
Math 171: Final
2021 Winter

Instructions:

• The exam will begin on March 16th at 9AM PT. You will be given 24 hours to complete and submit your
works. The submission window will be closed on March 17th at 9AM.

• No late submission will be considered. Make sure to allow enough time to complete and submit your works.
Make-ups for the exam are permitted only under exceptional circumstances, as outlined in the UCLA student
handbook.

• The exam will be open book/open notes. You may also use a physical and/or online calculator. However,
you must show your works to receive credit.

• You must sign the code of conduct. Any deviation from the rules may render your exam void. Also, if
needed, you may be contacted after the exam and asked for additional explanations of solutions for problems
on the exam.

• A Gradescope link for submitting your work will be provided on the CCLE course webpage.

Please read and sign the following honor code:

“I assert, on my honor, that I have not received assistance of any kind from any other
person while working on the exam and that I have not used any non-permitted materials
or technologies during the period of this evaluation.”

Name:

UID:

Signature:



1. (10 pts) Do the following:

(a) Belathor has two candles, labeled A and B, respectively. The lifetime of Candle A is distributed
as Exp(λA) and the lifetime of Candle B is distributed as Exp(λB). Belathor lits up Candle A at
time 0, and then lits up Candle B at a deterministic time t0 > 0.

What is the probability that Candle A burns out before Candle B?

(b) Fix λ > 0 and p ∈ (0, 1). Let X has a Poisson distribution with mean λ. Also, suppose that the
conditional distribution of Y , given that X = x, is Binomial(x, p). What is the distribution of Y ?



2. (10 pts) Let {N(t)}t≥0 be a Poisson process with rate λ > 0. Also, let Tk denote the time of the
kth arrival.

(a) Find P(N(3) = 1, N(5) = 4).

(b) Compute P(T1 > 4 | T3 > 5).

(c) Compute Cov(N(6), N(4)−N(1)).



3. (10 pts) Sakaki wants to mine 3 cryptocurrency blocks using two computers. Each computer can
mine a single block at a time. The time Computer 1 (respectively, Computer 2) takes to mine a block is
exponentially distributed with mean of 5 minutes (respectively, 10 minutes), independently of everything
else.
Compute the expected time until all the three blocks are mined, under each of the following scenarios:

(a) Assign two blocks to Computer 1 and one block to Computer 2.

(b) Assign one block to each of Computer 1 and 2, and then assign the remaining third block to
whichever computer that finishes mining first.



4. (10 pts) On a given day, starting from 5 PM, spectators arrive at a concert hall according to a Poisson
process with rate λ = 16 per minutes. Suppose that the arriving spectators have to wait until 8 PM of
that day to enter the hall. Let X be the total number of spectators who have arrived by 8 PM, and let
W be the sum of the waiting times for all spectators.

(a) For each k ≥ 0, compute E[W | X = k].

(Hint: Use the idea of conditioning.)

(b) What is the value of E[W ]?

(c) Now, suppose that 15% of the spectators are VIP and thus allowed to enter the hall at 7 PM.
In particular, any VIP spectators arriving after 7 PM do not have to wait at all. (Of course, the
remaining 85% of the spectators still have to wait until 8 PM.) What is the value of E[W ] in this
case?



5. (10 pts) At time t = 0, Madesi installs a light lamp that uses one light bulb at a time. Madesi will
replace any failed bulb immediately. Each time Madesi installs a new bulb, it will be chosen from type-1
bulbs with probability 3/5 and type-2 bulbs with probability 2/5, independently of everything else. The
lifetime of each bulb is exponentially distributed with mean of 2 years, regardless of the type.

(a) Given that there are no failures up to time t (in years), what is the expected time between 0 and
the failure of the first type-1 bulb?

(b) Just after the 10th failure, what is the probability that exactly four of type-2 bulbs have failed up
to that time?

(c) Find the probability that four failures from type-2 bulbs occur before two failures from type-1 bulbs
occur.

(d) Compute the limit, as t→∞, of the probability that type-2 bulbs are used at time t.



