
1. Let x and y represent two animal populations which satisfy 

! = x(9 - X - 3y) 
1f = y(-6 + 2x) 

(a) (5 points) What is the relationship between x and y? How does x grow in the absence of 
y? How does y grow in the absence of x? 
)c ·,s {\ii( pn~, wl...il..t \so. f-rt.cla+o.--. w:~ovt ~> '( will ~nvv ~'-;:I\ ;o 

lo~~s.11·(. 31e1w~ , so h.~,wAij 011. -\t,u sh.d,~j 

i\\c <tctS~ -t<l k Cc:t'i1 ,·J <CllrQ.citJ Of 'f , "";(( t.lt-r""i.t,1A(.(. 

..,;u o.ho JU. of~ . 

(b) ( 5 points) Sketch the nullclines and direction arrows of the system. 

~-:.0 >~t4t,-::. 0 
it 

( c) ( 4 points) Find the eigenvalues of the interior critical point. 

J.. .,_ I -::. Ph - "'l. - 'I(~ ;' "~ Id. t ': - " ' 4 'Z "II. • 
lt ( 

'I(.,..~,~,;. a-=-., C)tc.•':1c.)-- ~.'2.) 
0 '2_,- -::. 6 ~) ::) If- v.-'$';1-;. ' 

-3 1-<¥ -,) -1'( ) 
-..) k-t(>.1-T)-=- 0 

2~ - +~ '),. 
'-f :1 :::: 0 



(cl) (7 points) Sketch the general ::;olution. Be detailed. 

J.tJq,•lqcj l.wAa.~;o.,. QYOV~ s."-~le..s . 
Jol/lll•~<W'-+ 
,t 

~[~J, ~=[~]. 

-n1 
0 '2.1 

r . 

(e) (4 points) Sketch x(t) and y(t) if x(O) = 1, y(O) = 5. 

S" 

2. 
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2. (8 points) Determine whether the polynomial has any roots with positive real parts. 
<A.o °', "'-i ½ "-11 

>-4 + 4>-3 + 5>-2 + 6>- + 2. 

\,J4 \IS~ H.,m,•ltc ~o.-lv•c..u ! {l.(.c«JA 

[ °'·] [ ., ~s] -L .. " 1 ·~ 1 K :: K'2.-=- ti 1 
l I I - q_, ,. :: t. 

°' 0 
a, 0 Q. I 

~'- w~ uc.\~ -f., SW>'-" ~,t i(..f H-
I, 

ca,(l llo\/C. rsl-t,\/e, discn½\11"-a"t, -tt.uM. 

rt.a.( p~rt so(' ... s . 

Wet \I~ ~o = I ' lit I o '-i I "'-'I.=- S-' Q '3::. b , Cll.'1-:., 'l. wi..J Cl.~ r 'I 6 , 4 -::. 0 . 

kt I \ :: 20 - C. \y ;> 0 

4 " 0 C 

/ Jt.t '2.. 0 -= !J ' {) 4 {:, 0 

0 $" :2 

' I~ " I 
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~.,,,. 

11 :: 4 

1).1 

Cl. 
0 

0 

0 

polr o"'; ...A 

Q. l Cl. s- q 

Cl -z. G\ ... a., 
0. I 0. 3 Q'.~ 

(). 0 .. "If 
I( llJ q,(). t\er~:t,ve.. 

7. 0 

0 



3. Suppose x, y, z satisfy the competing species equations 

X ( 6 - 2x - 3y - Z) -;.. f 
y(7 - 2x - 3y - 2z) ~'J -=-, 
z(5 - 2x - y - 2z) = h 

(a) (6 points) Find the critical point (0, Ye, ze) where Ye, Ze > 0, and sketch the nullclines and 
direction arrows in the yz-plane. 

Svffo~ 'K'-'O· -.') 3~+'2..=c -:1-; ~#"" l_ff2'l.=S "-"> <.~-=-"2., ~-=-l,"'.l~:z. 

c.r1-f1c-.\. ft ( () t l, "2.) 
'--tf "t, -,.0 

r 
--~--+-~..--+--I--~.,..--- :, 

cl~/-t ,._ 0 

s=- <K -s l:t",! 
t'- ~)< - - 1{"1: 

> 0 , Jo -t1A11 1\-\di c~t(,J 
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(c ) (8 points ) Dclen11i 11e if t lu • n itica l l)ui11 t (..c . 0 U) . . . I I c• , IH s tu ) , ., wli~n · :i: c > 0. 

-" 
0 

0 0 

St~<.t. U,J. -r clrv .. l~l ;~ 

l)-,.\-t_&l,,l4 _. lt..t.CClv~ ( ., 0 

-~-l 
- ' 
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4. R(ic)~ll from Homework 3 that Sea Lions grow the generalized logistic equation dft = rN(l -
K ), where p 3. 

