Math 31B - Sorin Popa - Winter 2020 Final Exam
Grade: 160/160

1. (40 points) (a) Let f(z) = -F5. Calculate (f~')/(~1/2).

©,

(k)

(b) Consider the function g(z) = €¢2'™* + ¢("*”* for z > 0. Find the equation of the
tangent line to the graph of g(z) at z = 1.

(c) Calculate the limit lim (—cOE + zsin l).
z—00 T T

(d) Calculated the surface area of revolution of the curve y = 4z/3 about the z-axis over
the interval [0,3] and the arclength of the curve y = /2 over the interval [0, 2].

Tnstead of expu‘citlj calcufcsfﬂnj the nvrse,
) /

e Cah ys the fact Ut (f7) (a}:m_

So oll we need b bnow is (<) and F'(-L).

Fiest, coleulate £(x) using the Quotient Rule

1['()(} = ) - (3 )[x‘ﬂ) (x )Ex) = (PN ISy _ e
(x¥0) (x)* (e ()T

Nexf, caleulate £-'(-'4) by ;,,,Jc:y a wlhe x such thet fx) =~V

Ty the value - : F(-1) = L2 __,:ﬁ = -’/z So £ =

]
Now solve for (F')(-5):

i ! L. —wmn %)™ et 2t o
T () R 31 ) R N, ' S
(’)C ) ( 4) -f‘{f"'(”'&)) £ _(T::j:ﬁl T3 l+30) 4 4 m

To 931‘, the to Mjwt Lne tos graph of a function,

use the Linearizotivn equation L(x) =9'a)(x-2)+9(s)
We need to ﬁ}\d 9'(9), so caleulote 3'17()3 ‘

) = (2" ) (210 )"+ (€™ N )"
_ ( 1Lnx)( )+ (Lnx'ﬁ )éﬂ‘.ﬁ)

90)= ("W F) +(eSHET) = 2e° -
30) e?.luu) w 1)
L) =2 (x-Dt2 = Zx-242 = 2x

So b equativn of Hetargent (e is [Lod= 2]

=e +& =}}+l= 9.

|

Question 1 continues on the next page. ..
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(c) The lomit can e cvaluated ac the sum of twe sepadte Limits:
i (s2)4 o (s ()

x,:t-:{' eolnate i ( 5 X) using the Squecze Theorem.
Sitce cos(x) is bounded (—-'— cesx L)

then [ (%) ¢ Um, (casx) o Lim v ().

liw (%) and lim (1) both ewslvte to O,

> 0285 (%) co 2 [, (B2) -0

Next, etomate [im " (e sin(%) using L Hopits!'s Rule.

TM, {.LVVII.t (an be rewvitten ag  [iun (M which is ofm;(atelmwatbﬁym /

W30

Toke the devivetive of the numentsr and denoming tor:

i [SinCed)) b (50 s ) ¢ o :
b () -l (T 200). o (A2 by -
> N (B2 exsin(R) 041 - [T

Question 1 continues on the next page. ..
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() First, coleufate the sucfoce orew of relvtionof y = L alort the x-oris over (9, 37

W buow that the sarface aves S over (= l’] 15 expressed as S=Zﬁj:f(¥)4/u{’(y)zdx
el B8 S50 ST - 2 P

3
av):[0,3] =, (P4 s Y
- ¥ x&: l’!;- 3
£ = s L5 S g5y xS (30)
o

", L/ﬂ —'— z =q_0_1rv( &
= = (;(3)) -z 'z‘_tlion'l 18 the curface area.,

NQX'{',/ calm/ate tt@ a/LLM:leA of {L\L Larve 9:)(3/2' owves [0, 2.].

We know Hoot the arLlepy

N & flf: s over (3,7 is expressed as sj«l-mq»
Fl) =5 = Jlx) - 3%, [o4]= (0, 2]. :
co_pr2 2 g

Change | - yph e o
_@'ﬁ-ﬁ?f, Wo(u:%@”‘ﬂ)lf’*%[%('{)a" 0]
] a’—’:’ N

_Y [y 2 y
# s,zr—;’b"-@&—E -;-
‘7[ 5] q[ - 5]- ;7’7 2 s dhe arc lﬂnj‘“‘i.




2. (40 points) (a) Show that the improper integral / z 2Inz dz is convergent and cal-
culate its value. €

[» 4]
(b) Prove that the series Z n~2Inn is convergent.
n=3

og

(c) Show that the series Z(-—-l)“n“l Inn is not absolutely convergent but it is condi-
:3

tionally convergent. "

o0
is divergent but Z —— is convergent.