6. (10 pts) Tourists arrive at a tourist spot according to a Poisson process with rate λ per hour. When
a new tourist arrive at the spot, any previous tourist is immediately escorted outside. Suppose that the
time needed to complete the tour is exponentially distributed with mean 10 minutes, independently of
everything else.

(a) What fraction of tourists will complete the tour (before they are escorted outside)?

(b) Determine the proportion of the time in the long run that there is no one in the tourist spot.

(c) Hadvar visits the tourist spot. As he is a renowned veteran, the tourist office decided to provide
an accommodation: he will not be escorted outside unless three or more new tourists arrive during
his tour. Find the probability that Hadvar completes the tour.



7. (10 pts) Students arrive at Professor Baek’s office according to a Poisson process with rate 5 per
hour. Each arriving student will leave immediately if Baek is busy; otherwise he/she will stay in Baek’s
office and ask questions for an amount of time (in minutes) that is uniformly distributed between 6 and
30, independently of all the others.

(a) Find the long-run proportion of time at which students are in Baek’s office.

(b) Determine the limiting proportion of arriving students who stay in Baek’s office.



8. (10 pts) Let {N(t)}t≥0 be a Poisson process with rate 1, and let λ(·) be a non-negative function
such that µ(t) =

∫ t
0 λ(s) ds is finite for any t ≥ 0. Show that {Ñ(t)}t≥0 defined by

Ñ(t) = N(µ(t))

is a Poisson process with rate function λ(·).



9. (10 pts) Let {N(t)}t≥0 be the counting process associated to an arrival process, and let λ > 0 be
constant. Suppose that the followings hold:

i) N(0) = 0.

ii) (Independent Increments) For any 0 ≤ t0 ≤ t1 ≤ · · · ≤ tn, the increments {N(tk)−N(tk−1)}1≤k≤n
are independent.

iii) For any t ≥ 0, we have lim
h→0+

P(N(t+ h)−N(t) = 1)/h = λ.

iv) For any t ≥ 0, we have lim
h→0+

P(N(t+ h)−N(t) ≥ 2)/h = 0.

The aim of this problem is to illustrate a method of showing that {N(t)}t≥0 is a Poisson process with
rate λ. To do so, we define gk(t) for each k = 0, 1, 2, . . . by

gk(t) = P(N(t) = k),

(a) Show that gk(t) satisfies

g′k(t) =

{
−λg0(t), if k = 0,
−λgk(t) + λgk−1(t), if k ≥ 1.

(Hint: g′k(t) = limh→0+(gk(t+ h)− gk(t))/h.)

(b) Using the previous step, show that

d

dt
(eλtgk(t)) =

{
0, if k = 0,
λeλtgk−1(t), if k ≥ 1,

and then deduce that g0(t) = e−λt and g1(t) = (λt)e−λt.
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QUESTION 1

1 Question 1 10 / 10

Part a) : 5 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 3 pts Incorrect application of the results regarding

the exponential race.

   - 5 pts Essentially no work is provided

   - 0 pts There are some issues

Part b) : 5 points

✓ - 0 pts Everything correct

   - 5 pts Essentially no work is provided

   - 0 pts There are some issues

QUESTION 2

2 Question 2 10 / 10

Part a) : 4 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes

   - 0 pts There are some issues

Part b) : 3 points

✓ - 0 pts Everything correct

   - 1.5 pts Incorrect way of splitting the conditional

probability.

   - 2 pts Incorrect reasoning

   - 0 pts There are some issues

Part c) : 3 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes

   - 2 pts Incorrect reasoning regarding the

independent increments condition.

   - 0 pts There are some issues

QUESTION 3

3 Question 3 5 / 10

Basic knowledge

✓ - 0 pts The solution is showing some

understanding on the exponential race.

   - 3 pts No sign of understanding on the exponential

race

Understanding of the problem

   - 0 pts Perfect understanding and computation

   - 1 pts Almost perfect understanding with only minor

mistakes

   - 3 pts Decent understanding with moderate

mistakes

✓ - 5 pts Largely inaccurate understanding with

major mistakes

   - 7 pts Essentially no understanding is provided.

