Ma"ah 170A: Probability Theory, A. Iseli 27 January 2020

Midterm 1 (Duration: 50 min)
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By signing the line below, you aflirm that you did not cheat on this exam and that you
understand and accept the following conditions,

e Do not open the exam until instructed to do so.

¢ No phones, calculators, books, or notes are permitted,
¢ Nothing should be on your desk but writing implements.

o If you have a question during the exam, please raise your hand.

e Only write your solutions on the front side of the numbered pages. There is an
extra page at the end of the exam if you need more space.

e Please write neatly, show all your work, and justify all answers.
Mysterious or illegible solutions will receive no credit,

s In case you finish early, you may hand in your exam and leave the rocom quietly.
However, please don’t hand in or leave during the last 20 minutes of the exam.

s You may be recorded by photo or video to ensure testing integrity.

e This exam may be graded using gradescope.

No exam without signature will be graded!
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Question | Points | Score

i 9
2 7
3 6
4 10

Total: 32



Cindy Zhang
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1. Three short {not interrelated) problems.

(a) (3 points) Let F and B be two event spaces for the same sample space {}. Prove
that F N B is an event space.
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(b} (3 points) Let (§2,F, P) be a probability space. Let A, B,C € F. Assume that A

and B are independent, A and C are independent, C' and B are disjoint. Prove
that A and B U C are independent.

(Point out in your working where you use each of the assumptions.)
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(c) (3 points) Let Q= {1,...,n}, F=P(Q) and p1,...,p, >0 so that > pj=1.
Let P : F — R be a function defined by P(A) =), 4pi forall Ae F.
Prove that P is a probability measure on {£2, 7).
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2. You missed class and so you don’t know which chapters will be part of Monday’s exam.
The only way to find out is asking one of your 36 classmates. Among those, 10 are
serious and trustworthy people and will give you the correct answer for sure; 24 never
pay attention in class and therefore will give you a correct answer with a probability
of 75%; and 2 are notorious liars and will give you the wrong answer for sure.

(For this problem, you are NOT required to specify the underlying probability space.
However, you should point out in your working the theorems that you apply.)

(a) (3 points) If you ask one clagsmate at random, what is the probability that you
will obtain a correct answer?

(b) (1 point} Are the two following events independent?
- You obtain a correct answer.

- You ask one of the notorious liars.

(c) {3 points) After the exam, you notice that you were given an incorrect answer.
What is the probability that you had asked one of the notorious liars?
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3. (a) (3 points) Give the definition of a discrete random variable on a probability space.

(b) (3 points) Give an example of a discrete random. variable on a probability space
whose values include E = {1,2,7} and each a € F is aftained with probability —%
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4. (10 points} True or false.

For each of the statements below, decide whether it is true or false. Moreover, if it
is true give a short explanation or proof (one or two sentences); if it is false, give a
counterexample (without proof).

Let (£2, F, P) be a probability space.

Tals¢ (a) Forevery two events A, B € F, with P(B) € (0,1) we have P(A|B)+P(A}B®) = 1.

Lot Ji= §|I7"131L11!g3 f‘:f’?(-ﬂ") P(A)% lf-%

A:%hl?} B‘/?!;Zr;)@_ = PLAIB)= P{A/\B); PUA) .2
P(B) Ppy 3
(AN
So PLAIRPLAIBY = 2 +0= 5 #1 PUAIB) = P})Z{?ﬁ -

Felse  (b) If P(A) = 0 for some A € F, then A= @.

RESTAY F =0 Pid=0 P-4 PE)-  PIAE: 2 PER)
O VAR, Y20 ® Plar= PURDTPEDAPISY = 0+'h4Ys = | M
O W ke aredrspivt, Py M) = £ PA) (an ched casily.
false (c) It A and B are independent events in F, then A # B.
Cownterkamp\e Lt (07, F P) leca Prob. Spece.

bt A=B=l Then PLAOE) = PL) = | 717)/4;%5 wdepend gt
und) PLI TR = PLOLIPR) = | A=B. )

“True (d) Forall A € F, A and € are independent.

Plaos) = pea) becoust  ANSL = A

THA = Pl Py o independont

F&L(% (e) Tor {A;}ieny C F, we have P(UieN Ai) =3 en P (A
Cownlbeveya WA bt
LA S = % (12,3, q,,g‘i

F- P
Ao 1A
PLA) o

{/(/\' Al: ghll)}!a '/'\?,: ?%ll'hgﬂ ; A”L-:q& ‘P(/‘f (%3

e PLU A = PUS Lz s ]y = Py = | )
<¢)P(i&um»\ﬂ4ﬁz P

Ay

2 PUA Y = PLAYATPIAL) 4 otot . = 2adyy = b
e Y



Math 170A, A.Tseli Midterm 1, Page 6 of 6 27 January 2020

(Extra space two write your solutions.)



