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1. Let z and y represent two animal populations which satisfy ( )
3, b

¢ — g5(9-z-3y)
% y(—6 + 2z)

(a) (5 points) What is the relationship between z and y? How does z grow in the absence of
y? How does y grow in the absence of z?

X 15 e prey, whiey s a predotor. Without y, x will grow afn to
‘03\.9(1-.. 3(ow'ﬂn , S° &ﬂ.‘)u\dfv\j on e S‘+ar-h'm3 roPo(o\t.‘oh , x will decrease ov

;MCQQSQ to twe CQ"’U\.hj <a\ou.‘t:] a{’ 9. However

), Y will uFLr"LV\C.e_

N ° ( .
Q\LPO\MAA'(\'W‘ J&,(ﬂj m 4o abscente e{ ¥ . Withovd X, .J il alse die f

(b) (5 points) Sketch the nullclines and direction arrows of the system.

]
",‘-:0 3 ‘H/dt (ows1dRv %=1, 4=
dy o
=> 1“/0.{.: s 7/Jt- 4
~N

(c) (4 points) Find the eigenvalues of the interior critical point.

A”‘/d_t: Qx—k’z'"ix_\j )‘ o\y/d'&-: ~ oy +‘2x3

( Yy 9-x-34=0 = ey (3.2)
‘Lz,\j‘ = - v tj’ )

§i& &
q9-Ux —3:, -3x -3 “‘}
](xlj) = 2% j(g 2) = h*(kl'j-)r'o
Y

2x =6 =y x=3,
‘

(o) . =5 ),‘_3 q

-3 im |

ﬂM' 83 Qvld"ﬁ"‘\ ";mu(ﬂ f >\ = I T i

2y -6+
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(d) (7 points) Sketch the general solution. Be detailed.
domivanmt

We (tnd etqenvalues '( saddle pe 1o examine  detaled belayior qvoum( sadotles . Fi
€or (0,0), T= 1_:] : |o5 wspection, it's Aiurm«( w/ Az9,-6 wnd v-: £ [; ]' \;;': [‘:]

For (1,0), T = [" —u},) (A19)(A-12) 20 =3 Az -9, 1. For V=12, Yll '171[\7]:8
V] “2 o Pe) & ]
N )"K‘L?]'[Q] e o . “§ -7 i ‘
> \'A -2 ~3 | ag down uta.leLc . For A= . o 2 =V, = [o]
.S(‘M’—( w (3.1)
S(lrl(i‘q (q’oj
=
(e) (4 points) Sketch z(¢) and y(¢) if z(0) =1, y(0) = 5. Ax /g = (T -1 -1s) = - %

Ak = s (-er2)= 720 <0
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2. (8 points) Determine whether the polynomial has any roots with positive real parts.
QO

8, %2 % 4y
M 4423 +50%2 461 +2.
We use Huneitz Motnvws ! Recall a, a3 qS’ q}
a, qg 'ls_
H.: [q‘]. HZ:{ % ﬂ;] ] HZ: a, ‘.‘_ 4‘1 Hq: Q 22 q"' aﬁ
a ] 0 al a a
R, a, 0 a, a, s
0 Ao g ay
and We ek do show that iff H oll vove ?om.\m, discrimmant, tm  our yol-luom‘w( has ald nejq‘f.ve
ctal part solfwns .
be use ag= |, @, =4, ay=S, a,=6,a,22 ond a_,a_, 4 =0,
Vo et () = 4 >0 trvially
/ det = ‘\: 20-6=1y >0
\ s
y 6 = 0-32-36=2€2> 0
/ £ - ‘2\=H(3°—8)—e(6-9) = e
det I L‘\“s\ L‘o 6
0 J %
/ o
° -6 |V g 0
5 0 s 2

=

q( 60 -\6) - ()

{136 -3F2 =
T‘ws dat -’( Y Hurwitz watrives o2

W "t \) ositive Y'M Fo‘(* $

-

oy >0

/s Fosi‘hv(’ So s Fofyhom,‘p/( hos wno roots
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3. Suppose z,y, z satisfy the competing species equations

é_ﬂf = z(6-22—-3y—2z)=f ? -3y -2
& _ o tme  BR

L = g(7—2x-3y 2z)—J =>

% = z5-2z—y—2z)~h S-y-12

(a) (6 points) Find the critical point (0, y¢, 2¢) where ¥, zc > 0, and sketch the nullclines and
direction arrows in the yz-plane.