J{o,o) 

Suppose a population distribution of Sea Lions u(x, t) follows 

au 1 a2u 3 at = 2 ax2 - u(S - u ). 

(a) (4 points) Set u(x, t) = U(x - kt) and V = U'. Find a 2 x 2 system of ODE's for U, V. 

(b) ( 5 points) Find the critical points, and the Jacobian at each critical point. 

011, c.,i~ic.u f0\11\-U o.n V-=-0 Q,'°' ,,_., 2'-1.lt-ll~)~C, fo \.I.IC. -to.14. (.(-:.O, 1.4.-,,1_ .fo-r 0-,1,co{ r1s 
, av' •{ (O,o) °'"-~ (1,c.). -- 2('6-ll-\)~ 'l.ll.(-11.1.-i.) 

) u 

0 

-::., J(o,o)-:. [ 

0 

(E, ], J( -i., o)::. 

(c) (5 points) Find the minimum value of k for which a traveling wave solution exists, which 
could correspond to the population distribution of seal lions. 

(.,,111.StkT t.,~va(v.e~ o{ Y(o,o) OM.ct J(1,o), v51~-' 

:o) ~'2 + '2.1.~--," ""'' -lk .:t J~tc• +- ,~ 

l 

l 

41<:.2.-'1.C'tt)~O ..,, 

Page 7 



( cl) ( 5 points) Sketch the nullclines and direction arrows of the system. 
"' \i \i 

\i V,o, ~c:O 

(e) (7 points) Sketch the general solution to your system above in the UV-plane, where both 
critical points have real eigenvalues. Don't draw vague or incomplete solutions. 

("l .. ,0) _15,. c;w1\<, \v~ 
cuV"'t} l., o-lcl. ~n,c"-o-l-
~t to so~-crr-1' 

w,-& = w, rl?, 

(f) (3 points) Indicate the specific solution in your picture above, which corresponds to a 
traveling wave solution. 

""\w... 5.,( 1
.... {o(o·t<J. ll'\ ..,JJ.,. ·.~ Our :,r<•·P, -+<avQ.(,~, l,)O.,,/Q. <;o(vi,OV\ -

..J 

I 
\A 
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(g) (5 points) Graph the solution U(x - kt) for t = 0, 1, 2 for the traveling wave. 
v- t.d'lC-ot.) iJ. uc~-f-) \) &J.(w.-'2.-t) 

2 
_______ __ .. 

t i 

(h) (3 points) Why did the eigenvalues at the critical points have to be real? 

r~ tirv•l..-es •-\ (c,,o) WI.Yl c,.lw~~s (.,,). . 1-(ouJlvQ.,-, ,fo,r Ou..,, ""''-f,caA 7t .( --i.,.,) 

W,(, ~0"1'-'.\ c:v~-4,c~ fh w/ y-~o,{ 4..ir4'11q{".(,_ -+-- plot -1\.u.. co.s-e .f IA,OJ_,,J 
5v{-f,d~\'1 s~ 

$lw'~ • T\.m,,\.A,. sy1tdA) ,111 -t\,,.e +u ~J ±.. V plo"'1. O..it t4.CMl'l~,<ll~ rd ll st,'c. , 

(~"Y R)AO ~\tb,{ W\j C.~vse f""'ts ~f tu. rr1rtV1 tl:i feo..c,i,,. 

wdo - (,( 5; -U. Ov. iW- f lA_~ · P,y -tu.~'j liQCI, t= cvit1 co,{ rt S 1;1/ 
,,(l{ClWf:e 

t•~.tM-vd.lUt-~, w~ -ttAo...-l i¼..t 5o(v-t,'OV1 h ,~~skotM.j 

r,tJt~·stk . 
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5· ~~~:;::: ) ~:e le:t•1 ~in~ilari ties between the Numic languages are boxed in the table on the 
lexical si11~·1 ··t~ at 1ev1~t'.ons correspond to the following map. Use both the map and the 
you re·tch ~t i ies e~p am when the Numic spread must have happened. Be specific in how 

< is cone us1on .. . you have a whole page. 

Lc.-.·,c.ot 5,,._,1a, ;4itS l'#Q. {-«.l«.v11M~~ ropJoiiol'\ sprectJ be.tau,< O<S P'it"f"·« ""ov(, 1'41311--,,1 ~/}o> cl,,~(.. 

S \i,l'l,t.,.,t.'s 1.- :..~ .f \VO wov.ll ,'l)J.l, .... '""' "f pto)I . fo h.c,., !'f14','(o,y two /IIMJv .. )<l 0\.(-l, o.1Aoi ~\\I.LI,,. -{kcd 

~o lal\,_ .. ,t.S 5~llft 50M.,( (.0~~0V\ r«vQA.-.• l~tl.8"0.f, WC. C!,\"- .ft~J 01,f ""'"" iMAKJ ~elll" ...,0 

1 -ct.u\ to ,1\/{t,-l w/ "ow-111._ t -:. ~Of-. I~ 
1 1 

r t J V w\.\l11Q. ( i1 "lo sk~"'" ... (bO wotl\5 
11,.0 .~!"' 

