(2 L-N: V'D(z <}, =1) Vrf‘> ]{/\#
=(3-0, 11-0,1-0¢F G5 7 &5 & N
- ' \ |
‘<3)-‘;b|><ﬁ/-ﬁj-@>
= -1 e B
R GG



(c) [4pts.] Fmd the equation of the tangent plane to the surface f(x,y,z) = 2 at the point
(0.1,

Vgau 1y:{3-0,-1-0 I-0>><%-Ln7
3(x-0)- \(7 I+ 1 (z+1)=D
3)( );+|+2+,

(d) [2pts.] Find a point P = = (a,b,c) such that for d = f(a,b.c), the tangent plane to
f(z,y,2) =d at P is parallel to T+2y+3z=

X éll 2,3)* <3"35'ln(x+7+z),z—3s'm6x+7+z)/ 7 -3;',n(x+7-+ 2 )
,3—35’.AC;&+7+ 2)= A
2-3s]n(x+7+ D=2
7’35"‘&*7*2)1 A

let =73

3§’n(x+7 D=0 P a=3
2-0:6 2:¢
y-0=9 y-=9

3sin(6+¥9+ x)= O
S‘f\(é*'Q*x)'- O

Xz-19

| P (15,9, 6) )




Problem 7.
(a) |4pts.] Compute 2 where g(r,y) = 22 + y* and = = cos(s + 1), y = s? —t.

99 23 9% 33 3%
0s  Ox 35+537‘bs

= Zx(-sln(sw»f)}(zss

* - 2cos(s+t) sin(s+t)+ 2(s2-t)(2s)
:{ESC%U Sin(stt )+ Fs?-4st

(b) [4pts.] Let f(x.y,z) = z%y + sin(yz) + y> — 2. Consider the surface f(x,y,z) =0, and
see it as the graph of a function z = g(r, ). Find 3‘}, wherever it is defined.
Alternately, here is the same problem in the notation of the texthook: Find % for the
surfacc z%y + sin(yz) + y2 = 2.

Foosa
2y
Fz -‘-‘ICOSC\IL)

Co 567 2)
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Problem 8.
Let u = (3,1, -2).

(a) [5pts.] Find vectors v and w such that vxw=0,u-v=3 w.u = -2
wW2Av since Vxw=0
-V = '5
AW = UV).«\/ = =g
- /XCU\'VXZ'Z

2
h=-3

WA-V= 3X+\,-22: 3
let v=41,0,07

w:-3{\,0,07 —_—

5 0,07



(b) [10pts] For v and w as in the previous part. that is satisfying v x w — 0, u-v = 3,
w-u = -2, find the maximum possible value of v - w. (The value you get from doing
Lagrange multipliers is a maximum; you don’t have to justify this.)

i [A 1 L 2
Makim i12€ ‘p(x,\],z) = ——g(% +7 + 27 )
3(»{,7,1) =3, '7—7<x,7,15= 3
=3%ty 223
= 3x+ v 22-3

W3:<3 -2 £ 0

VE (3%, -5y,-52>2283,),-27

330 k==Y = 3(5) N
Sy-x e Ha X =-i(3)s Y
-52:72 2= % X =203
—33(-\—\1—21”5
“Hg-ia-%a

.3

A=3(5)

I

E(CARI RIS )
(e 5 )
(i o)
A

1ol

- -

z
) g+
)

[
| o
2 |
_3 a6
2 1 L2
oAU a6
' a8
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Problem 9. Ipts.

. . . . . . b - B
(Bonus) Find. with justification. the maximum value of Moth) y ardh 2t for a,b.e > 0.

(Note: Collaboration is oka:y' for this problem, but I will not provide help with it.)
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This page is for if you run out of space.
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