QUESTION 4

4 Question 4 8.8 / 10

Part a) : 5 points

✓ - 0 pts Everything correct

   - 2 pts Moderate mistakes

   - 3.5 pts Critical misunderstanding on the

conditional distribution of waiting times given $$X =

k$$

   - 5 pts Essentially no work is provided

Part b) : 2.5 points

   - 0 pts Everything correct (ignoring errors carried

forward)

✓ - 1.2 pts There are some issues

   - 2.5 pts Essentially no work is provided

Part c) : 2.5 points

✓ - 0 pts Everything correct (ignoring errors carried

forward)

   - 1.2 pts There are some issues



   - 2.5 pts Essentially work is provided

1      Unit mismatch. ($$t_0=3$$ hours and

$$\lambda=16$$ people per minute)

2      Unit mismatch, but I did not mark off points for

errors carried forward.

QUESTION 5

5 Question 5 10 / 10

Part a) : 2 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes (such as missing the term

$$t$$, computation mistakes)

   - 0 pts There are some issues

Part b) : 3 points

✓ - 0 pts Everything correct

   - 0 pts There are some issues

Part c) : 3 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes

   - 0 pts There are some issues

Part d) : 2 points

✓ - 0 pts Everything correct

   - 1 pts Mistakes in applying SLLN

   - 0 pts There are some issues

QUESTION 6

6 Question 6 8 / 10

Part a) : 4 points

   - 0 pts Everything correct

✓ - 1 pts Minor issues

   - 2 pts Major issues

   - 4 pts Essentially no work is provided

Part b) : 3 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 2 pts Major issues

   - 3 pts Essentially no work is provided

Part c) : 3 points

   - 0 pts Everything correct

✓ - 1 pts Minor issues

   - 2 pts Major issues

   - 3 pts Essentially no work is provided

3      10 minutes = 1/6 hours

4      Error carried forward

5      You should have $$\lambda$$

QUESTION 7

7 Question 7 10 / 10

Part a) : 5 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 3 pts Major issues

   - 5 pts Essentially no work is provided

Part b) : 5 points

✓ - 0 pts Everything correct (ignoring errors carried

forward)

   - 1 pts Minor issues

   - 3 pts Major issues

   - 5 pts There are some issues

6      $$\lambda$$ = 5 per hour = $$\frac{1}{2}$$ per

minute

QUESTION 8

8 Question 8 10 / 10

✓ - 0 pts Everything correct

Solution based on the definition

   - 1 pts $$\tilde{N}(0) = 0$$ is not checked

   - 3.5 pts Poisson increment condition is not

rigorously checked (i.e., the solution is not properly

and explicitly demonstrating understanding on this

condition.)

   - 2.5 pts Independent increments condition is not

rigorously checked (i.e., the solution is not properly

and explicitly demonstrating understanding on this

condition.)

   - 0 pts There are some issues



   - 10 pts Essentially no work is provided

QUESTION 9

9 Question 9 10 / 10

Verifying $$g_0'(t)=-\lambda g_0(t)$$ : 6 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 2.5 pts Moderate issues

   - 4 pts Major issues

   - 6 pts Essentially no work is provided

Verifying $$g_0(t)=e^{-\lambda t}$$ : 4 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 1.5 pts Verified $$(e^{\lambda t}g_0(t))' = 0$$ but

did not explain why this leads to the desired solution

   - 4 pts Essentially no work is provided
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1 Question 1 10 / 10

Part a) : 5 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 3 pts Incorrect application of the results regarding the exponential race.

   - 5 pts Essentially no work is provided

   - 0 pts There are some issues

Part b) : 5 points

✓ - 0 pts Everything correct

   - 5 pts Essentially no work is provided

   - 0 pts There are some issues
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2 Question 2 10 / 10

Part a) : 4 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes

   - 0 pts There are some issues

Part b) : 3 points

✓ - 0 pts Everything correct

   - 1.5 pts Incorrect way of splitting the conditional probability.