C:nv~ '\\.is l\\{'ovw.°'1,0" ' W( ~Ill 11«. (V\'\'U-. [, ..... J',i,-1.•'c, JQJ:rA. fl, O.\l\~l1it ,i,,ovt\.4.U,v\t ·{ 

tJv~l'c. ~oplc. • M< ~,al I I • ~•If< ,14 ~.v-tl.u.Nv\. Col;.fotl\i._. 0 ... W\ctf ' vJt. «.e. tt,.°'t 1IA{. 

{H -spftG..l ~u~;t fOfU-) co. ... d-1vi"1.d i111+<> '5 : WC.~11.fll, .. ~~"' 1 tM.I. ~as~""' t-/v1N1,'c, S~ei.l:.1~ 

MoM {Ml'\) I Tvll\pislta. ~hos\,,iA ; (1it..) I a.~ ka..,ai:111 (b,i) ftsrc.frv.e.-tr Tws.t -ti,l\u.e. 'Q"3"ClfS 

~cMIQ. ta.1•1\\Jtl\ lo"" ~'""-,\o.1,tj, fO.l'(l,J;K !rq,s~,s--z., vJ\111',t. 1\1!l1'("(t-().S ~J bo/,.. t, d,vn1.t c(ol{ 

, ... ..,.O.S'< r c, -+o t fOO - -;. I 'JOO 11@.i'S o..<IO. gv-t j\\oTQ. '"'--t,1.tst\111.t\u l'f v,L (co\c- o..4 cltl'\"<~~r 
, ... (I, ts-' 1 J O l• (l'P\ 

lo 1,1a. s,u ~o..t i\ll<Juf, t,.lo-rll4atl'l fo,Vh ;., ... 11.\o<t rffea.J ov+ 
o,i~.. si:1 8 ·r'• ~.(0 J"'"f!.,,c.. S• 3vo~p>, . ,. wHU.V\-

..\lolO.M -\1\t_ S p<< _ s,fQCI"' .,"""" ~u,vr~, t,Jl' 5\,A.o,l'ts ""~»"' lc..,..1,~ 5t1Mi(o-,,i'-t) J / 1-+\ "''"' "" -. Ii- o ,-'II =1 

p.t\q\,\l,o.,. Mi,. 0~ ~1oo1,-f ·:n I iA-u- r1,J1' , ... tts Soteo.J '"' No1'1ld-vo.- tJ.,..,.;c. ~ll\-lA.t"- t Soo ___. I I Not-lkc...._ U Ill\().%~ 

C,"r ioo irQ,'(S Q.,o. 1{ 1,,1,1! ~o fo,..i(Qr ('~!c,l«-f,ot,,.s i,1( /'Iv~.-(. lo.111.,v-.r,s , (O""'P"1"1j 

..,. s (s "'' ' .,,..,_ Sd- J,"~ra1.,~ I 1 S\. wi41A \..s1.0..,1 - 1 1 
t s-oo 1

"' 
(.., o. !~ 

1'1 11 ""'"'<:, wt. \,\o.11< /i(w ', J,'IM;(a.,.,'tj 

1 .. o. t~ 
S"OO - -:. ii~ 1101,; ~J 

I¼ o,T,S-

11,. o. 'l .roo - " 1-Z.S'" 'i.iio.-1s. 
i\-.vs I (olMl,, .. ,111.j Wt'S'UVI\ I I\Of-tlu.VV\., f>lv'\,J. eo.d-lW\ jll,VM\° C 

IIA o.-&S-

~vua..l, .,.._1~\,.t ~uR.S, ¼O,~ 
~v~IC. ~r,'f.(Q.~ be~(lVI <too to go~o-rs ,o. 

,\., o"lj ('o~it""' {at;..fo-tl'll'Dl.1 ~i's ,1,,J,'<af/.~ 

I~•> ~es ~o.111J _ ,.,,. -k~ri.cA w( 
J .. )•~t -\\,\ow .f(w ~o-<s, row-f ou,( f-o -tiAl 2.,000 S'~+ 

~ovJ r~f"Jl'1 t,/11,w'c. fopvl~f,Ot'\f vJ .• e:(4. ~l,Lt. ft> '>'ffecvl-
--\l,\l. (olM.w..e.-11'--4:VI rvvvi-le.ol ()~ov+ N,M'A'C. ~os(<.,.A"'f ~.< -tt.u_ (o~-\1'-fi'JL oJv~-e~S 

:r ... f,.... s«J ~•<11<sfl".J a, r,,,,..,, tuOaol•a~ '"'f'""J . 
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