Suppoie x=0- »> 3g+2 =3, UWHF YtIES > 9=, y=1,2-=3
(0,1,2)

e head rf =
1, byt

o

(b) (6 points) Determine if (0, ye, 2¢) is stable.
(9,9, 2c) does appear 4 be stable. W fook

>
af 29 _ 2 Y. I
. 2—{-; 6—““"3("1, z—;:——g*,?——:-xlﬂ-Zy,a—;:? 1*%12’32 3_)
of PR N VA T 2

Mg|h;(°"l1 for PU/ay= 272, ay* ) 22=5-2x -y - 92

st ot the Tacobian
T e .jt flqm,

—Yx -3y - -3 I K
b —Ux -3y 2 ® X ‘ . .
3(0 Y. 1:3 = 423 ? —2*—(’"-22 ‘-13 - =3 —3 -4
. §Em R -4 -2 -y

- %2 -2 Syt |

S"Q)!-lj"lz

i (31-T)= (A= N[O O - 8) = 0
Uﬁﬂﬂj A=l o is an eivadl\L, bot Re(r=1) =1 >0, so 4 wdi cates

: {
Mot (o,\’“ 2.) is wot stable |
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(¢) (8 points) Determine if the critical point (x.,0,0) is stable, where x. > 0.

Recall frews part (b) we shued duat

-—b‘“‘-‘,‘_‘ -~3w - X
-2 N _
TGy, ) J s M
l_ -2 -3 T—)l‘.j—‘-('t

Ve 4‘\\.‘ 'Y wlaave (‘t,c,o) is a criteal r‘f =2 6"2)¢< =0 = xc‘;

L
-6 -y -3
5(l‘,0,'): 0 \ 0
0 o

; Toroe
— ) av@ ow thne diw wod .
Wiy is -h,‘“\rlnr, S0 wa kweV C\auwdol: r

L — %
Simee  owa nf e druvl-(vh 1

Unstable ased  becavse (> O,

( wa Enow thatr e enitical rOI‘V\‘ 1]
’

Tuvs (3,0,0) i vaswble 1
-/A'
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rN(-ﬁg .
{ k) =

4. Recall from Homework 3 that Sea Lions grow the generalized logistic equation % =rN(l-—
(X)?), where p ~ 3.

Suppose a population distribution of Sea Lions u(z,t) follows

ou 10%u

3
5 aa M)
(a) (4 points) Set u(z,t) = U(z — kt) and V = U’. Find a 2 X 2 system of ODE’s for U, V.
Swmee ﬁbt -k’ omd o‘a:x =u’, we have
kW= u - w(s-u®) .
Sn\.sf:h«w\’ vau’
o> -kV = Ayre W(F-nt) 2> AR(3-uF) - 2RV
2
, ’. g-u*) -2kV
>y Qu¥ i\lS’UAM 'S { v Zu( 2
w' =v

(b) (5 points) Find the critical points, and the Jacobian at each critical point.
Our cnticat Pe‘\wk.s ave y=z0 awl => 2ulF-u)=0, so we tak’ (=0, U2 for yiticad (:.15

0{ (0,0) and (2,9). %—. 205-u*) + 2u(-30?)
0 ( ° I & '
. -5 J(0,0)= J(2,0) =
7("/") = ) J. le 2k ' “4ug -2k
-8 -k '

(c) (5 points) Find the minimum value of k& for which a traveling wave solution exists, which -
could correspond to the population distribution of seal lions.

(omsidar  exgomvalves of  T(0,0) and J(2,0), vsmg AR+ A= TX+0
Jlo,0) = AT H 2N 2K 1"1' = , always o saddle bcms (-2k]

2k 2 ftn(‘ - 1(43)

J(2,0) > N+ 2k) 443 =0 => \ = S Sia sl gl . Nete that Hacis ,(waﬂj stable,
2
but way ot b veal. So, we take  4ikt-yq(ag) 20 =0 KT ZUB =

k = .’L(% = 4 (E As ovY  mmimwm. Waye QP&QJ, wn we seels feak SOVV\S

——
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(d) (5 points) Sketch the nullclines and direction arrows of the system.

(o usiuv Vyo, weo
LY
e

(e) (7. ;?oints) .Sketch the general solution to your system above in the UV-plane, where both
critical points have real eigenvalues. Don’t draw vague or incomplete solutions.

('L,O‘) ‘\5 'y S\v\\( ’ l:u"

all cvvés should QWIQLM«

Wr,\\» +o st.—(?T“‘H‘
PSS —————
cqpemmiziosog0 aijtwu‘w.

(f) (3 points) Indicate the specific solution in your picture above, which corresponds to a
traveling wave solution.

e sol'n  coloved tn  yod 15 our ,rz(fﬂc 'Houd{vtj wave solution .
v

4. - ¥ - wiere 2 = x-kt

Nt

)
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(g) (5 points) Graph the solution U(z — kt) for t = 0,1, 2 for the traveling wave.