©0
(d) Show that the series Z ! —
£t it — s m

et 2n —sin’n
(3) To clewlate Wnpve pes ‘.nteﬁ(aur subskitute the bound at infimty
with o vabe R, and take the \dmitk of Ha fy\tedfal as R->o00,

. R _ Iw \'&\g\/ “="\)‘ QIV'\( (U Ej:&;l:leatl
lim S «in x dx /39%;; Judv=wy [vdu) ity

! )
R o= 5 &M--;dx ve =y M*WB
foy "o
It o = '"*('K‘V—f—x" Lase = -l ol gy
X < ¥
oL kg
=D % "% = - )
fim \v«!\c!-} i)! R I
- = lim _lh(fl)'rl) Ine)+1\ (@) , 2
K—m( 'S . w-ﬂo-( R [ e [k;:o( - M

Use L'Hap"h"S Rule’ fim (_Un(h)"')' < lim (: = lw (——) o)
3

R-0= R’ Reo il

So the wf;m’mrm'}ejml f X Elnx dx \.rl veﬂewl' \av\d has a value a{llj
(b)) The Tutegral Test sttes thet gn nRvite des Z F(n) s convecgent
F “"'—“‘MPWP?/ ““’“3'3\ SN.F()() dx s also convetyemt:‘
.S},me/ j'"‘x_zlu)(dx s COV\"E@Mt (QV\J N=3 t\'\lt\dbtzy\t%“ 9?‘6@%‘“‘3" C)I
e

S‘.:V\'LM n s ol wnwgemt. ]

r\:’l e ——

Question 2 continues on the next page...
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((‘.) We ton use the Altefnaf{nj Series Test b onvt BmdfhmaL &mwfjgm&
of av elterveling seips, and check S o] By sbrolute onvwgence.

Fiest, check of &0, tenvayes dbiolutely woh&cﬂr\j A & ol conver ges,
Jh 7(",)"”" (n n =) {anﬁ= n-' UV n (‘Sl.n(e_ {-Un s not a(w%} Fo)fh'v&)
$0 we have f —L”;Q To prove divergence, use the Intagal Test.

n:l

G4 1

Solve S\ b x T A R LRS- [
- : w=y 5] wd
3 X - Foeedy > du = b xdx P--"J ’

2l (L0} /f Jim L) - S13) -
Sinee H% fwymya fntg’qm(, cléhyys, the sevies S Janl aleo a(iw,ge.s.

S Sa,|does not onvege ohsolutal 1yl bt ix sl com convege omditipally.
Use Hue AHEMabkﬂ Sevies Tt s check for corthifonal snvegence :

letw an altcmatmc} Senes 2( ”n b ﬂ\e Senes cof\vagds f
bl’\ 5 PQ-S“:;W, bh s d?ohe-fl.\lqﬂl avxd }l} =0 (Ou( 3@1\2,.( i S( U "D)

n=d

n
To check if b, is decreasing for 0z 3 Hoke dhe denvadive:

(lﬂi) = x(bn) - th ) KGe) =) =l x
Xt Y y

Bnnnspen*‘on,l Inx >0 whn lhse<! =2 x<e, and [-lnx ¢ouvhen ln ¥y>19x>e .
This meons that 4he decivative of b, €0 fir n =2, mAMhQJ L

F:M”V’ USe L‘H’é?‘-tul's Yl Yo chele lf .‘\T;a L,n -0

: ]
lim (df\_);) - (-,:), )
woe Lo/ = a5 = b (3) = 0

Sice. &\ crtenins have been satisfied, the sevies 18| conditionaliy wrw!gcm

b, = ‘-'fn—” 15 always [Jwib’we snceln n>0 ond n>0 fa n23.

A 5 ﬂ‘ccm_\:na_

Question 2 continues on the next page. ..
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We can use Direct/Limt Campamm Tests tampayr, the tuo seves
ko similar sevec thot can ha du\eof{j evalyated.

=)
F:m‘ com,oare gzn_sm = > 5.
We kenow é(_ 2n Siveges by the p-test, and Z00 2,,,5;“ ;'_; for alln>0,
Since Z.M Sintn £ n, hecanse Sintn > for 3llpne R

37 tve Direct Compovison Tact if o smaller .savn'ec df"/erges‘

tleon ﬂolage/ one must c{wrﬂc Tl\erefom Z‘L -y % .
chk Compare Z to

el “ ‘S\f\ n

M T

L
=) I‘\L.

