MATH 180 GRAPH THEORY: FINAL

e The final is due on Gradescope on Wednesday, June 10 at S8am (Pacific Time). No late
submissions will be accepted.

e Each problem is worth the same number of points.

e Use of textbooks and internet is allowed. For each problem, all sources must be clearly
listed.

e Collaboration is not allowed. Asking other people (e.g. on the internet) for help is not
allowed. Cheating will be reported.

e Please submit good quality scans of your work! (e.g. google “phone scan app”)

e Justify all your answers by rigorous proofs.

. all answers.

e Unless stated otherwise, all graphs are assumed to be simple and undirected.

Problem 1. For a graph G = (V, E), let G := (V, (})) \ E) denote its complement. Decide
whether each of the following statements is true or false.

(a) If G’ is a subgraph of G then G’ is a subgraph of G.

(b) If G is a subgraph of G then G is a subgraph of G'.

(¢) If G' is an induced subgraph of G' then G’ is an induced subgraph of G.

(d) If G’ is an induced subgraph of G' then G is an induced subgraph of G'.

Problem 2. Let G = (V, E) be a graph with V' = {vy,v9,...,v,}. Let Ag be its adjacency
matrix. Consider the matrix B = (b;;)7;_, given by B := (Ag)?.

(i) Find the trace of B.
(ii) Let G’ = (V, E’) be the graph whose edges correspond to nonzero off-diagonal entries of B:

E":= {{v;,v;} | i # j such that b; ; # 0}.
For which graphs G will G’ be connected?

Problem 3. In each case, decide whether there exists a graph with a given score sequence:
(a) (9,8,7,6,5,4,3,2,1);
( ) 1)7
( .
(

Y P Y 7272
,1,0,0);
4,4

)

5,4,4,4

1,1,1,1,

74’474747
e) (4,4,4,4,2).

Problem 4. For each m,n > 1,

(i) find the number of Hamiltonian cycleﬂ in K, and K, ;
(ii) decide whether K,, and K, , is Eulerian.

3
1
4

/\

Problem 5. Let G = (V, E) be a connected graph, and let H = (V, E’) be given by
E':= EU{{v,w} | v,w € V such that dg(v,w) = 2}.
Show that H is 2-connected.

ITwo Hamiltonian cycles are considered the same if they use the same set of edges.
1
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Problem 6. Find the number of pairwise non-isomorphic trees T'= (V, E) such that:

(a) V] =3;

(b) [V =4;

(¢) |E| =6 and T has exactly 3 leaves;
)

(d) |E| =6 and T has exactly 4 leaves.
In each case, draw these trees.

Problem 7. For which m,n > 1 does K,,,, have a spanning tree whose complementﬂ inside
K, is also a spanning tree of K, "

Problem 8. For each n > 3, let G,, and G, be the graphs with 2n vertices shown below.

(i) For which n is G,, planar?
(ii) For which n is G/, planar?

00 W 550

Problem 9. Which of the following statements are true for any planar graph G with at
least 3 vertices?

(a) G has at least 1 vertex of degree at most 5.
(b) G has at least 2 vertices of degree at most 5.
(c) G has at least 3 vertices of degree at most 5.

Problem 10. Find the chromatic number of each of the following graphs.

(a) (b) ()
() (e)

2By a complement of a spanning tree T' inside K, , we mean the graph (V (K1), E(Kpmn) \ E(T)).

(f)
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TOTAL POINTS

196.5 / 200

QUESTION 1

1Problem 1207/20
v - 0 pts full credit
- 4 pts Incorrect answer for part [a], incorrect
justification
- 4 pts Incorrect answer for part [c], incorrect
justification
- 5 pts Incorrect answer for part [d], no justification

QUESTION 2

2 Problem 2 18/ 20

- 0 pts Full credit [5pts for i, 15pts for ii]

-1 pts It's not necessary for G to have an even-
length path between any two points, just an even-
length walk. \[Consider K_3 with an extra leaf
attached].

When you turn a path in G' to a walk in G, there may
be repetition among the vertices.

