Math 170A, Fall 2015
Practice Midterm 1
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Use the provided space for your solutions (you may use the additional page at
the end). Show your work. Write only one solution per problem - problems
with multiple solutions will not be graded. Numeric expressions can be left
unsimplified. No notes or electronic devices (calculators, iPhones, iPads, etc.)
are allowed.

Good luck!

"'Write the TA and time of the section you are going to (but not necessarily registered to).
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Those are some very short answers to check your results. They are not
representative of what would be a correct written answer in an exam! (except
for the last exercice)

1. Each of the five parts below is worth 2 points.

For this problem only: Please provide short answers (you can add short explanations if
you find it appropriate).

(a)

(2 points) If X is a Binomial random variable with parameters 10 and 0.6 what are
E(X) and var(X)?
Soln: E(X) = 10(0.6) = 6, var(X) = 10(0.6)(0.4) = 2.4

(2 points) 72 people each toss a fair (6 sided) die twice. Let X be the number of
people who get snake eyes (i.e., a 1 on each die). What is P(X = 3)?

X follows Bin(72,1/36). So

(2 points) Write two formulas to compute cov(X,Y)

Soln:
cov(X,Y) = E(XY) — E(X)E(Y) = E((X — EX)(Y — EY))

(2 points) Let X be the number of tosses of a fair coin repeatedly until there are
100 heads in total. Find var(X).

Soln: X is the sum of 100 independent geometric random variables with parameter

1/2. So

1—-1/2
var(X) = 100 1/4/ = 200
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(e) (2 points) If X and Y are independent and both have variance 1, compute var(2.X +
3Y).
Soln:
var(2X + 3Y) = 4var(X) + 9var(Y) = 13.
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2. Let X1, X5, -+, X, be independent random variables with Bernoulli distribution of pa-
rameter p. Let A= X, +---+ X,,. Fix k€ {0,1,--- ,n}.

(a) (2 points) Find E[X; + -+ X,,|A = k.
(b) (8 points) Find P(X; = Xy = 1|A = k). Simplify the answer.

(a) BX) + - X, |A = k| = E[k|A = k] = k
(b)

P(X1:X2:1\A:k):—_)
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3. A fair die with 6 faces, numbered 1, 2, 3, 4, 5, 6, is rolled n times. Let X; be the number
of times that the ith face comes up.

(a) (5 points) Find E(X;) and var(Xj;).
(b) (5 points) Find the PMF of X; + Xo.

(a) X; follows Bin(n,1/6).
(b) X; + X, follows Bin(n,1/3).
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4. Put n balls into r» boxes such that each ball has equal probability in any box. Let

0, otherwise.

Y, — { 1 if there is no ball in the box i,

(a) (3 points) Find EX;.
(b) (4 points) Find E(X;X;) and cov(X;, X;) for i # j.

(c¢) (3 points) Let S be the number of empty boxes. Find a relation between S and
X!s, and then find E(S5).

B(X) = P(X,=1) = (" Ly
(b) ,
B(X.X;) = P(X; = X; = 1) = (/)"
cov(Xi, X,) = BX.X;) ~ BX)B(X,) = (2 = (2
(©
S =X+ X,.
B(S) = B(X,) + -+ B(X,) = r("— )"
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5. Let Xi, X5, -+ be independent random variables with the Bin(5, %) distribution, and
T be a random variable independent of the X!s with the geometric distribution with
parameter p. Let S, = X; + Xo+---+ X,,, and S0 = X; +--- X7.

(a) (2 points) What is the distribution of S,,?
(b) ( ) What is EX;?

(¢) (3 points) Find E[Sr|T = n].

(d) ( )

2 points

3 points) Find ESr. Simplify your answer.

a) S, follows Bin(5n, 3)

(
(b) E(X;) =5/2.
(c) E[S7|T =n] =
(d) N N
_ ;E(ST\T — W)P(T =n) = ; PUP(T = n) = 2B(T) = %
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6. (10 points) Pair of random variables (X,Y) has range
{(27%,27Y]1, k are integers and 1 < k < [}.
The joint probability mass function is given by
pxy(27F,27) = Cc27,

for some constant C'. Find the value of C'. Find the marginal probability mass functions
for both X and Y and evaluate E(X) and E(Y').

Solution: We get C' from the condition that the probabilities have to add up to 1. This

gives
5 ( 5 cg—k—l) .

k=1 \l=k+1

The inner sum »_,°, ., C27%"is the sum of geometric series whose first element is
C27%~1 and the step factor is 1/2 so

o —2k—1
d o c2h = CER——CYS

I=k+1 1-1/2
Now the condition is > 72 & =1 that is
C/4
——=1= C=3.
1—1/4

The range of X is 27% for integers £ > 1 and the marginal PMF of X is

PX=2"=) PX=2Fv=27")=3> 27"
I=k+1 I=k+1
This is geometric series whose first element is 2721 and step factor 1/2 so
92— 2k—1 3
P(X =2~ J———= = —.
( Y = 1—-1/2 T

The range of Y is 27 for [ > 2 and the marginal PMF of Y is

-1 -1

1 1
k =y _ —k—1 _ —I-1
E P(X=2"Y=2 )_32 2 =3-2 <1+§+-- +W>

k=1 k=1
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1—1/2!-1

The expression in the sum is equal to ThE =2- 272 o P(Y =270) =3.271 -

2—%+1

Now the moments are

> >3 3/8 3
_ —k _o—ky _
E(X)=)Y 27"P(X =2 )_§j8k s T
k=1 k=1

and

= _ L =~ ., 3/16 6/64 1 3
EY)=) 27'P(Yy =279 =) 3.47'-) 6.8 = — -2
) ; ( ) lz_; lz_; 1-1/4 1-1/8 4
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