Math 180 Midterm 1 (Fall 2015)

Some estimates and formulas:
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Problem 1. Find the number of:

(a) permutations (o1, 09,...,08) with o1 + 09 = 8,
(b) the number of subsets of {1,2,...,8} whose minimum or maximum is 4,

(c) the number of integer solutions y; + z2 + x3 = 8 where y; > 0 and x93, 23 > 0.

Problem 2. Recall that the number of graphs with vertices {1,2,...,n} is g(n) = 2(3).
(a) What is the number of bipartite graphs with bipartition V; = {1,2,...,k} and
Vo=A{k+1,k+2,...,n}.

(b) Show that the number b(n) of bipartite graphs with vertices {1,2,...,n}isb(n) = Z (Z) ok(n=k),
k=0

(c) Use estimates to give an upper bound to the number b(n) of bipartite graphs with vertices
{1,2,...,n} of the form 27 for some function f(n).

(d) Use the estimate in (c) to show that b(n) = o(g(n)) (i.e. lim, o b(n)/g(n) = 0).
(e) Very briefly, what does b(n) = o(g(n)) say about graphs?

Problem 3. For (b)(c)(d), draw all simple graphs with given score (up to isomorphism) and prove
that no other such graphs exist.

(a) Is D =(1,2,3,4,5,6,6,7) a degree sequence?
(b) D=(1,1,2,2,2,2),
(c) D=(1,1,1,5,5,5).

Problem 4. Recall that a knight &\ from chess has the following moves:
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(a) Draw a graph that encodes the cells from a 4 x 4 board and the possible knight moves.
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(b) Decide if it is possible for the knight to move around the 4 x 4 board so that it makes every
possible move exactly once.

(¢) Bonus (1 point): Decide if it is possible for the knight to move around the 4 x 4 board so
that every cell is visited exactly once.

Problem 5. True or False Circle the answers only with ink, next to the questions. No reason-
ing/calculations will be taken into account.

(a) If a person is paid every other Friday, there is a month in the year with three payments.

T. or F.
(b) The name EMMETT has more than 88 rearrangements of its letters. T. or F.
(¢) A prime number p divides all the binomial numbers (]1’), (]2)), R (pfl). T. or F.
(d) There are more injections than surjections from {4, B,C, D} to {1,2,3,4}. T. or F.
(e)nl~(2n)(2n —2)(2n —4)---4-2. T. or F.
(f) There are more subsets of {1,2,...,11} of odd size than even size. T. or F.

(g) There are the same number of nonnegative integer solutions to x; + x9 + x3 = 4 as positive

ingeter solutions to y1 +yo +y3 = 7. T. or F.
(h) All complete graphs K,, (n > 1) are Eulerian. T. or F.
(i) All complete graphs K,, (n > 1) have Hamiltonian cycles. T. or F.

(j) Since graph isomorphisms is a hard problem then 2(5) /n! does not approximate the number of
graphs. T. or F.