3

We knou conv‘erga L:, k{u? - teat bat we can b vse DT

nel

\Wﬂtt/l‘"’ cawonj Fyov'd & Sewes MV‘@!& 'I{“\;lo”tf ren'ey 00'1?‘!’3—65,

=l n A
a2 wt Rralln=0,

Tnsteae! wse | it Co-N))e/\SOn Tect:

L\M =X - L‘m rf"\Sm no_ '"m nt l;m l EVB{VI&*C s
- -3 . 1 h->Ce 5 .
T o natw gl \.(s v:\’;n ) % of Hag liwi t

Lwm Sintn . 0, gintn ) . m -
n-:nm e & Wﬂd@d ly nt e . Since .Sh\l'f\ \S \')‘Nn&eé (O.SJmlns |)

nt T n*

‘m D ' . sl
!\'_‘,To e ardr‘gn -%4 both ewalvete to 0, 5 livn yintn 4

i=)e= n'L
: {
& r{‘-::' ‘_C'ln"n - _-B | ’(L = lim —-)

\“\ n=-ee n

B_‘j the LT, L > 0, fhun S 3 wNerges of awd only AR WY ges.

Sre € -C°m’03ﬂs, < -

o) n""ﬂ"'ﬂ (Of\%ﬂﬂa&\.




3. (40 points) (a) Show that the improper integral / (z — 2)"/3dz is convergent and
calculate its value.

(b) Calculate the indefinite integral [ &+= +=d,;

sm('n 1/2) sm(n‘llz)

(c) Show that the series Z is convergent but Z —17z— Is divergent.

n=1

(d) Calculate h_{n (14 n7')™" and use this to calculate the radius of convergence of the
n—oo
o0
series ) (1+n~!)™"a".

n=1
(3)  Tha iproper integral hos 3 vertical asymptote ot x=1.
We can substiute the bound at ¥=2 with R gund ford s
vt of%vb«uJVdL B R>2,
‘imj (xe2) V2 g US> 5 i [ il (%m‘”)‘

-2
R (SN . n

> 507 - I (1 M/a) - Yth <%

TMIW\pv'pu‘ in+e7rnl fS‘mVEM*l ard hor a value of a
() [

x*

Ay simplifiee o j———-—-dxmefjw fackor sut em x,

du= dw

Use u- su-\: w=x-| s J‘(uﬂ)"‘ﬂ du ﬁf ur+2ut2 3

Wﬁﬂh ;7&_4 +£Z“JM1S‘-— du = J‘wdu*gldu*\f du
M"ﬁm' > 5wt b 20t 2 Wy

MMM 2 L0y 20e-1) v 2mfx-1 )+

M y %’(xl—']_xﬂ)ll(k 1) ¥ 2lax-) ' FC
'/,)c"'— X+l k7 —?.*?-Mlk‘\l +C

/ ,
/,,XL-H( f2lnfx=t 4l 24 C
e —

= /’/Lx"--l)c«! ')__u\ly-'-‘l.;.Z\

Question 3 continues on the next page. . .
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(9) Since siv\('}‘,;') 15 hounded, we can vse the Divec] Comparisen Test
b prove convtvgence /d:‘vwvanc& of sesies containing sin (J—L—)

For all n= l, SFW( =) < = (gmt& sin x < x for all posidive %)

| Oa
There fore, 5'”£‘m) ‘: - '-\lg';,_ g—’#* s cowe@mf' by +he p-test.

Srnc&ZnJ/L wnverges aund is L‘jjcf thon sin(vm ) ESM( Converges ‘

| . M Sin (3 ) approoches —
call nzl — <z sn(L). =) en = b
; Fo o 2yn (J'VT) lwd»y; 7,—¢n%¢r ,’,: (J:k
| J
| T"‘Wt{m‘# E ¢ sin[']r-z) S m) apprnches J§ pot W5
n N qlul-\/; less ‘Hnan -——- tor x >]
B L FL Fre p-tec
<57 20,00 70 diveges \y Trepie

o /
_Stnw}:i'ﬁcl$ve745 andl is spralle r +han 211‘_(_\/2) Z i'ﬂﬂ'_i) “’3&"7
n=t

/ \azl

Question 3 continues on the next page. . .
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() We can mampo\afe Il |+n“) s;nj e Ggafjc-r(-lum fwmula...