   - 2 pts Incorrect reasoning

   - 0 pts There are some issues

Part c) : 3 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes

   - 2 pts Incorrect reasoning regarding the independent increments condition.

   - 0 pts There are some issues
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3 Question 3 5 / 10

Basic knowledge

✓ - 0 pts The solution is showing some understanding on the exponential race.

   - 3 pts No sign of understanding on the exponential race

Understanding of the problem

   - 0 pts Perfect understanding and computation

   - 1 pts Almost perfect understanding with only minor mistakes

   - 3 pts Decent understanding with moderate mistakes

✓ - 5 pts Largely inaccurate understanding with major mistakes

   - 7 pts Essentially no understanding is provided.
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4 Question 4 8.8 / 10

Part a) : 5 points

✓ - 0 pts Everything correct

   - 2 pts Moderate mistakes

   - 3.5 pts Critical misunderstanding on the conditional distribution of waiting times given $$X = k$$

   - 5 pts Essentially no work is provided

Part b) : 2.5 points

   - 0 pts Everything correct (ignoring errors carried forward)

✓ - 1.2 pts There are some issues

   - 2.5 pts Essentially no work is provided

Part c) : 2.5 points

✓ - 0 pts Everything correct (ignoring errors carried forward)

   - 1.2 pts There are some issues

   - 2.5 pts Essentially work is provided

1      Unit mismatch. ($$t_0=3$$ hours and $$\lambda=16$$ people per minute)

2      Unit mismatch, but I did not mark off points for errors carried forward.
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5 Question 5 10 / 10

Part a) : 2 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes (such as missing the term $$t$$, computation mistakes)

   - 0 pts There are some issues

Part b) : 3 points

✓ - 0 pts Everything correct

   - 0 pts There are some issues

Part c) : 3 points

✓ - 0 pts Everything correct

   - 1 pts Minor mistakes

   - 0 pts There are some issues

Part d) : 2 points

✓ - 0 pts Everything correct

   - 1 pts Mistakes in applying SLLN

   - 0 pts There are some issues
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6 Question 6 8 / 10

Part a) : 4 points

   - 0 pts Everything correct

✓ - 1 pts Minor issues

   - 2 pts Major issues

   - 4 pts Essentially no work is provided

Part b) : 3 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 2 pts Major issues

   - 3 pts Essentially no work is provided

Part c) : 3 points

   - 0 pts Everything correct

✓ - 1 pts Minor issues

   - 2 pts Major issues

   - 3 pts Essentially no work is provided

3      10 minutes = 1/6 hours

4      Error carried forward

5      You should have $$\lambda$$
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7 Question 7 10 / 10

Part a) : 5 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 3 pts Major issues

   - 5 pts Essentially no work is provided

Part b) : 5 points

✓ - 0 pts Everything correct (ignoring errors carried forward)

   - 1 pts Minor issues

   - 3 pts Major issues

   - 5 pts There are some issues

6      $$\lambda$$ = 5 per hour = $$\frac{1}{2}$$ per minute
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8 Question 8 10 / 10

✓ - 0 pts Everything correct

Solution based on the definition

   - 1 pts $$\tilde{N}(0) = 0$$ is not checked

   - 3.5 pts Poisson increment condition is not rigorously checked (i.e., the solution is not properly and

explicitly demonstrating understanding on this condition.)

   - 2.5 pts Independent increments condition is not rigorously checked (i.e., the solution is not properly and

explicitly demonstrating understanding on this condition.)

   - 0 pts There are some issues

   - 10 pts Essentially no work is provided
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9 Question 9 10 / 10

Verifying $$g_0'(t)=-\lambda g_0(t)$$ : 6 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 2.5 pts Moderate issues

   - 4 pts Major issues

   - 6 pts Essentially no work is provided

Verifying $$g_0(t)=e^{-\lambda t}$$ : 4 points

✓ - 0 pts Everything correct

   - 1 pts Minor issues

   - 1.5 pts Verified $$(e^{\lambda t}g_0(t))' = 0$$ but did not explain why this leads to the desired solution

   - 4 pts Essentially no work is provided
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