- 1 pts Your expression for the trace, while true,

doesn't really say what it is in terms of the graph (i.e.

it's twice the number of edges aka the sum of the
vertex degrees).

v - 2 pts You've forgotten the condition that G also
needs to be connected.

- 8 pts For part [ii]; if the graph is bipartite, then G'
will not be connected, since you can't escape the
bipartite pieces.

- 15 pts No credit for part [ii]

- 8 pts For part [ii], yes, G' will be connected if the

graph is complete, but there's a lot more cases where

G'is connected.

- 5 pts For part \[ii], yes, all triangles \[aka every two

points having a path of length 2] will work, but there

are other cases, such as a 5-cycle.

We really want all pairs of points to have a walk of
even length.

- 7 pts For part \[ii], yes, trees do not have this
property. But there are other graphs (such as K\_{3,3}))
for which this doesn't work.

- 8 pts Yes, we need the graph to have no isolated
vertices [or pairs of vertices], but the real condition is

much stronger.

@ a'so need G to be connected

QUESTION 3

3 Problem 3 20/20
v - 0 pts All parts correct and justified
- 2 pts Error in part [e] explanation, but correct

answer

QUESTION 4

4 Problem 4 18.5/ 20

- 0 pts Full credit

- 1.5 pts Forgot to divide by 2 in either part of [i]; we
could traverse a Hamiltonian cycle in either one of
two directions.
v -1 pts Forgot small cases; either n =1, 2 for K\ _\[n]
or n =m =1 for K\_{n, m}
v - 0.5 pts Forgot small cases for both parts of [i]

- 3 pts In the second half of part [i]; if n is not equal
to m, we get no Hamiltonian cycles in this way.

- 10 pts missing part [ii] - Eulerianness

- 2 pts Error in part [ii]

© this is not true forn =1

€© this is not true forn =1, 2

QUESTION 5



5 Problem 5 20/20
v - 0 pts Full credit
- 5 pts Proof has correct ideas, but a large gap.
- 6 pts Proves - correctly - that all vertices are
contained in a cycle in H. But this does not imply 2-
connectedness.

- 10 pts incorrect proof

QUESTION 6

6 Problem 6 20/20
v - 0 pts Correct
- 3 pts (c) wrong answer: the correct answer is 3
- 2 pts (c) justification missing
- 3 pts (d) wrong answer: the correct answer is 4
- 2 pts (d) justification missing
- 1 pts (c) insufficient justification

- 1 pts (d) insufficient justification

QUESTION 7

7 Problem 7 20/ 20
v - 0 pts Correct
- 5 pts wrong answer: the correct answer is m=4,
n=3 or m=3, n=4

- 5 pts incorrect proof

- 3 pts Did not actually provide an example of such

atree

- 3 pts a \*spanning\* treee must use all vertices

QUESTION 8

8 Problem 8 20/ 20
v - 0 pts Correct

- 5 pts (i) wrong answer [Correct answer is "for all n"]

- 5 pts (ii) wrong answer [Correct answer is "only for

n=3"]
- 5 pts (ii) Did not prove non-planarity for n>3
- 3 pts (ii) insufficient justification
- 2 pts (ii) insufficient justification
- 5 pts (i) incorrect proof

- 5 pts (ii) incorrect proof

QUESTION 9
9 Problem 9 20/ 20

Page 2

v - 0 pts Correct

- 5 pts (c) wrong answer [Correct answer: True]

- 8 pts (b,c) wrong answer [Correct answer: True for
both]

- 5 pts (c) incorrect proof

- 12 pts (b,c) missing

QUESTION 10

10 Problem 10 20/ 20
v - 0 pts Correct
- 7 pts justification missing: why are these numbers
minimal possible?
- 3 pts colorings not shown

- 3 pts (a) wrong answer [Correct answer: 3]
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1Problem 120/ 20
v - 0 pts full credit
- 4 pts Incorrect answer for part [a], incorrect justification
- 4 pts Incorrect answer for part [c], incorrect justification

- 5 pts Incorrect answer for part [d], no justification
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2 Problem 2 18/ 20
- 0 pts Full credit [5pts for i, 15pts for ii]
-1 pts It's not necessary for G to have an even-length path between any two points, just an even-length walk.

\[Consider K_3 with an extra leaf attached].

