Second midterm solution

EX+DI(X>2) = EX+1)-EX+1DI(X=0-EX+1)I(X=1)
(EX +1) —EI(X =0) —E2I(X =1)
EX+1-P(X =0)—2P(X =1)

= 094+1—¢e99-2¢709.9=1.9—287"9.

1(ii).
Var(XY) = E((XY)?) — (E(XY))?
= E(X?Y?) - (EX)?(EY)?
(EX?)(EY?) — (EX)*(EY)?.
EX =2 and Var(X) =2

SO

E(X?) = Var(X) + (EX)? = 6.
EY =8-0.5=4and Var(Y) =8-0.5- (1 — 0.5) = 2

E(Y?) = Var(Y) + (EY)? = 18.

Therefore,
Var(XY) = 6-18 — 22 - 4% = 108 — 64 = 44.
1(iii).
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2. For n € {1,3,4,5,6}, the probability of getting n is
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The probability of getting 2 is
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The probability of getting 2,1,2,2,3,4,2,5 is
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Maximizing this is equivalent to maximizing s (1 — 6)\). Taking derivative, we see that the

3
maximum is attained when \ = 5

3. The number of defective items is X ~ binom(500, L) ~ Poisson(5)).
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E(X —Y)?=Var(X —Y) + (E(X —Y))? = Var(X) + Var(Y) + 0 = 2Var(X).

4(ii). Since X and Y are independent and have the same distribution, f(X) and f(Y') are
independent and have the same distribution. So by 4(i),

2Var(f(X)) = E(f(X) - f(Y))? < E(X — Y)? = 2Var(X).



