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TOTAL POINTS

64 /90

QUESTION 1
Problem 120 pts

11Part(a)2/2
v - 0 pts Correct
- 2 pts Incorrect
- 1 pts Blank

1.2 Part (b)1/2
- 0 pts Correct
- 2 pts Incorrect
v -1 pts Blank

1.3Part(c)1/2
- 0 pts Correct
- 2 pts Incorrect
v -1 pts Blank

1.4 Part(d)2/2
v - 0 pts Correct
- 2 pts Incorrect
-1 pts Blank

1.5 Part (e) 2/2
v - 0 pts Correct
- 2 pts Incorrect
-1 pts Blank

1.6 Part (f)2/2
v - 0 pts Correct
- 2 pts Incorrect
- 1 pts Blank

1.7 Part(g) 2/2
v - 0 pts Correct

- 2 pts Incorrect

-1 pts Blank

1.8Part(h)o/2
- 0 pts Correct
v - 2 pts Incorrect
- 1 pts Blank

1.9Part (i) 2/2
v - 0 pts Correct
- 2 pts Incorrect
- 1 pts Blank

110 Part (jo/2
- 0 pts Correct
v - 2 pts Incorrect
-1 pts Blank

QUESTION 2
Problem 2 15 pts

21Part(a)s/5
v - 0 pts Correct
- 5 pts Incorrect
- 3 pts Error
- 2 pts Error

2.2Part(b)s/5
v - 0 pts Correct

- 2 pts Error

- 3 pts Error

23Part(c)a/s
- 0 pts Correct
v -1 pts Minor Error
- 2 pts Error

- 4 pts Serious error



- 5 pts Incorrect

- 3 pts Error

Need to make argument more rigorous.

Specifically: prove that (a_n) is increasing.

QUESTION 3
Problem 320 pts

31Part(a)s/5
v - 0 pts Correct
- 1.5 pts Only considered natural k
- 3 pts Misunderstood question
- 5 pts No solution submitted for Problem 3 Part (a)
- 2 pts Errors

3.2Part(b)s/5
v - 0 pts Correct
- 3 pts Did not specify construction

-1 pts error

33Part(c)2/5
- 0 pts Correct
- 0 pts Ok
- 2 pts Error

v - 3 pts Incorrect

34 Part(d)2/5
- 0 pts Correct
- 5 pts Incorrect/Blank
- 3 pts Misunderstood question
- 2 pts Incorrect

v - 3 pts Incorrect

We aren't using decimal expansions in this
class.

QUESTION 4
Problem 4 10 pts

41Part(a)s/5
v - 0 pts Correct
- 3 pts Quantifier Error

- 1 pts vague quantifiers
- 2 pts Unclear quantifiers

- 4 pts Need to state definition

42 Part (b)2/5

- 0 pts Correct
- 1 pts Minor error
v - 3 pts Error
- 4 pts Serious error

- 5 pts Incorrect/Blank

This is generally sloppy ("It cannot be negative
due to absolute value"). Furthermore, there's no
reason for the infimum of a set to be
represented in that set (for ex, the set of 1/n for
all natural N has infimum O, but O is not 1/n for
any natural n), and this means the crucial step in

your proof is unjustified.

QUESTION 5
Problem 5 10 pts

5.1Part(a)2/5

- 0 pts Correct
v - 2 pts Stated the test assuming the limit of the
ratio/root exists
v - 0.5 pts Did not note that the test implies absolute
convergence, not just convergence (waived if only
considered positive sequences)

-1 pts In the convergent case, did not say that the
ratio/root needs to be less than an \alpha, which is
itself less than 1, for all but finitely many terms, and
instead said that the ratio/root simply needs to be
less than 1 for all but finitely many terms

- 0.5 pts Did not correctly state for what values of
the index n the condition given in the convergent
case must hold

- 1 pts Stated the condition on the general terms of
the series in the convergent case without any
statement on what values of the index n the condition
must hold for

- 0.5 pts Did not correctly state for what values of



the index n the condition given in the divergent case v - 3 pts Incorrect, the series diverges

must hold - 5 pts No solution provided for Problem 6 Part (c)
- 1 pts Stated the condition on the general terms of

the series in the divergent case without any

statement on what values of the index n the condition

must hold for
- 0.5 pts Said that the sequence, rather than the

series, converges/diverges.
- 5 pts Incorrect/Blank

- 0.5 Point adjustment

@ If the limitis 1, the test is inconclusive, so the
inequality in your last statement should not be
strict (-0.5pt).

5.2Part(b)1/5
- 0 pts Correct
- 2 pts Error in dealing with (n/(n+1))"*n
v - 4 pts Only one convergent value is correctly
justified
- 1.5 pts Substantial errors in the divergent cases
- 3 pts Both divergent cases are incorrect

- 5 pts Incorrect / Blank

QUESTION 6
Problem 6 15 pts

6.1Part(a)5/5
v - 0 pts Correct
- 5 pts No solution provided for Problem 6 Part (a)
- 2 pts Incomplete proof
- 3 pts Invalid argument

-1 pts error

6.2Part (b)5/5
v - 0 pts Correct
- 5 pts No solution submitted for Problem 6 Part (b)
- 1 pts Need to prove by induction

6.3Part(c)2/5
- 0 pts Correct

- 5 pts Incorrect with no explanation
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Math 131a, Summer Session C 2019