When you turn a path in G' to a walk in G, there may be repetition among the vertices.

- 1 pts Your expression for the trace, while true, doesn't really say what it is in terms of the graph (i.e. it's twice
the number of edges aka the sum of the vertex degrees).
v - 2 pts You've forgotten the condition that G also needs to be connected.

- 8 pts For part [ii]; if the graph is bipartite, then G' will not be connected, since you can't escape the bipartite
pieces.

- 15 pts No credit for part [ii]

- 8 pts For part [ii], yes, G' will be connected if the graph is complete, but there's a lot more cases where G'is
connected.

- 5 pts For part \[ii], yes, all triangles \[aka every two points having a path of length 2] will work, but there are

other cases, such as a 5-cycle.

We really want all pairs of points to have a walk of even length.

- 7 pts For part \[ii], yes, trees do not have this property. But there are other graphs (such as K\_{3,3]}) for which
this doesn't work.

- 8 pts Yes, we need the graph to have no isolated vertices [or pairs of vertices], but the real condition is much

stronger.

@ 2also need G to be connected
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3 Problem 3 20/ 20
v - 0 pts All parts correct and justified

- 2 pts Error in part [e] explanation, but correct answer
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4 Problem 4 18.5/ 20

- 0 pts Full credit
- 1.5 pts Forgot to divide by 2 in either part of [i]; we could traverse a Hamiltonian cycle in either one of two

directions.
v -1 pts Forgot small cases; either n =1, 2 for K\_\[n] or n =m =1 for K\_{n, m}

v - 0.5 pts Forgot small cases for both parts of [i]
- 3 pts In the second half of part [i]; if n is not equal to m, we get no Hamiltonian cycles in this way.

- 10 pts missing part [ii] - Eulerianness

- 2 pts Error in part [ii]

© this is not true forn =1

€© this is not true forn =1, 2
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5 Problem 5 20/20
v - 0 pts Full credit
- 5 pts Proof has correct ideas, but a large gap.
- 6 pts Proves - correctly - that all vertices are contained in a cycle in H. But this does not imply 2-
connectedness.

- 10 pts incorrect proof
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6 Problem 6 20/ 20
v - 0 pts Correct
- 3 pts (c) wrong answer: the correct answer is 3
- 2 pts (c) justification missing
- 3 pts (d) wrong answer: the correct answer is 4
- 2 pts (d) justification missing
- 1 pts (c) insufficient justification

- 1 pts (d) insufficient justification
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7 Problem 7 20/ 20
v - 0 pts Correct
- 5 pts wrong answer: the correct answer is m=4, n=3 or m=3, n=4
- 5 pts incorrect proof
- 3 pts Did not actually provide an example of such a tree

- 3 pts a \*spanning\* treee must use all vertices
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8 Problem 8 20/ 20
v - 0 pts Correct
- 5 pts (i) wrong answer [Correct answer is "for all n"]
- 5 pts (ii
- 5 pts (ii

- 3 pts (ii) insufficient justification

) wrong answer [Correct answer is "only for n=3"]
) Did not prove non-planarity for n>3

- 2 pts (ii) insufficient justification

- 5 pts (i) incorrect proof

- 5 pts (ii) incorrect proof
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9 Problem 9 20/20
v - 0 pts Correct
- 5 pts (¢) wrong answer [Correct answer: True]
- 8 pts (b,c) wrong answer [Correct answer: True for both]
- 5 pts (c) incorrect proof

- 12 pts (b,c) missing
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10 Problem 10 20/ 20
v - 0 pts Correct
- 7 pts justification missing: why are these numbers minimal possible?
- 3 pts colorings not shown

- 3 pts (a) wrong answer [Correct answer: 3]

Page 39