Ulx-04¢) A

ulx-¢) u

ulx - 2¢)

(h) (3 points) Why did the eigenvalues at the critical points have to be real?

Tus da,w\vdlves at (9,°) wave always read. Howtuver, for 6ov ecntical b (z,°)

we SOU“A'\ ol cvitical r‘ts W/ read n,t\],u‘uq(uk _(."
svifictontly sway

plot  tue cuse .{‘ o wodod

Swk . T\Mv’hA sandb mthe +U ond 2V plone ave ‘f’a,dm-‘cduj realistc ,
- (onkL o Pl Wy cavse gt o{ T sprol to feach
mte -U side ow t l;(gud? . &7 fuk\uj raak—e— cnticod r1s wl/

ol tl‘tll,w,odu:.;, Wo ersmbe ot the  seluton s ,‘A\,ﬁcwu\\)

realstic .
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5. (10 points) The lexical similarities between the Numic languages are boxed in the table on the
Ile-\jt page. The abbreviations correspond to the following map. Use both the map and the
lexical similarities to explain when the Numic spread must have happened. Be specific in how
you reach this conclusion... you have a whole page.

A lecol smlaities ave fedevont T raeda‘ﬂcn S pread becavse a5 people weve, (‘“3“7“ al5o C(MM.1L _

Suwadesh's Lst of oo words  GUAA an qﬂ)(oy_ To hew ¢imiloy Two fanguenes ave, and gt T

twe (ﬂ\\’\-n!ti shaye Some (ommon rav%{ (ay\aua%{, Wwe an 4"(\/\-4 out how 'M“"J Ua” ‘70 w

n ¢

beqan to dvevat wl A% fomin £ = gO0 — Ware € istug %o Shoved w e (00 woud

Mmo.¥% !

-  Glvew Wi mfovmation, we can vt (owint (.v\Jvisﬂc dota tv  analyze e movewmant --{

Nuwc el.oel{ ettt . Sovthavia Cobiforma - Ow Hae wap, we see that tae

{re -spread Nuwic peogles  caw be dvided iwte 3 1 WASEm, portrern, amd castern Nuwic, Speakty

i th (
Mowo (MA) | Tuupisua Sheshin (Tsh) |, and kawsiise  (kw)  fespechively. Tuese tavee langvages

; N wd 4 to diwvevge close
houe veletwely low simladty, parw!R vq,54,52 , whaech ! i cates y b&;m« 9

i sl ‘ ok ot diffevenees
o & 500 ‘ ::{ z (400 yeots aqo. But more ‘““"s““ﬁ“). if (\::)(o ot difs
w .

( Jovt
W Nov‘(hu Paivte ts Lay wove frfeﬂ-
wiiun ‘JT"‘”' 3“3"?“" sebgrovps , we ¢ st " * i westen
v A Nomic groves, NP shotes Wl lexicol Somilonty Jf 1S
e F N begiis 4w Sou w043
1 | \ e WaiC w x e
I\!‘lﬁhbo* M of abot %%, Wit wdi cates S‘Neu‘ w N:‘m“‘:‘m 8 e
or $00 years Qt«)o. T£€ we do Siwmilar  calcdatous W fewtey Nomec lav\ﬂvurs) (omp.ht’
n 0.'%2
e Shasions (W) we see dvergindt of t% 500 "= =30 yeus age.
TS\« with oshoni e

. , .
Tav meve vecent (aw‘,mo\ to (400 1«“5'_ (’.vxo\ll\f 4(’07 gastm numic  we have Kw's _,.,M,(a..-fj

b Comanent Gk Soctltn Taivet de - yatding st of - g00 "7 GBS yeacs and

w035
R ] ‘
Soo (M’Lq = 32§ yRavs . T\ws, “W\"nmwj Wkshm’ V\Of‘ﬁu,w\, MO( gasttm nemi e
(N 0.%5

5 umi ¢ €Y£\14 b@ an L{oO ‘(.u 800 §0f$ d =
Spread, we wu%\,\\- 901“ Hog newn b 3 aﬂ

0 e (alfovara, thrs wmdicatrs
T :)\61. taose Kew  Yeovs, (ovv\vaflo( to the 12,000 S‘wM 2 onlj castem (alfovara, 4

\{ovd rq?\‘o“\1 N f)opv(ahw were alle o S‘()Nq}‘ Thi) qoes hand - » —IAMN( ""/
i s
A (OW‘M&V\*Q"-I (,v..,:-utl aloct  Nowic Qas(ce,{v\’ WN{ U (Ow\?{*rﬁu OJVGM‘EG?C

3““"”( from seed (/totwts‘h'vj as  Nwnic J(uhwolvati Mr""’e”‘-
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