Please show your work. You will receive little or no credit for a correct answer to a problem
which is not accompanied by sufficient work/explanations, unless the problem explicitly states that
no work is necessary. You can not use any notes, books, or electronic devices of any kind during
the exam. If you have a question about any particular problem, please raise your hand. At the
completion of the exam, please hand the exam booklet. If you have any questions about the grading
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of the exam, please consult the midterm regrade policy in the course syllabus.
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1. For each of the following statements, indicate whether they are True or False. A blank answer
will receive 1 point. [Recall: True means the same thing as “always true” and False means
the same thing as “there exists a counterexample”.] No work is necessary for this problem.

a ‘i Z‘V S
P GC ' =2
(a) The 1nequahty (27 < 56) 272 - 282 < 0 is true. (2)
(b) Given ratl’gn‘aﬁl«numbers p < g, you can always find an irrational number oo € R \ (X
such that p < o < q. (2)
() ____ For each n € N define z, := (1 + %)m and y, = (1 — 7—171)_711. Furthermore, for
each n € N define the interval I, := [Zn,¥n), and consider the set S := [\oe; In. Then
inf S <supS. T (2)
(d) ~ Suppose f : R — R is a function such that .
Jim f(1/n) = lim f(=1/n) = 2
Then hmx_>0 f (x ) 2. , (2)
B (MV‘S n $eq : Beah -G 4o i
/ - ‘Ib\ 3 , L—:: L3, & - L o
I
(e) , Suppose (an)n>1 is a strictly decreasmg sequence in ]R such that a, > 0 for every
n. Then Y (—1)"a, converges (even though ) a, might diverge). v > 3 JERE. (2)
, L X -
(f) If > an converges, then Y |ay| converges. en T =X (2)
Y S / _ A7 g )
_ Vf fpagmepd T ST o o L v

Suppose (Zn)n>1 is a sequence of real numbels without a convergent subsequence.
Then there exists a function f : R — [0, 1] such that the sequence (f (.’L‘n))n does not

(g)

have a convergent subsequence. (2)
(h) ; Let I, := (an,bn), where an,b, € R, ap < b, are such that I, 2 I41 for all n.
Then there is some s € R such that s € I, for all n. 00t oS fom / (2)

(i) \;‘: Suppose (an)n>1 is a sequence in R such that a, > 0 and limp o an = 0. Then
there exists N such that for every n>N, Gy > Gptl- z [ a.-a )< (2)

Captiiar  Glasl N o

T | e

Suppose S C Z is such that S # (). Then S has a least element, i.e., there is some
a € S such that forallbe §,a <b. (2)

V s ke ~&f
(etorny )
/
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2. Do the following:
(a) State the Completeness Aziom (any version).

(b) State the Archimedean Property (any version).
(c) Suppose (Zn)n>1 is a bounded sequence of real numbers. For each n > 1 define

Does the sequence (a,)n>1 converge or diverge? Either prove it always converges or provide

a counterexample where it diverges.

oD s

(v o

[for eV

3.

Qn il’lf{.rﬁ, Tn+1, Tn42; - -

(5)
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3. In this problem you will describe how arbitrary real powers b® are constructed from scratch.
You don’t have to prove anything, but you do have to give explicit definitions at each stage as
to how the relevant number is defined. If you need to use the Completeness Axiom, you should
state the specific set you are applying the Completeness Axiom to. At each stage you can (and
should) use the concepts defined in previous stages.

(a) Suppose b € R is such that b > 0, and k € Z. How is b* defined/constructed? (5)
(b) Suppose b € R is such that b > 0, and n € N. How is b'/" defined/constructed? B 's:vw( Ej, 7 :
(c) Suppose b € R is such that b > 1, and ¢ € Q. How is b9 defined/constructed? R
(d) Suppose b € R is such that b > 1, and z € R. How is b” defined/constructed?

[To be clear on the instructions, for example in part (b) you cannot simply say “pl/n is defined
to be the positive number y such that y™ = b.” You need to say precisely how such a y is
found/constructed.] ’
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4. Do the following:

(a) Suppose (an)n>1 is a sequence in R and a € R. State the definition of “limp o0 an = a”.
(b) Do one of the following (circle your choice):
e Determine (with proof) the limit limp 00 nt/n,
_ e Determine (with proof) the limit lim,_, a™, where [a| < 1.

Since these were done in class, you can’t just say as an answer “we did this in class”, you
actually have to give the derivation. You are allowed to use things such as: the definition
of convergence, the squeeze lemma for sequences, various important 1nequaht1es other »

more basic limits which are established before these ones, etc. [t A
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5. (a) Do one of the following (circle your choice):
e State the Root Test
e State the Ratio Test

For full credit you must state the version of the test which was proved in class. If you

state a weaker version then you will lose points. (5)
(b) For the following series, provide (with justification) two values of z for which the series
converges and two values of z for which the series diverges: W (b5 (5)
/ a~cia = :
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6. Suppose L : (0,+00) — R is a function which enjoys the following properties:

(i) for every a,b € (0,+00), L(ab) = L(a) + L(b);
(ii) for every a,b € (0,+00), if a < b, then L(a) < L(b).

Prove the following things:

(a) Show that L(n) > 0 for every n € N such that n > 2. (5)
(b) Suppose b > 1. Show that L(b") = nL(b) for every n € N. (5)
(c) Determine (with valid proof using only techniques taught in class) whether or not the

following series converges or diverges: (5)

\ LY C OA\/,/\_/ e nL(n)
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