ﬂ1°°

-

(Hn ) = |n(l'~n") " _ e—n ln(r'rn")‘ Now we can jv;"— loole afn!:':: -n b-,(ffn")_
[i

Spita 1
M —plnfitw )‘ hvn l"(’*" 1) LHe P*:;l lim '}(((Hn N R -)

&0
n-)ee n-)ee , . 2t
n

S lim eln““-)-n D When n =00, (Hn")

[l X-o

To caleylate He radivs of convergence, wse the Ratis Test:
(’ when /X/(/ 5o

P___/,‘M/dnw /xn*i y/ /)(rx/ /x/ 7/uradl‘” ,/‘c‘,,,.,emec&ZR—/z

n=od a“



. o= 1
4. (40 points) (a) Calculate the series ; g
P 4 _2.9n
(b) Calculate the scries Z 4—55%
n=1
o~ 2"
(c) Calculate the radius of convergence of the power series Z ;'-3:2".

n=1
(d) Find the Taylor polynomial T;, of degree n for f(z) = Inz with center at a = 1. Use
this and the Error Bound Theorem to show that |In 1.1 — T3(1.1)| < 10-4,

(2) Z “:“1 < e te(uaop(r\j seAes, vhich means if wLe,halJu, a partia] sum fom
nel

bhat sm'es, we con cancel tesme out 3o thet weafwaas 3at 2 fmite number of terms,

To mpke the lerms conul, we rewr{te,n—irn usinj Partial Fachion Dewmpo;-‘t:on ;

| ?‘__‘_ =L+L=) A(I\H)\-B(h):‘ St n=o:A(o+))+W=J = Az)
nttn T nmi) N n+d (m(hfmﬂ"-b'\(h"n) Set n=-1: ALATT) +Bl-1)2| = B =—)
|

| O W N L oAl (wk’d.{.&ﬁgm';t sum vith N tesms:

n(.\«n') = n n+) -

N
SRR S e
T:l—‘ :: n=} T e

n=N-| r=N
i \
Al terms except for | and gt cencel oot o matber What N s
(tal s i o el
Sn{'tufo wn For N termns T elw?bs \ o -

- P .
To find S —I,(- e ost Find the orbid5um of 2w infinite number o AL
n=l ! (Wuﬂ S BN LA f\,h\-*'—“‘"‘«)

Prelyze e portial sum as N= 0o

U (1-85) = -0 =[1]

Question 4 continues on the next page. ..
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Z‘f 3(1 ") can be byeleen dotm inte bwo usj-to—uafupt(' 3wmebn’¢_rtn'&1s-'

o *J(zn‘l) Zs ZS'L)('L) Zq gl,:._ ég‘iq(]) ZC
n= Mo neo n=e n= nee

We bnow that the sum of o ?am‘mv senes (S Z [rl <]

l'
q( iy _ 46 4 _¢6 =5l
,\-.Zo ) ngé(s) :‘TTS'I-}S_’ %"Z-.}(.j;_g.gz 5-10=|-5
s

We con vse the Robio Test o find the vadivs of convergence of a prwes secies,

L&t gn = -2—~ x P - l\Mw Nn et \_ "m zn*l x1n+2. . q'_ . LjM 2. f‘ oy rd'
- L) e TR 3 AT
'7.&:.2;;; = 0 for all .

Since p=8 for all X, the sevies convenges frall ¥,
wmeani'ng the ypdivs of e.ou\vaguwe,-

Question 4 continues on the next page. . .
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(d)  The Tayles po(jnowhl. Ty of otajm p For & function F6) with srler o s
n (%) .
=T - %) fo)zln x ord the canter is ot a =]
V\(Y) :éo T (\( -—q_)k .
f0)= e )= x7! £ ot fO: 202 F0)
=wmm=z0 1M=1 f)=-1 $O0)=2 F0):-6

w f"(X) 204 (x-1 ._f_i"_“_,'ll,( 20:-0>  gx-n"
z VT
B/y o(f)'ffwly tha. patten, g can spo dhat £40(a) = N IENEY

So Tytx) =S (-r)"',;('w.' (o)t {Z—l (-n""(x-r)"]
k=1 Yyl k=t |

E

k(k-1)!
The Crror Bound Theorem states fhat

[F6x)-T, 0l ¢ K lx-al}"'"m lflq*"(uJIéK for all w behueen a and x.

(nv1))

Find ewor hound; u I'-I fe sl
W' = l,,—] [O,l - L. [
A2 “M“ Ts("')(—équ,/:?K T, = y!

Find Ho maxiwmm valve of ’.Fq(k)} thene. o 05 Tt nteived D, L IJ:
£%) '--Gx'q/ FOUx) = 2Ux =2 on [1, 107 £ is incveasing .
Since .f(HJ(y) S wﬁaﬁwon 0, 1.l]/ HM[)J] . dﬁ_cneo«s'--\z Bl 55,
The waximurn value of 'f’”’(y)' s Haavefore ot y:‘;/ and ;sl,@(f)'“/ = 6.

i1 =T, 00)] & £87 - [P

So ’C 35, and the ewor bomA q




