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Problem 1. (15 points) _

(a) Prove that /3 is not a rational number. , o A
(b) Prove that the least upper bound of the set {w € Q : @ < \/3} exists and is /3. e R
(¢) Let S be a non-empty subset of the real numbers. Define what it means for § i have the least
upper bound property. |

(d) Does Q have the least upper bound property? Justify your answer,
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Problem 2. (12 points) Let {z,}n>1 be a sequence defined by the following rule‘

o z; =1 and En+1= —= 41 forall n>1.

2
(a) Assuming that {z,}n>1 converges to | € R, find .
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(b) Using induction, prove that [ found above is an upper bound for the sequence {z,}n>1-

(c) Show that {2, }n>1 is monotonically increasing.
(d) Deduce that {Zn}n>1 converges.
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 converges if 0 < a < 1 and diverges if a > 1. ' '

(b) Assume now that a = 1. What are the values of p > 0 for which theﬂeﬂel nverges: I
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b Assume : 4 i
) lim inf @, = 0. T B

n—+od

Prove that there exists a subsequence of {an}n>1 that converges to 0.
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